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PREFACE 


Fourteen years ago the first undersigned published in the Italian 
language two volumes on the theory of the functions of a complex 
variable designed to provide a convenient account of various 
branches of this part of analysis. The gratifying reception of this 
work made a third edition necessary. 

The second and younger undersigned thought it desirable to 
make this work accessible to English readers. A mere translation 
seemed inattractive. Consequently, he preferred preparing a new 
text based on the Italian edition. This afforded an opportunity to 
add some novelties to the proofs and to rearrange the material. 

The idea underlying the work is the desire to present in a some- 
what novel form matter of permanent value to the mathematical 
science. The greatest difficulty encountered in preparing a book 
of this kind is in the matter of selection of material and method. 
It is beyond dispute that much valuable material had to be excluded. 
The authors have endeavoured to present those parts of the theory 
which find their roots in the classical treatises and may be considered 
as indispensable to all who wish to penetrate into more special 
subjects. As regards the method it should be observed that a rig- 
orous axiomatic foundation has not been attempted. More than 
once a call has been made on intuition in order to save space and 
to make the book accessible to the wide class of readers who 
are more interested in techniques than in logical foundations. 
The reader who is desirous to become acquainted with a systematic 
rigorous development may consult the book by W. J. Thron, 
Introduction to the theory of functions of a complex variable. 

The work is rather self-contained, but a knowledge of elementary 
analysis is tacitly assumed. 

This first volume is devoted to the study of holomorphic functions, 
i.e., functions which are differentiable at every point of an open set 
in the complex plane. These functions are often called analytic, but 
the authors prefer to use this name for functions obtained from 
holomorphic functions by analytic continuation and in general 
many valued. They will be considered in detail in a second volume 
in connection with the geometric aspect of the theory of functions. 
Most of the topics dealt with in this volume have little bearing on 
geometric considerations and, therefore, no attention has been given 
to conformal mapping. 
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The first chapter contains material of a preliminary and intro- 
ductory character; it serves to recapitulate some fundamental 
notions and theorems which are of use to the material treated in 
the subsequent chapters. 

The second chapter should be considered as the actual starting 
point. It deals for the greater part with Cauchy’s famous integral 
theorem and a number of its corollaries. The proof of this theorem 
is based on Artin’s Notre Dame Lectures while use has been made 
of the elementary topological notion of winding number. Thus the 
theorem appears in a rather general form which is very well suited 
to many applications. It has not been attempted to present it in 
its strongest known form. In fact, the assumptions underlying the 
statement and the proof can be weakened in various ways, but only 
in exceptional cases a form of the theorem is needed which is 
stronger than the one presented in this chapter. For the same 
reason also Jordan’s curve theorem has not been proved, for in 
the applications only direct evident situations occur. 

The development of the theory of singular points in the third 
chapter has also been inspired by Artin’s lectures. This theory has 
attained a certain standard of clarity and elegance by avoiding the 
use of Laurent series. The main part of this chapter has been devoted 
to the theorem of residues and its many applications. 

In the fourth chapter the classical theorems of Weierstrass and 
Mittag-Leffler come in for discussion. In this frame the gamma 
function finds its proper place. It may be that Mittag-Leffler’s 
theorem in its special and general form is only of transitory im- 
portance, but it has marked the time in the development of modern 
analysis and it is well worth knowing. 

This chapter also paves the way for one of the most famous 
classical applications of the general theory, viz. the elliptic functions 
dealt with in the fifth chapter. The group-theoretic aspect of this 
theory must be deferred to the second volume where it shows to full 
advantage in general considerations of geometric character. 

The sixth chapter is devoted to another application of the 
general theory. It contains an introductory account of the im- 
portant and extensive field of the integral functions, centering 
around the classical results of Borel and Poincaré. 

In the seventh chapter a rather advanced subject has been 
introduced, viz. the Dirichlet series and the Laplace integral. A 
great amount of attention has been given to the Riemann zeta func- 
tion and the prime number theorem. It is true that we are now in 
possession of an ‘“‘elementary’’ proof of this famous theorem, but 
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it is also true that the wonderful classical proof based on trans- 
cendental methods still deserves to be honoured. 

The eighth chapter is concerned with the summability of power 
series outside the circle of convergence according to the method of 
Borel and its generalization by Mittag-Leffler. Further the Euler- 
Maclaurin sum formula has been brought forward and it concludes 
with an introduction to the theory of asymptotic expansions. 

No attempt has been made at adding a bibliography. The reason 
is that this book is not intended as a monograph, but it ought to be 
considered a text-book for those who are interested in various 
advanced methods in analysis. An appalling number of books and 
articles dealing with the theory of functions of a complex variable 
is published every year and it did not seem to be in keeping with 
the purpose of this book to inform the reader of existing literature. 
Every mathematical library even of a modest size contains the 
more important text-books and the reader desirous to be acquainted 
with original papers should consult the ““Mathematical Reviews” 
or the ‘‘Zentralblatt fiir Mathematik’’. Many papers and books of 
historical interest are referred to in the “Jahrbuch tiber die Fort- 
schritte der Mathematik” and the German and French mathematical 
encyclopedias. 

Neither have the authors attempted to determine where credit 
for any particular theorem or proof is due. They humbly confess 
that they owe almost all material to the study of many works whose 
object is more or less similar to this book. It was, however, their 
ambition to present some masterpieces of mathematical thinking 
and to make these accessible to a rather wide circle of interested 
readers in not too pedantic a way. 


Florence (Italy) G. SANSONE 
Groningen (The Netherlands) J. GERRETSEN 
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CHAPTER 1 


HOLOMORPHIC FUNCTIONS 
POWER SERIES AS HOLOMORPHIC FUNCTIONS 
ELEMENTARY FUNCTIONS 


1.1 — The complex plane 


1.1.1 — MopDULUS AND ARGUMENT OF A COMPLEX NUMBER 
A complex number z may be written in algebraic form 


| z= 2+, | (1.1-1) 


where x and y are real numbers and 7 denotes the imaginary unit, 
(22 = —1). Its geometrical representation in the complex plane is 
obtained by considering the point M, having rectangular coordi- 
nates x and y, (fig. 1.1-1). The correspondence between the complex 
numbers and the points of the complex plane is obviously one-to- 
one and we shall often indicate a point of the complex plane by 
the complex number which it represents. 


Fig. 1.1-1. Representation of a complex number 


Introducing a system of polar coordinates (7,6) whose pole is 
the origin of the rectangular system of axes and whose polar axis 
coincides with the positive x-axis, we may write 


2 =r cos 8, y =rsin 6 (1.1-2) 


and the complex number appears in the so-called polar form 
z= r(cos +7 sin 8), (1.1-3) 
where 


r= Verty? (1.1-4) 
and, if #7se); 
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cos 6 esl ea sin 9 =~. (1.1-5) 
Y r 


The non-negative number ¢ is called the modulus |z| of the com- 
plex number z and 0 its argument, written Arg z. The square |z|? of 
the modulus of z is 2?+-y? = (x-+z2y) (x—ty) = 22, where 7 = x—iy 
denotes the conjugate complex value of z. The argument is deter- 
mined up to a multiple of 2x, provided z 40; the value of the 
argument which satisfies 

—~7<052% (1.1-6) 


is termed the principal argument arg z. The argument of the number 
zero cannot be defined unambiguously.— 

Consider two complex numbers 2, = 7,(cos 6, -+7sin6,) and 
2% = 7(cos 0, + 7 sin 6,). Their product can be written in the form 
17.{cos 6, cos 6, — sin 6, sin 9,)-++7(sin 6, cos 6, + cos 6, sin #,)} and 
by means of the well-known addition theorems of elementary trigo- 
nometry we can express the product 2,2,in the form 7,7, {cos (6, -+6,) + 
+ isin (6,+6,)}, (fig. 1.1-2). 
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Fig. 1.1-2. The product of two complex numbers 


Hence one of the arguments of a product is equal to the sum of the 
arguments of the factors. 

It should be noticed that this theorem does not hold for principal 
arguments.— 

Finally we wish to observe that we have introduced the notion of 
argument in an uncritical way. In section 1.10.7 we shall give a more 
satisfactory definition from the viewpoint of rigorous analysis. 


1.1.2 — FUNDAMENTAL PROPERTIES OF THE MODULI OF COMPLEX 
NUMBERS 


We wish to mention the triangle inequality 
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| |a+b| <|a|+|)| | (1.1-7) 


which is of frequent use. This inequality is geometrically evident, 
(fig. 1.1-3). A formal proof runs as follows. First we observe that 


|ab| =|al|O]. (1.1-8) 


Fig. 1.1-3. The triangle inequality 


This can be proved by writing the numbers in their polar form, but 
is also clear from |ab|? = abab = abéb = aadbb = |a|?\b|*.- 

Now |a+6|? = (a+6)(4+6) = ad+bb+ (4b+ ab) S |al?+|b|?+ 
+ 2la||b| = (|a|-+d|)2, since @b+-aé is the real part of 2a) and does 
not exceed 2|ab| = 2\a||b] = 2\a||d]. 

An easy consequence of (1.1-7) is 


| |a—b|=||a|—|6]]. | (1.1-9) 


In fact, |a| = |(a—b)+0| S |a—b|+ || and similarly 
[| S [b—a|+ |e] = |a—d|-+ Ia] 


1.1.3 - STEREOGRAPHIC PROJECTION 


In contradistinction to the conventions of projective geometry we 
shall extend the complex plane by only one ideal point at 
infinity which we shall denote by z = ©, i.e., we shall consider the 
extended complex plane as a closed surface having a single point at 
infinity. This convention may be justified by considering a stereo- 
graphic projection of the points of the complex plane upon a unit 
sphere whose centre is in the plane from the south pole of this 
sphere, the complex sphere. 

We wish to give explicitely the formulas which link the coordina- 
tes x,y of a point M of the complex plane and the rectangular 
coordinates é, 7, ¢ of the image M’ on the sphere, when the origin of 
these latter coordinates is the centre of the sphere, the axes &, 7 
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coinciding respectively with the axes a, y in the plane. (fig. 1.1-4). 


Fig. 1.1-4. The stereographic projection 


Since the points M, M’ and the pole P(0, 0, —1) are collinear we 
must have 


ee: (1.1-10) 
q 
whence 


(1.1-11) 


and these equations express the coordinates x, y of the point M in 
terms of the coordinates &, 7, ¢ of the point M’. The value of the 
complex variable z at the point (&,7,¢) is therefore given by 


(1.1-12) 


The pole P (¢ = —1), where the images of all points at infinity 
of the plane ¢ = 0 are collected, corresponds to the value z = ©, 
i.e., we identify all these infinite points. 

Conversely, if the coordinates x and y of M are given we may 
evaluate the coordinates £,7,¢ of M’, observing that 


2472402 — 1, (1.1-13) 
Hence, in view of (1.1—12), 
(1+2)(z+2) = 2&, = (1+¢)(z—2) = 2% 
and, taking account of (1.1-13), 
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ee a’ ee as eee 3 


Z E247? 2 
l — 1 ——- =— — ; 
eS aa ee 
whence 
a z+2 ne 1 z—Z 1—2z (1.1-14) 


This formula and (1.1-12) are the required formulas. 


1.1.4 — FUNDAMENTAL PROPERTIES OF THE STEREOGRAPHIC PRO- 
JECTION 


By simple geometric arguments we may establish the following 
fundamental properties of the stereographic projection: 

(i) It preserves the angles, that is, the angle between two curves on 
the sphere at a common point M’ is equal to the angle between the 
corresponding curves at M. We express this by saying that the 
stereographic projection realises a conformal mapping of the sphere 
upon the plane. — The proof runs as follows, (fig. 1.1-4): Let the 
tangents at M’ to the curves through this point cut the tangent 
plane to the sphere at P in A’ and B’. Since the segments A’M’ 
and A’P are equal as well as the segments B’M’ and B’P, the tri- 
angles A’M’B’ and A’PB’ are congruent. If, moreover, A, B denote 
the intersections of the considered tangents at M’ with the plane 
¢ = 0 (the complex plane), the triangles AMB and A’M’B’ are 
similar. The conclusion now follows at once.— 

(ii) To a circle or a straight line in the plane corresponds a circle on 
the sphere, and conversely. — It is obvious that to a straight line in 
the plane corresponds a circle on the sphere through the pole P and 
conversely. Let us consider the case of a circle in the plane. If M is 
a point on this circle and M’ the corresponding point on the sphere, 
there exists a second sphere through M’ and this circle. Let N be 
another point on this circle and N’ its image on the sphere. Then 
PM: PM’ = PN: PN’ = 2, but this means that N’ is also a point 
of the intersection which is a circle. The converse may be proved in 
the same way.— 


1.1.5 — THE CHORDAL DISTANCE 


The euclidean distance of two points z = a and z = b in the com- 
plex plane is expressed by |a—d|. In this metric the ideal point 
z= © plays an exceptional role. It is, however, possible to intro- 
duce a metric avoiding this trouble. 

Let A and B denote the points in the z-plane characterized by 
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z= a,z = brespectively, A’ and B’ being the corresponding points 
on the sphere, (fig. 1,1-5). The length of the segment A’B’ is called 


Fig. 1.1-5. The chordal distance 


the chordal distance y(a, b) of the points z = a and z = 6. Since 
PA+PA' = PB-PB' = 2 the triangles PAB and PB’A’ are 


similar. Hence 
A'B'’:AB = PA’: PB=PA:PA':PA:-PB=2:PA: PB. 


By the Pythagorean theorem we have PA = V1+ad, PB =V1+6b 
and so 


2|a—b| 
(a) = aa 


(1.1-15) 


In particular 


It is easy to show that the chordal distance satisfies the following 
conditions: 
(i) 4(4, 5) = x(6, 2). 

(ii) x(a, b) = 0 if and only if a=. 

(iii) 4(a, b) + 4(6, ¢) = x(a, 0). 

(iv) x(a, b) < 2. 

In most cases we shall only deal with finite points. Then we can 
confine ourselves to the ordinary euclidean distance. 


1.2 — Continuous functions 
1.2.1 — DEFINITIONS 


Let © be a set of points in the extended complex plane which we 
shall individualize by means of the complex variable z. A neighbour- 
hood of a point z = z) ~ o in the complex plane consists of all 
points z such that |z—z,| < 6 where 6 is a positive number. A neigh- 
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bourhood of z= © consists of all points z such that |z| > 6. 
Applying the notion of chordal distance we may say that a neigh- 
bourhood of a point 2g is the set of all points which satisfy y(z, z)) <6. 
The case z = o0 need not be excluded. 

A point 2 is said to be an accumulation point of the set © if every 
neighbourhood of z) contains a point of © distinct from z). An 
accumulation point may or may not belong to ©. If every accumula- 
tion point of a set © belongs to the set we shall say that © is closed. 

Let f(z) denote a complex function of z defined throughout 6, 
that is, there is a rule f by means of which a complex number f(z) 
is made to correspond to every point z of G. We agree that (00) 
means the same value as that of {(1/z) for z = 0. We shall say that 
the limit of f(z), as z tends to an accumulation point zo of ©, exists and 
is equal to the complex number a if, when any positive number e is 
assigned, we can find a neighbourhood of % such that for all points 
of © belonging to the neighbourhood the inequality |f(z)—a| < « holds; 
we shall write 

lim f(2)}: == 2: (1.2-1) 

Similarly we shall say that the limit of f(z) ewists, as z tends to zy 
and ts infinite tf, when any positive number K is assigned, we can find 
a neighbourhood of z such that for all points of © belonging to the 
neighbourhood the inequality |f(z)| > K holds; we shall write 

lim f(z) = ©. (1.2-2) 
The function f(z) is said to be continuous at z = z when 2 is 
an accumulation point of © belonging to © and, moreover, 
[(%9) = lim f(z). An alternative phrasing is: when any positive num- 


ber ¢ is assigned we can find a neighbourhood of z, such that for 
all points of G belonging to the neighbourhood the inequality 
If(2) —f(%o)| < ¢ is valid. In particular, a function f(z) is continuous 
at z= co when f(1/z) is continuous at z= 0. 

In our definition it is tacitly assumed that f(z,) is a finite number. 
Sometimes, however, it is desirable to admit infinite values of f(z). 
The exceptional role of the infinite value can be eliminated by intro- 
ducing the notion of chordal continuity. 

The function f(z) is said to be chordally continuous at z = Zp if 
to a given number e > 0 corresponds a number 6 > 0 such that 


xif (2), f(2o)} <€é 
for all values of z belonging to G and satisfy'ng 


4 (2, %) <4. 
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It is easy to see that a function which is continuous at a given 
point is also chordally continuous there. But the converse is not 
always true. Thus, for instance, the function 1/z is chordally con- 
tinuous at z = 0, but not continuous in the ordinary sense. 

A function will be considered continuous at an tsolated point of 
the set, that is a point of the set which is not an accumulation point. 
A function is said to be continuous throughout a set if it is continuous 
at every point of the set. 


1.2.2 — CONTINUITY OF THE PRINCIPAL ARGUMENT 


An illustrative example of a continuous function is provided by 
the principal argument of the variable z. This function turns out to 
be continuous at every (finite) point of the z-plane, except at the 
origin and at the points corresponding to negative real values of z. 
When we delete these points from the complex plane we shall say 
that we have cut the plane along the negative real axis. The re- 
maining points are evidently characterized by 

z+|z| 4 0. (1.2-3) 

In fact, z+|z| = 0 means w+iy+|z|=0, hence y=0O and 
e= —|z| 0. 

The set of all points satisfying (1.2-3) will be called the principal 
region, (fig. 1.2-1). Now we shall prove: 

The principal argument of the variable z 1s continuous throughout 
the principal region. 

First we take z) = 1. Let z be any point within a circle of radius 


0 
“Rig. 1.241. Fig. 1.2-2. 
The principal region z+ |z| 40. Continuity of the principal argument 


6<1 around z = 1, (fig. 1.2-2). If 6 = argz, then 1 cos 6 
=2x>1—6> 0. Hence |6| < 42. Moreover, |y| < 6. Let e bea 


given positive number. Now 
ly| ) 
arg z—0O| = [6| <t 6) eS eS 
larg | = |6| S tan |6| od 3% 
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whenever 6 < e/(1++-e). Thus we see that argz is continuous at 
z= 1. 

Next consider an arbitrary point z, in the principal region. If 6 
is sufficiently small we have, on account of the result already ob- 
tained, that |arg z/z)| < 1—|arg z)|, whenever |z—z,| < 6. Since 
arg Z)--arg z/% is one of the arguments of z and is numerically less 
than z, we have arg z = arg Z)-+-arg z/z, and letting z — z) we find 
the desired result arg z > arg zp). It is plain that arg z cannot be 
continuous at a point of the negative real axis, for in a sufficiently 
small neighbourhood of such a point we have values of z whose 
arguments differ as little from z as desired, but also values of z 
whose arguments are nearly —z.— 


1.2.3 — UNIFORM CONTINUITY 


A set is said to be bounded if there exists a positive number & with 
the property that the inequality | z| S & is satisfied by each point 
of the set. Bolzano’s theorem states that a bounded set consisting of 
infinitely many points has at least one accumulation point. We omit 
the proof. 

The following theorem due to Cantor is of fundamental impor- 
tance. A function continuous in a closed and bounded set € is uniformly 
continuous throughout the set. In other words: if e denotes a pre- 
assigned positive number we can find a number 6 such that 
f(z) —f(z’)| < e provided |z—z’| <6 and z, z’ in the set. 


1.2.4 — DEFINITIONS. STATEMENT OF THE HEINE-BOREL THEOREM 

A point 2, of a set © is said to be an interior point of the set if there 
exists a neighbourhood of the point consisting entirely of points of 
©. An accumulation point which is not an interior point is called a 
boundary point of the set. A set all of whose points are interior points 
is called an open set. The closure © of a set G is obtained by adding to 
it all its accumulation points. The closure of a set is closed. 

Occasionally we shall use the following Hezne-Borel covering 
theorem: 

From a system of open sets whose sum contains a bounded and closed 
set © we can select a finite system of open sets whose sum contains ©. 

A set is said to be connected if every pair of points can be joined by 
a polygonal arc which consists entirely of points of the set. An open 
and connected set is called a region. 


1.2.5 — STATEMENT OF JORDAN’S THEOREM 


The set of points 
z= 2(t) = a(t) +iy(0), (1.2-5) 


aE eer eS aaa Saar eres eee rrr 


where x(t), y(¢) are real continuous functions of the real variable ¢ 
defined in the closed interval 0 S ¢ S 1 is called a continuous curve. 
A point Zp) is said to be a multiple point of the curve if the equation 
% = x(¢)+72y(¢) is satisfied by more than one value of ¢ in the given 
interval. A Jordan curveis a continuous curve without multiple points. 
A simple closed Jordan curve or a contour is a continuous curve which 
has but one multiple point corresponding to the terminal values 0 
and 1 of ¢. 

A famous theorem of Jordan states: a contour decomposes the 
plane into two separated regions, having the contour as a common 
boundary. Every polygonial arc whose extremities belong to differ- 
ent regions necessarily meets the boundary. One of these regions is 
bounded and called the znterior region, or the region zuside the curve; 
the other is unbounded and is called the exterior region, or the region 
outside the curve. We take these intuitively rather obvious results 
for granted, for the proof is highly intricate. In the applications only 
those Jordan curves occur for which the statement is highly evi- 
dent. 

If ¢ varies increasing from 0 to 1 the point moves along the con- 
tour in a certain sense; it moves in the opposite sense if ¢ varies de- 
creasing from 1 to 0. When the point moves in the counter-clock- 
wise sense the internal region remains on the left, (fig. 1.2-3). 


Fig. 1.2-3. Region inside a contour 


1.3 — Holomorphic functions 


1.3.1 — NECESSARY CONDITIONS FOR DIFFERENTIABILITY 


Let the function f(z) be defined in a set © and let 2 ~ 00 be an 
interior point of ©. If the modulus of h is sufficiently small, then 
Z+h belongs to ©. We shall say that the function f(z) possesses a 
derivative at 2 = 29, or that f(z) is differentiable at z = 2p, if 

f(zo+h)—f (2) 


lig ee (1.3-1) 
sor h 
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exists and has a finite value /’(z9). It is assumed that f(z 9) 4 oo. 
Let us separate the real part from the imaginary by putting 


z= 2-+1y, f(z) = u(x, y)+70(a, y), (1.3-2) 
where u(x, y) and v(x, y) are real functions of the rectangular co- 
ordinates x, y of the point (x, y) which varies throughout the set ©. 


If we put z = %)+7y and consider only real increments h = Az 
then (1.3-1) becomes 


ee 
Ax Ay 


and it is easy to prove that u(x, y), v(x, y) possess partial derivatives 
with respect to x at the point (a, y9). We obviously have 

Up(®o, Yo) +2V2(%o, Yo) = f' (20). (1.3-4) 
Again, by considering purely imaginary increments h = 7dy, the 
expression (1.3-1) becomes 


lim 


Az—>0 


lim aetna a0. ?(%o, Yor AY) —0 (Ho, Yo) 


lee vette view) ag 


4y—>0 
Hence u(x, y) and v(x, y) also possess partial derivatives with respect 
to y at the point (wp, yo), and we have 


—My (Xo, Yo) +Yy (Vo, Yo) = I (20). (1.3-6) 
By comparing (1.3-4) and (1.3-6) we may infer: A necessary condt- 
tion that the derivative of f(z) = u(x, y) + iv(x, y) should exist at 
the point 2 = %y+1Yp 1s that at this point the Cauchy-Riemann equa- 
tions 


(1.3-7) 


should be valid. 
They are also called the conditions of monogenity. 


1.3.2 — SUFFICIENT CONDITIONS FOR DIFFERENTIABILITY 


It should be reminded that the equations (1.3-7) express only a 
necessary condition for the existence of a derivative which is in 
general not sufficient, for we confined ourselves to the considera- 
tion of only real or pure imaginary increments h. We are, however, 
able to prove: If u(x, y) and u(x, y) possess partial derivatives with 
respect to x and y in a neighbourhood of the internal point (ap, Yo), 
being continuous at this point, and if there the equations (1.3-7) are 
satisfied, then f(z) ts differentiable at 2p. 

In fact, if we put h = Ax+iAy, we have 


Au = U(%+Ax, YyotAy)—U(Xp, Yo) 
= (tz (Xp, Yo) +%)AE+ (Hy (Xo, Yo) +42) Ay, 
Av = v(%+Aa, Yo tAy)—v (Xo, Yo) 
= (v,(%, Yo) +81) 4+ (vy (%o, Yo) +Be) Ay. 
Hence, on account of (1.3-7), 
Au+iAv = (u,+iv,) (A%--tAy) + (0% +78, )Ax+ (+78. )Ay 


or 


f(%o+h)—f(%) _ Au+idAv 


h ~ Aw+idy 
j . Ax ; Ay 
= Mot Wat (Mths) Fay + (% + 7B) rae 


Since «, %, 61, B. tend to zero as Ax-+7Ay tends to zero we have in 
view of |Ax/(4z+7dy)| <1, |dy/(4x+idy)| <1 
sem {ot h) =e) 
n->0 h 
which we desired to prove. 


= Uy (Xo, Yo) +2, (%, Yo): 


1.3.3 — HOLOMORPHIC FUNCTIONS 


When a function f(z) is defined throughout an open set Y& which 
does not contain the point at infinity and possesses a derivative at 
every point of this set, it is called holomorphic in the set. The totality 
of derivatives constitute a new function /’(z) or df(z)/dz, the deriva- 
tive function, briefly the derivative. 

Needless to say, the sum and the product of two holomorphic 
functions are again holomorphic. The same is true for the quotient, 
when we delete from the set those points for which the denominator 
vanishes. Finally if g(z) is holomorphic in 2 and f(z) holomorphic in 
an open set which contains all values of g(z) then also f{g(z)} is 
holomorphic in Y. 

It is the purpose of the theory of functions of a complex variable 
to study the properties of holomorphic functions. 

An example of a function which is not holomorphic is the function 
|z|. In general all functions of a complex variable which are not con- 
stant and take real values only, are not holomorphic, for the con- 
ditions of monogenity are not fulfilled. 


1.4 — Conjugate functions 


1.4.1 — LAPLACE’S EQUATION 


In section 2.9.2 we shall prove that if a function f(z) = u(x, y)+ 
+iv(zx, y) isholomorphic in the set 2 the functions u(x, y) and v(z, y) 
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possess partial derivatives of all orders in YU. Anticipating this result 
we deduce from (1.3-7) 


Ugg = Vay» Uyy = —Vgy 
hence 
Ung t+Uyy = 0 (1.4-1) 
and similarly 
Vex tVyy = 0. (1.4-2) 


It appears that w and v are solutions of Laplace's equation 


| Pre t+Pyy = 9. | (1.4-3) 


Every solution of (1.4-3) having continuous derivatives up to the 
second order at least is called a harmonic function. 

Let «(x, y) be a harmonic function in an open set ©. If u(x, y) 
is another harmonic function such that f(z) = u(x, y)+7u(a, y) is 
holomorphic in the same set, then v(x, y) is said to be a conjugate 
of u(a, y) in the set. Thus we see that the study of holomorphic 
functions is closely associated with the study of pairs of conjugate 
solutions of Laplace’s equation. 


1.4.2 — EXAMPLE OF CONJUGATE FUNCTIONS 
It is not always possible to find a function v(x, y) which is con- 
jugate to u(x, y) in the same set where u(x, y) is harmonic. Consider, 
for instance, the function 
log Va?-+y?. (1.4-4) 
It is easy to verify that this function is harmonic in the set which 
is obtained by deleting the point z = 0 from the z-plane. Since 


7] —— x 7] ——. y 
—log Va?t+y2=——.,  — log Va? +y? =—_, 
a conjugate function must satisfy the equations 
ov = | i | 
dy ty?’ ax wy?’ 
or 
dy—y d 
Pi i he 4-8) 
ay? 


Putting x = 7 cos 0, y=r sin 6, we find dv = d0. Hence, omitting 
an additive constant, 


v = arg z = arg (4-+1y). (1.46) 


But according to the theorem of section 1.2.2 this function is not 


continuous throughout the entire set considered above. In this case 
the statement would be true if the set were the principal region. 
1.4.3 — EXISTENCE OF A CONJUGATE FUNCTION 


For many purposes the following theorem is useful: 

Let u(x, y) be harmonic in the interior of a circle. There exists a 
conjugate function v(x, y) defined in the same set, this function being 
determined up to an additive constant. 

Let (Xp, Yo) and (x, y) be two points inside the given circle. They 
can be connected by a broken line consisting of a horizontal and a 
vertical segment, (fig. 1.4-1). 


(xy) 
(Xp, %) 


Fig. 1.4-1. Existence of a conjugate function 


Now we put 
ve, 4) = (Ne —U,(X, Yo) dx +f" Uy (x, y)dy. (1.4-7) 
Xo Vo 


We immediately see that v, = u,(x, y). Further 
Ug = —ty(@, Yo) + |" tna (@, y) dy = —My(2, Yo) — |" Myy(, y) dy 


Yo Yo 
= —U,(%, Yo) +u, (x, Yo) —Uu, (x, y) = —U, (2, y). 
This proves the existence of a conjugate. Any other conjugate 
differs from it by a constant. In fact, the difference of two conjugates 
is again a conjugate corresponding to u(x, y) = 0. Fromv, = v, = 0 
we deduce that v = constant. 


1.5 — Sequences of functions 


1.5.1 — LIMIT OF A SEQUENCE OF FUNCTIONS 
Consider a sequence of functions 
BAZ). “ee 0, TA 2335-3; (1.5-1) 


defined throughout a set 6, i.e., to every number m = 0,1, 2,... 
corresponds a function F,(z) on ©. | 
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We shall say that the sequence (1.5-1) is convergent at some point 

z of © if 

lim F,,(z) (1.5-2) 
exists and is finite. In the contrary case we say that the sequence is 
divergent at z. 

The set of all points z at which the sequence is convergent is a 
subset & of G (which may be empty). The operation (1.5-2) defines 
a function F(z) on &, the limit of the sequence. 

An alternative phrasing is the following: Let z be a point of T. 
Given an positive number ¢ we can find a number m, such that 


|F (2) —F(z)| <e, (1.5-3) 


for all > ny. The smallest integer 1, of this kind evidently depends 
on e and might be considered as a measure of convergence. In 
general this measure of convergence varies with z in &. It may 
happen, however, that these measures are bounded in a certain sub- 
set ll of &, i.e., we can find a number 7), depending only on ¢, such 
that (1.5-3) is satisfied for all z in 1. When this event occurs we say 
that the sequence (1.5-2) is uniformly convergent on U. The notion of 
uniform convergence is fundamental in the theory of functions. 


1.5.2 — CONTINUITY OF THE LIMIT 


We now make the assumption that the functions (1.5-1) are all 
(or from a certain index upwards) continuous at an accumulation 
point z) of a set ©. 

If the sequence is uniformly convergent on the set consisting of all 
points of © which are in a certain neighbourhood of the accumulation 
point then the limit function 1s also continuous at this point. 

Given e > 0 we can find an integer » such that |F,,(z) —F(z)| < 4e 
for all points of S in the neighbourhood. Since F,,(z) is continuous at 
z) we can find a number 6 such that all points of © satisfying |z—z | <6 
are in the neighbourhood while |F,,(z)—F,,(%)| < $e. For these 
values of z we have 


F (2) —F (20) |S|F @) —F,(2)|+|F (0) —Fa(%o)|+|Fn(2) —Fa(2o) |<e, 


and the truth of the statement follows. 

Without assuming the continuity of F,,(z) at z = 2 it is easy to 
prove the following theorem: 

Let the sequence (1.5-1) be uniformly convergent on © to a function 
F(z). Then, if 29 is an accumulation point of S and if lim F,,(z) = F,, 


eT) 


exists from some n upwards, then also lim F(z) exists and ts equal to 


lim F,, that is to say ee 

n-—>oo 
lim lim F,,(z) = lim lim F,(z) (1.5-4) 
Z—>Zq N—>CO N->CO &—>2y 


1.5.38 — SERIES OF FUNCTIONS 
Given a sequence 
f(z), m=0,1,2,... (1.5-4) 
defined throughout a set ©, we can construct another sequence of 
partial sums 


F (2) = fo(z)+A(@)+ --- +fn(2) = Sh le (1.5-5) 


v=0 


If the sequence (1.5-5) is convergent we shall say that the infinite 
series 


fol2) +h) +... = = Siete (1.5-6) 


is convergent and possesses the swum F(z) = lim F,(z). The series is 
n> oO 
said to be uniformly convergent on a set when the sequence of the 


partial sums is uniformly convergent. 

By virtue of the first theorem of the previous section the following 
statement is apparent: 

If the sequence (1.5—4) conststs of functions which are continuous at 
an accumulation point 2, of the set GS in which the functions are defined 
and if the series (1.5-6) 1s uniformly convergent on the set consisting of 
all points of G which are included in a certain neighbourhood of 2g, 
then the sum 1s continuous at 2p. 


1.5.4 — TEST FOR UNIFORM CONVERGENCE 


In many cases an alternative definition of uniform convergence 
is useful. 

The sequence (1.5-1) is then and only then umiformly convergent on a 
set when to a given number ¢ > 0 a number ny can be found such that 


Fn (2)—F,(2)| <e (1.5~7) 


for all z in the set, whenever m > n > Np. 

The condition is necessary, for we can find a number my such that 
|F.,(2) —F (z)| < 4e, |F,(z)—F(z)| < de, hence (1.5-7) is satisfied 
for all z in the set, provided that m>n> mp. Conversely, if the 
condition is satisfied then on account of the well-known Cauchy 
principle the sequence is convergent at every point of the set. Hence 
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we may let m — oo and find | F(z)—F,(z)| S for every z in the 
set, provided that ” > mp. 

On this theorem is based the Wezerstrass test for uniform conver- 
gence of a series. 

A series (1.5-5) which can be dominated by a convergent series 


Yotut--. = 2 (1.5-8) 


1.€., 
lfn(2)| = Pus n= 0, 1, gs hidy 


throughout the set, is uniformly convergent. 
In fact, assuming m > n 


[Fm (2) —Frn(2)| = Ifm(Z)+- » -+ fata (2)| S Mm (2) [+++ - fn 2) 
s Ym: : HY nt 
and on account of the convergence of the series the last sum can be 


made smaller than a given positive number ¢, provided that m is 
large enough. This proves the assertion. 


1.5.5 — EXTENSION TO AN INFINITE INTEGRAL 


The previous considerations can be extended to the case of inte- 
grals. Let us assume that 


[ot@ 2) ae (1.5-9) 


has a meaning for all z in a certain set, the integrand being integrable 
in the sense of Riemann. It defines, therefore, a function F(z). The 
integral (1.59) is called uniformly convergent on the set, if to a given 
positive number e corresponds a number N such that 


Iie z) dt—F (2)| <e 
0 


for all z in the set, provided w > N. In particular we can prove: 
If |f(é,2)| Sf) and tf [70 dt 1s convergent, then the integral 


(1.5-9) zs uniformly convergent. 
The arguments do not differ essentially from those used before. 


1.6. — Power Series 


1.6.1 — CONVERGENCE OF POWER SERIES 


Very important series of functions are afforded by power series. 
A power series is an infinite series of the form 


or SB I Sw ee Sesew SM Oa Se 


— 


Coe tegztt... = pies (1.6-1) 


where Cp, Cy, g,..- are constants. The functions of the sequence 
are here f,(2) = ¢,2*. (1.5-4) 


A power series is called absolutely convergent when the series of the 
moduli 


S |c,2"| (1.6-2) 
v=0 


is convergent. It is easy to see that an absolutely convergent series 
is convergent. The reverse need not be true. 
There are power series which converge for every value of z, for 
instance the series 
pete # o 2” 
Teg hogy Feet eee gy (1.6-3) 
as we shall see in section 1.6.6. On the other hand there are series 


which converge only for z= 0. An example is 
1414224... = Sole. (1.6-4) 
v=0 


Finally we may give an example of a series which is convergent 
for some values of z and divergent for other values. The simplest 
example is the geometric series 


l4ete+...= 32. (1.6-5) 
v=0 


1.6.2 — THE CIRCLE OF CONVERGENCE 


Assume that the series (1.6-1) is convergent for z = z 4 0. We 
shall prove that it is absolutely convergent for |z| < |z9|. In fact, 


i.) 
since the series > c,z) is convergent we have 
v=0 
lim |c,,29| = 0 (1.6-6) 


n> @ 


as may be proved in the usual way. Hence all terms |c,,z9| are 
bounded, i.e., they remain below a fixed number M. If |z| < |z9| then 


n 


. <M & , (1.6—7) 


lc,2”| = \c, 29 | +5 
9 


29 
and the series (1.6-2) turns out to be dominated by a convergent 
geometric series. 

Next we assume that the series (1.6-1) is divergent for z = 2. 
It is plain that it is also divergent for all |z| > |z)|, when we take 
account of the previous statement. 
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These preliminaries enable us to prove: 

For every power series (1.6—1) there exists anumber R,O SRS 
such that the series is absolutely convergent for every |z| < R, whereas 
the series is divergent for |z| > R. 

Nothing is claimed about the convergence for |z| = R. Let R 
denote the least upper bound of all numbers |z| for which the series 
is convergent. If R = 0 we have nothing to prove. Assume, there- 
fore, R > 0. If z, is such that |z,]| << R we can find, according to the 
definition of least upper bound, a number 2 with |z,| < |z)| < R. 
The series, being convergent for z = 29, turns out to be absolutely 
convergent for z = z,. If R < o and |z,| > #& then the series is 
evidently divergent. 

The set of all points with |z| < R is the interior of a circle (when 
0 < R < 0) or the entire z-plane (when R = oo). In both cases it 
is a region, the region of convergence of the series. The number R is 
called the radius of convergence. In the event of a circle the boundary 
is the circumference of convergence; the term circle of convergence is 
used both for the region and for its boundary; which of the two is 
intended is usually clear from the context. 


1.6.3 — UNIFORM CONVERGENCE OF POWER SERIES 


The series (1.6-1) is uniformly convergent in every closed disc 
\z| < @ < R, where R is the radius of convergence. In fact, take 2, 
such that @ < |z)| < R. The assertion follows from 


| 2,%2" = 2,1¢70| (1.6-8) 


on applying the Weierstrass test stated in section 1.5.4. As a direct 
consequence we have: 

A power series represents a continuous function throughout tts region 
of convergence. 

In fact, given a point 2) in the region of convergence, we can always 
find a closed disc which contains this point in its interior. Hence 
there exists a neighbourhood of the point consisting of points of the 
region on which the series is uniformly convergent. The statement 
now follows from the theorem of section 1.5.3. 

From this theorem follows: 


if i 3 
> 6,2 = > 4,2 
v=0 v=0 


in a set of points which possesses z= 0 as an accumulation point, then 
C= Hg, M20, 1, 2y 6 sss 


In fact, both series are continuous at z = 0. Hence cg = dy. When 
z 0 we have 
i?) 2] 
> 60 = > 42%, 
v=] van] 
and it follows that c, = d,. Proceeding in this way the assertion 
follows. 


1.6.4 — LIMES SUPERIOR AND LIMES INFERIOR 


We proved the existence of a radius of convergence but we do not 
yet know how this radius may be found from the coefficients of 
the series. In this direction Cauchy has given a beautiful theorem 
which has later been rediscovered by Hadamard. Before stating this 
theorem we recall an important notion which is widely used in 
analysis. 

Let f(t) be a real function of a real variable ¢ which can take 
arbitrarily large positive values. By 1, we understand the least upper 
bound of all numbers /(é) corresponding to ¢ > p. Let 7 denote the 
greatest lower bound of all these numbers /,. This uniquely defined 
number (which may also have the improper values -++ 00 or — oo) 
is called the limes superior of f(t) as ¢—> 00 written as 

7 = lim sup f(é). (1.6-9) 
t>o 

It has the following properties. First let ]< 00 and « bea positive 
number. On account of the definition of greatest lower bound we can 
find a number # such that 4, </J-+<e. Since f(#) S/,, for allt > p 
we have: 

(i) If 7< +00, e>0 thereis a number p such that 


f(t) <t+e 
provided that t > p. 
Next we consider the case / > —oo. Given #, we can find a num- 
ber ¢ > # such that f(t) > 4,—e and so f(t) > 7—e. Hence: 
(ii) If 1 > —co there exists beyond every number p a number t such 
that 7 
{(t) >l—e. 
In a similar way, by interchanging upper and lower bounds, we 
can define the limes inferior of f(t) as ¢ > 00, 
J = iim inf f(t). (1.6-10) 
t>o 
It is easy to prove that always / 1, When b= J =1, then / is the 
limit of f(t) as ¢— oo in the ordinary sense. 
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When # takes only the values 0, 1, 2, . . ., it is customary to write 
f, instead of f(). 
1.6.5 — THE CAUCHY-HADAMARD FORMULA 


The Cauchy-Hadamard theorem states: 
The radius of convergence R of a power series (1.6-1) ts given by 


1 " 
a lim sup + |c,|. (1.6-11) 


If y < R the numbers |c,, |r" are bounded, i.e., we can find a con- 


stant A such that |c,|7" < A, or a/|en| ro (4/A)/r. Letting ” > oo 
we may infer that lim sup 4/ \c,| S1/r. Since this is true for every 


y < R we even have lim sup a/|en| < 1/R. 


Ifv > R then |c,|7" => 1 for infinitely many » and so a/ \c,| = 1/r 
for infinitely many ». This implies, however, lim sup 4/ abet eft 


and since this is true for ally > R we also have lim sup 4/ lc,| = 1/R. 
This proves the assertion. 


1.6.6 — THE RATIO FORMULA 


The following theorem is frequently used in the theory of series. 
Assuming that from a certain index upwards none of the coeffi- 
cients of the series (1.6—1) vanish, then the radius of convergence is 
given by 


1 
Ra lim lensal (1.6-12) 


, 
n>o Ic, | 


provided that this limit eaists. : 
It will be sufficient to prove lim sup \/|c,| S lim sup |c,,,/c,|, for 


in exactly the same way we also find lim inf |c, ,,/c,| < lim inf V/ Icn|. 
Let / = lim sup |c,,,,/c,|. Obviously / => 0. 

If 7 = oo the assertion is trivial. Let « denote a positive number. 
If m is sufficiently large we have for all » =m the inequality 
len41/Cn| < J+-e. Replacing ” successively by m,m-+1,...,n—land 
multiplying corresponding members we find |c,/c,,| < (J+ «)"-™ 
or |c,| << A(/+«)" where A = |c,,|(2-+ e)-™. Thus we have 


a/ |en| < (i+e)V/A. Letting »—> oo we deduce limsup a/|eq| S/l-+e, 


and since ¢ is arbitrary we even have lim sup +/|c,,| < 1. 


On applying this theorem we easily verify that the radius of con- 
vergence of the series (1.6—3) is 00, that of (1.6—4) is 0, whereas the 
radius of convergence of (1.6—5) is unity. 


1.6.7 — EXTENSION OF THE DEFINITION OF POWER SERIES 


We observe that the above considerations are also valid for power 
series of a more general type, viz., 


Sc, (¢—a)’, (1.6-13) 


v=0 


where a is a fixed number. We have only to replace z by z—a. The 
point z = a is the centre of the circle of convergence (when the ra- 
dius is finite). The series 


2 C, (=) (1.6-14) 


is convergent outside a circle around the origin of radius R, i.e., the 
circle of convergence surrounds the point z = oo, 


1.6.8 — ADDITION AND MULTIPLICATION OF POWER SERIES 


Finally we wish to remark that the elementary operation of addi- 
tion of two power series appears in the form 


Sa + > ba? = > (a,+5,) 2, (1.615) 


v=0 v=0 


provided that both series on the left are convergent. Assume now 
that > a,2 and > b,z” are convergent for |z| < R. Let @ denote a 
shed such that |Z] S@< R. We may write 


242 = P,,(2)+9n(2), dhe = Qn(z)+Yn(z) (1.6-16) 


where P,,(z) and Q,,(z) are polynomials consisting of the first n++1 
terms of either series. Assuming m sufficiently large we have 
lp, (z)| < e, |p,(z)| < e for all |z| S 0, because of the uniform con- 
vergence of the series. On the other hand the polynomials P, (z) 
and Q,,(z) are bounded for |z| < o. Hence 


S a2 $02" = Pyle)Qq(@)+4n@) (1.617) 


and taking n sufficiently large we can make |y,,(z)| as small as we 
wish. Thus we find Cauchy’s rule for the multiplication of series 
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Sa,2": $22 3 So,2, Cn > Ag Ont aon z+. 4 +a, 59, (1.6-18) 
v=0 v=0 v=0 


valid for all |z| < R. 


1.7 — The power series as a holomorphic function 


1.7.1 — THE DERIVATIVE OF A POWER SERIES 
A power series (1.6-1) and the series obtained from it by performing 
term-by-term differentiation 
i2) 
Cy+2¢,2+3c,27-+-... = } ve,27-1 (1.7-1) 


v=] 


have the same radius of convergence. 
The argument used in the proof of the theorem of section 1.6.6 
shows that 


1 
lim 4/n = lim esa. (1.7-2) 


n> © n> 


Hence 


lim sup a/n\Cq |= bai a eoe 4/ len. 


n> 


1.7.2 — THE POWER SERIES REPRESENTING A HOLOMORPHIC FUNC- 
TION 

In the region of convergence the sum of the series (1.7-1) represents 
the derivative of the sum f(z) of the series (1.6-2). In other words: A 
power series ts in its region of convergence a holomorphic function and 
possesses derivatives of all orders. | 

Let R > 0 denote the radius of convergence (the case R = 0 is 
of no interest). Let |z|<R and take a number g such that |z| <o<R. 
Ifhisa ee such that also |z+h| < @ we have 


f(z+-h)—f(e) 


: = > O{eHh yt (thy tet. 2-2} (1.7-3) 


and is numerically less than } »|c,|o’—1. Hence the series on the right, 
v=] 


considered as a series of functions of h, is uniformly convergent for 
|h| < 6, where 6 is a suitably chosen small number. On account of 
the theorem of section 1.5.3 the function is continuous at h = 0. 
Letting 4 + 0 we immediately find 


h 

mn +H) —1E) 
h—>0 h 

the desired result. 


= 2p ce, (1.7-4) 


1.7.3 — INTEGRAL FUNCTIONS 


From the foregoing result it follows that a power sertes represents 
a function which is holomorphic throughout the region of convergence. 

By an integral function we understand a function which is holo- 
morphic throughout the entire z-plane. Hence: 

A power series which ts convergent throughout the entire plane re- 


presents an integral function. 


1.8 — The theorems of Picard and Abel 


1.8.1 — PICARD’S THEOREM 


The following theorem is due to E. Picard. 
Assume that the coefficients of the series (1.6-1) are real and 
satisfy the conditions 


Og ee Ce Ce es gs (i) 
lim c, = 0. (i1) 
n—>@ 


Then the series converges at all points of the circumference |z| = 1, 
save possibly at z = 1, and hence the radius of convergence is at least 
unity. 

Consider the sum 


n+p 
R,,9(@) = 2 62, Pe 1: 
v=n-+1 
Obviously 
n+p—1 
z—1)R,, ,(Z2) = —Cyyy 2+ tee et 
2D n+1 i ” vt1 n+p 
y=N+-. 
and so 
Iz—1]|R,, »( z)| ys Cn+1|2| m4 "Se C43) 2) FAA Cay 2 |PtP +7, 
v=n+1 


since the differences between brackets are not negative. Taking 
Bla Lee 1 we ae 


n+p—1 2Cn44 
[Bins (z)|S (Cra S. (C,—C,41) Fons) = ? 
e—1| vont je—1| 


Cn41 not being negative. Since this result holds for all =} 1 we can 
let #— oo and we find 
2c 
R@)|=| 3 qe)s—™, 
ven+1 jz— |’ 
and on account of (ii) this tends to zero as m —~ oo. 
Nothing is claimed about the convergence at z = 1. Thus for 
instance the series 
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is divergent at z = 1, whereas the series 


oa 2” 

v=] ye 
is convergent at z = 1. Picard’s theorem reduces to the well-known 
Leibniz theorem for alternating series by taking z = —1, i.e., under the 


2] 
assumptions (i) and (ii) the series > (—1)’c, 1s convergent. 
v=0 


1.8.2 — ABEL’S THEOREM ON POWER SERIES 


The following theorem, proved by N. H. Abel in the real case, 
deals with the continuity of the sum of a power series at a point of 
the circumference of convergence. This continuity must be under- 
stood in a somewhat restricted sense. It is sufficient to study the 
behaviour of the series (1.6-1) at z = 1, since the case z = 2) can be 
reduced to this one by means of the substitution 2’ = 2/2». 

If the power series (1.6-1) 1s convergent at z = 1, then 


i2) i) 
dc,2" > de, (1.8-1) 
v=0 v=0 

as z—> 1, provided that z ultimately remains in the area 


i 
leas We (1.8-2) 
1—|2| 


where k is an arbitrary number greater than 1. 

The theorem gives only information beyond that what is given 
by the theorem of section 1.6.3. when the radius of convergence is 
exactly unity. 

The proof is based on a device which is known as Abel’s method of 
summation by parts (already used in the previous section). Consider 


two sequences of numbers u%, %,... and vp, v4,.... The sum 
n+p 
> u,(v,—,_1), n = 0, p = ] 
v=n+1 


can be put in the form 


n+p n+p n+p—1 n+p 
D> %%, — Dd 4% = Unty Vay —Un Mat 2 My — 2 He = 
vy=n-+1 v=n+1 v=n+1 


n+p n+p 


= UntpYntp—Un Yn i > U,_1 Uy. — > U, V,_1- 
y=n+1 v=n+1 


Hence 


n+p n+p 
> U, (v,—2,_1) = Untp Yntyp— Un Yn oe (u4,—U,_1)%_1- (1 8-3) 
v=n+1 v=n+1 


We apply this formula to the sum 


n+p 


= Ver, 60: Pet. 
v=n+1 
Put 
ie 2) 
t= 2%, i= > es: 
v=n+1 

Then 

n+p n+p 
Ra, y(2) = — DX %,(1,—V-1) = —%ngy ZO +on2"+ D (2% —24)0,1. 

v=n+1 v=n+1 


Now v, — 0 as »— oo. Assuming |z| < 1 and letting p — oo we 
obtain 
2] 2) 
R,(2) = > ¢, 2 = v,2°—(1—z) > 2 19,_;. 
v=n+1 v=n+1 
If e>0 is a given positive number we have for sufficiently large 


Ryle) <e(1-4[1—2| $2) = o(1 +E 
v=1 1—|z | 
provided that (1.8-2) is satisfied. This inequality is also true for 
z = 1. Hence the series (1.6-1) is uniformly convergent in the point 
set characterized by (1.8-2) together with |z| < 1, this set being 
completed by z = 1. Since z = 1 is an accumulation point the asser- 
tion follows from the theorem of section 1.5.3. 


) sea+a, 


1.8.3 — SUFFICIENT CONDITION FOR THE VALIDITY OF ABEL’S 
THEOREM 


Consider the sector of a circle, (fig. 1.8-1), defined by 


Fig. 1.8-1. Abel’s theorem 
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eo = |1—z| S cosa, |arg (l—z)| Sa < 3a. 
In this sector we have 
1—z = o(cosg +7sing), 
where 0 < 9 Scosa, |p| Sa. Hence 
|2|? = 1 — 20 cos y+ 9? S1 — 20 cosa+ 0? S1—209 cosa+o cosa 
= 1— gcosa <1 — ocosa + 40? cos? «, 


whence 
|z| S$ 1— 4e cosa, 


and so, at each point of the sector, save z = l, 


|1—z| 2 
< 


1—|z|~ cos a 
Hence, Abel’s theorem is certainly valid when z— 1 remaining 
ultimately in this sector. 


1.9 - The A-summability of a series. Tauber’s theorem 
1.9.1 — DEFINITION OF A-SUMMABILITY 


If the series }'c, is convergent then the radius of convergence of 


the corresponding power series (1.6-1) is at least unity. Abel’s 
theorem asserts that 


ie.) 2) 
> 62° > > 6, (1.9-1) 
v=0 v=0 


as z tends to 1 along the real axis from the inside of the circle of 
convergence. 

Now the interesting situation occurs that the limit on the left of 
(9.1-1) may exist without the series on the right being convergent. 
A classical example is provided by the geometric series 


cS 1 
en 1. 1.9-2 
si" = > k< (1.9-2) 
The sum tends to 4 if z 1, but the series 
> 34 A ee ee Oy Fe (1.9-3) 
y==() 


is divergent. We can, however, extend the notion of summability 


by attributing a sum to a divergent series So, being equal to the 


v=0 
limit of the sum of a series (1.6-1), provided that this limit exists. 
When this event occurs we say that the series is A-summable and 


possesses an Abel-sum. Thus the series (1.9—2) is A-summable, its 
Abel-sum being 4. 


1.9.2 — TAUBER’S THEOREM 

Abel’s theorem asserts that the ordinary sum of a convergent 
series with constant terms coincides with the A-sum. We already 
pointed out that a series may be A-summable without being summa- 
ble in the ordinary sense. If, however, we impose on the coefficients 
a restriction as to their order of magnitude we can obtain a sort of 
converse of Abel’s theorem. Theorems of this type are called 
tauberian after A. Tauber, to whom is due a first theorem of this 
nature. 

Let f(z) denote the sum of a series (1.6-1) for |z|< 1 and assume that 


f(z) > s 
as z->1 in the same fashion as described in Abel’s theorem. If 
lim nc, = 0 (1.9-4) 
then the series eee 
> 6 (1.9-5) 
r=0 


ts convergent and possesses the sum s. 
Otherwise stated: If the series (1.9-5) is A-summable and if 
(1.9-4) is satisfied, then it is summable in the ordinary sense. 
It suffices to show that 
>) c,27— Yc, 0 
v=0 v=0 
as m —> 00, where ” = [1/(1—|z|)] denotes the largest integer that 
does not exceed 1/(1—|z|). That is, we have to show 


foe) n 
> ¢,2”— Yc¢,(1—2) > 0 
v=n+1 v=0 
as n> oo. Put 


Sp >; Ce, => c,(1—z”). 
v=n+1 
If eis a given positive number then |nc,,| < « for all sufficiently large 
values of n, i.e., for z sufficiently near to 1. Hence, assuming 
ct [pl <2; 
Sl=| 367] <55. 3," <a 


whenever % is a ae 
In order to be able to prove that also S, tends to zero as z > 1 we 
need the following lemma 


<< €, 


- 7 OTe TTT ee 
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a ee 


If 6, > 0 as noo than also Th = — 0. In fact, we can 


find a number m such that |6,| < e for all » > m. Hence 


[Bots «Onl — [Bots + -tOml , [mart - +» +a 


n+1 ae: n+1 n+1 
< |Pot + Fm! ueneiad Seee 
n+l n+1 


for sufficiently large values of 1. 
Now we observe that 


|1—z"| = |(l—z)(1+2+. ..+2%-1)| S|1—z|n. 
If (1.8-2) is satisfied we have 


Sel < ¥ lve,(1—2)| S AU—el) Sale| S = Sola. 
vas) v=0 ven) 


On applying the lemma, taking account of (1.9-4), the proof is now 
easily completed. 


1.10 -— The exponential, circular and hyperbolic functions 


1.10.1 -— THE EXPONENTIAL FUNCTION 


One of the most fundamental properties of the real exponential 
function e® is expressed by the fact that the function is reproduced 
by differentiation. Now we shall try to find a holomorphic function 
of exactly the same nature. We shall seek it among the power series 
and assume that the power series (1.6—1) is a function having the 
desired property. Since this series must coincide with the series 
(1.7—-1) in its region of convergence, the coefficients must satisfy the 
following recurrent relations 


Cay = (n+1)e,, 4 = 0,7, 2) cas 


Hence 
Co 


ey i 


Cn 


We may impose the additional condition that the function takes the 
value 1 for z = 0, like in the real case. Then cy = 1. But we already 
know (1.6.6) that the series 


2” 
expz = } — (1.10-1) 
0 


represents an integral function (1.7.3) called the exponential function 


and the above considerations lead to the conclusion that it is the 
only power series satisfying the conditions 


exp0=1 


0) 


In section 2.16.1 we shall prove that there is no other holomorphic 
function satisfying the same conditions. 


and 


1.10.2 — FUNCTIONAL EQUATION OF THE EXPONENTIAL FUNCTION 


Applying Cauchy’s multiplication rule (1.6-18) we readily obtain 
the functional equation of the exponential function 


exp(z+a@) = exp z+ expa. (1.10-3) 


In particular, 
exp 7'-exp (—z)' = exp 0 = 1; (1.10-—4) 
Hence: 
The exponential function has no zeros. 
We recall that by a zero of a function is understood a value of z 
for which the function takes the value 0. 


1.10.3 — EULER’S FORMULAS 
Taking account of (1.10-3) we evidently have 
exp z = exp (v+iy) = exp x: exp ty = exp a (c(y)+7s(y)) 
where c(y) and s(y) are real functions depending on y only. Taking 
the derivative we find 
exp’s = == (c'(y)+is'(y)) 


4 


where the dots on the right denote differentiation with respect to y. 
Hence 


c'(y) = —s(y), —s’(y) = ely). 
Since c(0) = 1, s(0) = 0, the solutions are 


c(y)=cosy, s(y) =siny. 
Hence the exponential function takes the canonical form 


exp z= exp x: (cosy+7siny). (1.10-5) 


From (1.10-4) we deduce Euler’s formulas 
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; 1 : 
cos y = ${exp zy + exp(—zy)}, siny = >. {exp zy — exp(—iy)} 


(1.10-6) 
1.10.4 — CIRCULAR FUNCTIONS 
Hitherto we did not define the circular functions in a rigorous 
manner. The Euler formulas enable us to fill this gap, since they 
have still a meaning when y is a complex variable. Accordingly we 
may define the circular functions cos z and sinz of a complex 
variable z by putting 


cosz = 4{exp 7z + exp (—7z)}, 


1 1.10-7 
sinz = > {exp1z — exp (—7z)}. ( ) 
z 


Obviously the circular functions are integral functions. They 
are represented by the power series 


cos Z = S(-1 oat (1.10-8) 
(1.10-9) 


By means of straight-forward algebraic computations the well- 
known addition theorems can be established. They turn out to be 
valid for all values of z. In particular we mention the fundamental 


identity 


In many cases it is convenient to introduce the functions 


tan z = — z= — 2=— 


1.10.56 -— HYPERBOLIC FUNCTIONS 
Functions of a similar nature are the hyperbolic functions 


cosh z = $ {exp z + exp (—z)}, 


sinh z = } {exp z— exp (—z)},_ (1.10-11) 


these functions also being integral functions. They are closely related 
to the circular functions. In fact, we have 


a.to-43 


The fundamental identity now appears as 


10-13 


Applying the addition theorems for circular functions we obtain 
the canonical equations, putting z = x+1y, 


cos z = cos x cosh y — 7 sin x sinh y, (1.10-14) 
sin z = sin x cosh y + 7 cos x sinh y. (1.10-15) 


The modulus of these functions is now readily obtained. First we 
have, taking account of (1.10-10) and (1.10-12), 


|cos z|? = cos*a cosh*y + sin*e sinh?y 
= cos*z(1+ sinh?y)-+- sin*x sinh?y 
= cos*z + (cos*e + sin*x) sinh?y = cos*z + sinh*y 
and so 
|cos z| = Vcos’x + sinh®y. (1.10—-16) 
Similarly 
|sin z| = Vsin®x + sinh?y. (1.10-17) 


1.10.6 — ZEROS OF THE CIRCULAR FUNCTIONS 


Now we turn to the problem of finding the zeros of the circular 
functions. First we may state that the zeros of the circular functions 
are real. In fact, it follows from (1.10-16) and (1.10-17) that the 
zeros must satisfy the condition 


sinh y = 0, 
165; 
exp y = 1, 


Since the real function exp y increases monotonously as y in- 
creases (this follows at once from the functional equation) we con- 
clude that y = 0. Hence the problem is reduced to the case of func- 
tions of a real variable. 

First we consider the following introductory problem, consisting 
in finding a real differentiable function y(x) defined in the range 
—l = 251 and satisfying the equation 


sin Y= &, (1.10-18) 
taking the value 0 for a = 0. 


Assuming we are already in possession of a function of this nature 
we find by differentiation 
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l= = sin y(v) = cos y(x) -y’ = y’V 1—2?. 


dz 
Hence a function as desired can only be 
2 dt 
2)=|——,  -—l1S2¢S1. (1.10-19) 
ut?) 6 V1—# 


There could arise some doubt as to the convergence of the integral 
for x = +1. But the integral is actually convergent, for, assuming 
o<a7< 1 

ae ie aia 

0 Vl—# 09 V1—t 
whilst the function increases as x increases. Inserting (1.10-19) into 
(1.10-18) we find the function sin y(~) whose derivative turns out 
to be equal to 1. Hence sin y(~) = 2, since the function vanishes 
at x = 0. 

Now we introduce the number z by means of the formula 


$1 = fr. (1.10-20) 
Obviously 
sin 47 = 1 (1.10-21) 
and, by virtue of (1.10-10), 
cos $a = 0. (1.10—22) 


It is easy to prove that cosz does not possess zeros between 
0 and 4x, taking account of the fact that the integral (1.10-19) 
increases monotonously. The further development of the elemen- 
tary theory of the circular function does not present any difficulty. 
On applying the addition theorem we get the result that the zeros 
of the function cos z are at 


z= 4n-+ka, k=0, +1, +2,..., (1.10—23) 
and the zeros of the function sin z are at 
z= ka, k=0,+1,+2,.... (1.10-24) 


Again by applying the additions theorem we find that the circular 
functions are periodic with period 2x. That means that the values of 
the functions are the same at the points z and z+ 272. Consequently 
the exponential function and the hyperbolic functions are periodic with 
period 21. 
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1.10.7 — RIGOROUS DEFINITION OF THE ARGUMENT 


We conclude with the remark that we are able to define rigorously 
the argument of z introduced in section 1.1.1. By Arg z we understand 
the set of values 6 satisfying the equations 


cos 9 = —— sin@ = ——,  |z| 40  (1.10-25) 
|z |2| 


Re z Im z 
[* 
where z has been written in the form 
z= Rez+72Imz. (1.10-26) 


An elementary discussion leads to the result that the solutions differ 
by a multiple of 27. We may take a definite one satisfying —z < 6 
<a. This is the principal argument introduced in section 1.1.1. 


1.11 — The logarithm and the power 


1.11.1 — THE LOGARITHM OF A REAL VARIABLE 
It is our aim to define a function which satisfies the equation 
exp w= z, (1.11-1) 
where z is any complex number different from zero. First we con- 


sider the equation 
expy = @, (1.11-2) 


where x > 0 and y are real numbers. Assume that y(zx) is a real 
differentiable function satisfying (1.11-2) with y(1) = 0. By differen- 
tiation we find 


y' (x) exp y(x) = 1, 


whence 
x 1 
2) = — 
y' (x) Z 
and the desired function must be 
” at 
log z = J 7 > '@; (1.11-3) 
1 


the logarithm of x. It is easily verified that this function is actually 

a solution of (1.11-2). For the derivative of exp log x is 1 and hence 

this function is the function x (since log x = 0 for x = 1). 
Taking account of 


1 
(log ax)’ = a log’ ax = —, 
x 


we have 
log ax = C+ logz 
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and by putting = 1 we find C = log a. Thus we obtain the func- 
tional equation of the logarithm 


| log ax = log a+ log 2, | (1.11-4) 


where a and 2 are real numbers. 

The elementary theory of the logarithmic function can now easily 
be developed. Since log 2" = m log 2, n being an integer, we find 
that log increases beyond any bound as x-> oo. And from 
log 1/z = — log x we find that logz— —o as x 0. 

The logarithm is, however, a weakly increasing function, i.e., log x 
tends to co more slowly than x does. This is expressed by 


log x 


lim <5; (1.11-5) 


aro ov 
A simple proof is the following. Let ¢ > 1; then ¢-! < ¢-*. Hence, 
ite SS f: 


« dt @ dt 
PE Eo 2(V2—1) )< 2/2 
Ya 
and so 
log x #2 2 


¥ he. 
1.11.2 — THE LOGARITHM OF A COMPLEX VARIABLE 


Now we turn to the consideration of the equation (1.11-1). 
Putting z in its polar form (1.1-3) and w=u-+1v we have the equi- 
valent equation 


expu:(cosv+7zsinv) =7(cos6+7sin@).  (1.11-6) 
Equating real and imaginary parts and taking account of (1.10-10) 
and the remark at the end of section 1.10.6 we readily find 
u = logy, v = 6+ 2kz, | | ae oo Oe ee 
As a consequence all solutions of (1.11-5) are represented by 
Log z = log |z| + 7 Arg z. (1.11-7) 
The symbol Log z does not designate a function in the ordinary 


sense, for it lets correspond infinitely many values to a given value 
of z. On the other hand the expression 


log z= log |z| +7 arg z (1.11-8) 


is a single-valued function defined in the principal region. It still has 


a Ee TS ™ Ee. 


a meaning for negative real values of z when we take arg z = a. 
The function (1.11—8) is called the principal logarithm. 

It should be noticed that the principal logarithm does not satisfy a 
functional equation of the type (1.11-—4), for the principal argument 
of the product of two numbers need not be equal to the sum of the 
principal arguments of the factors. 

The principal logarithm is holomorphic throughout the principal 
region. 

First we observe that on account of the theorem of section 1.2.2 
and the expression (1.11-3) of log z for real values of z the function 


w = log |z| + 2 arg z 


is continuous throughout the principal region. Further it is apparent 
that it does not take the same values at two different points. Hence, 
if |h| is sufficiently small and if we put 


k = log (z+h) — log z 
then k + 0 as h-0, while k 40 when h 40. From 
log (z+) —logz _ k a k a ] 
h zth—z exp(w+k)—expw exp’w expw 


as h +0 we infer that 


1 
z 


log (1+2/n) 
1/n 


as ”—> oO, we easily deduce 


Since 


— zlog’l = z, 


exp z = lim (1 — =) . (1.11-10) 
n->o nN 
The function Log z is an example of a multiply valued function. 
We shall not try to give here a general definition of a function of 
this nature. This problem will concern us in Vol. II. We may write 
Log z = logz +2kui, k=0,+1,+2,...,  (1.11-11) 
and we see that to every given value of k corresponds a holomorphic 
function defined in the principal region. A function of this kind is 
called a branch of the multiply valued function. As long as we are 
interested in the local properties of a function the study of a branch 
suffices. 
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1.11.8 — THE POWER WITH VARIABLE EXPONENT 


If s is a real number and z a natural number then, by virtue of 
(1.11-4), log s* = zlogs. It is, therefore, natural to define, 


s* = exp (z log s), S554, (1.11-12) 


where s is a fixed complex number and z a complex variable. Hence 
s* is an integral function, its derivative being 


(s*)’ = s* logs. (1.11-13) 
The number e is defined by 
e = exp I, (1.11-14) 


1.€., 


(1.11-15) 


Hence log e = 1 and in accordance with (1.11-12) 
e* = exp z. (1.11-16) 


This explains the name “exponential function” for exp z. 


1.11.4 — THE POWER WITH VARIABLE BASIS 


We may invert the roles of s and z in (1.11-12) and introduce the 
function 
z* = exp(s log 2), z+\z| 4 0. (1.11-17) 
This function is holomorphic in the principal region its derivative 
being 


(28) = a, (1.11-18) 
a 


The particular case s = ~/g, where # and q are relatively prime 
integers, deserves special mention. It is customary to denote the 
function in this case by another symbol, viz., 


q 


V2? = 2P!9, (1.11-19) 
In particular we write 4/z when # = I, g = 2. 


1.12 — The inverse circular and hyperbolic functions 


1.12.1 — THE INVERSE COSINE 


The equation 
cos w = 2Z, (1.12-1) 


—- - 


where z is a given complex number possesses infinitely many solu- 
tions. In fact, by virtue of (1.10-7) we have 

exp”? 7w— 2z expiw +1 = 0. (1.12-2) 

This equation, considered as a quadratic equation in terms of 

exp iw, possesses two solutions whose product is equal to unity. One 


of the solutions is exp 7w = z+7 /1—z? and so one of the solutions 
of (1.12-1) is the function 


1 =e 
arccos z = — log (z+7V1—z?) (1.12-3) 
1 


called the principal inverse cosine. 

The function V 1—z? is holomorphic in the complex plane, sup- 
posed cut along the real axis from — oo to —1 and from +1 to +00 
(fig. 1.12-1). The same statement holds for arccos z. It is readily 


Fig. 1.12-1. Region of holomorphism of the inverse cosine 


seen from (1.12-3) that the derivative is equal to 


(arccos z)’ = (1.12-4) 
and the function is still continuous at z = +l. 

It is easy to see that all solutions of (1.12—-1) may be represented 
by 
Renseegice arccos z +-2kz, 


— arccos z + 2kn, k=0,+1,+2,....  (1.12-5) 


Hence there are two sequences of values at every point z, the dif- 
ference between the values of the same sequence being a multiple of 
22. 

1.12.2 — THE INVERSE SINE 


The solutions of the equation 


sin w = 2 (1.12-6) 
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are the same as those of cos (4a—w) = z. The particular solution 
arcsin z = 4a-+7 log (z-+7V1—z?) (1.12-7) 


is the principal inverse sine. This function is holomorphic in the 
same region as arc cos z, its derivative being 


1 
V1—22 


(arcsin z)’ = (1.12-8) 


1.12.3 — THE INVERSE TANGENT 
The solutions of the equation 
tanw =z, (1.12-9) 


where z is a given number, are found from 


sinw 1 expiw — exp (—iw) .exp 2iw —1 
9 ae oe a ee ee ee eee 
cosw 4 expiw-+ exp (—7w) exp 27w +1 
or 
: 1+2z 
exp 21w = —. 
1—22z 


Hence we must suppose z ~ +7. The particular solution 


1 1+22z 
arctan z = — lo 
22 


: (1.12-10) 
1—2z 


is called the principal inverse tangent. It is holomorphic in the com- 
plex plane, supposed cut along the imaginary axis from — oo to —i 
and from 7 to oo7, (fig. 1.12-2), its derivative being 


(1.12-11) 


Fig. 1.12-2. Region of holomorphism of the inverse tangent 


1.12.4 — THE INVERSE HYPERBOLIC FUNCTIONS 


In an analogous manner we may also introduce the inverse of the 
hyperbolic functions. 
First we consider the equation 
cosh w = z (1.12—12) 
or 
exp? w—2zexpw-+ 1 = 0. 


The particular solution 


arcosh z = log (z+V2?—1) (1.12-13) 


is called the principal inverse hyperbolic cosine. This function is holo- 
morphic in the complex plane cut along the real axis from —1 to +1. 
The equation 
sinh w = z (1.12-14) 
is equivalent to 
exp? w—2z expw —1=0 


and the particular solution 
arsinh z = log (z+ Vz?+1) (1.12-15) 


is called the principal inverse hyperbolic sine. The function is holo- 
morphic in the same region as arctan z. 
Finally we find that the equation 


tanh w = z (1.12-16) 


has the same solutions as 
1+2z 


1—z 


exp 2w = 


and the particular solution 


1 
artanh z = 3 log a (1.12-17) 
—z 


is the principal inverse hyperbolic tangent. This function is holo- 
morphic in the same region as arccos 2. 

The principal functions defined previously are special branches 
of certain multiple-valued functions. Until further notice we are 
only interested in single-valued functions and we may, therefore, 
henceforth omit the adjective ‘“‘principal’’. 


CHAPTER 2 


CAUCHY’S INTEGRAL THEOREM AND 
ITS COROLLARIES - EXPANSION IN TAYLOR SERIES 


2.1 — Chains and cycles 


2.1.1 — DEFINITIONS OF A CHAIN AND A CYCLE 


It is our aim to study integrals of complex functions along curves 
and systems of curves. In order to be able to state the theorems in 
a sufficiently general form we shall make some preliminary remarks 
of topological character. 

By the distance of two point sets 2{ and § we understand the great- 
est lower bound @ of the distances between any point a of 2{ and any 
point b of B. If Wand B are closed and at least one of them is bound- 
ed, we can find a pair of points a and 6 with exactly the distance o. 
If in addition the two sets are disjoint, we have o > 0. This is well- 
known from elementary point set theory. 

By a smooth arc C we understand a continuous curve 


z(t) = x(t)-+iy(t), (2.1-1) 


where ¢ runs through a closed interval, say 0 <¢ S 1 and z(t) and 
y(t) are continuously differentiable, i.e., the derivatives x’ (t), y’(¢) 
exist and are continuous throughout the range of ¢, while, moreover, 
the derivatives do not vanish simultaneously for any value of ¢. 

Since a smooth arc is a continuous curve it can always be orient- 
ed; this means that we can describe the curve in a certain sense 
(see 1.2.4). By inverting this sense of description we obtain the 
oppositely oriented curve —C. 

By a chain we shall mean a formal sum > C, of a finite number of 


continuous arcs C,,, each being oriented. One and the same arc 
can enter in this sum repeatedly and with either of its orientations. 
If these arcs are smooth the chain is called regular. 

A chain is called closed or a cycle if each point is beginning point 
of just as many of the arcs C,, as it is end point. 

A special case of a chain is obtained if a finite number of smooth 
arcs is joined in order in such a manner that the initial point of each 
coincides with the terminal point of the preceding arc; then a regular 
curve is formed. Such a curve is continuous and piecewise smooth. 
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The initial point and terminal point of a closed regular curve coincide. 
When the curve is also a contour (1.2.5) we term it a regular contour. 
The circumference of a circle is a regular contour, also the perimeter 
of a rectangle. 

It is always possible to join two points of a region (1.2.4) by a 
regular curve, for a polygonal arc is such a curve. 

Let f(z) denote a complex function continuous along the chain. 
That means: given e > 0 and a point 2 on one of the arcs of C we 
can find a 6 such that |f(z)—/(z9)| < ¢, provided |z—z | < 6 and z 
is also on an arc of the chain. 

The set of points belonging to all arcs of a chain is a bounded 
and closed set. Hence, according to the theorem of section 1.2.3, a 
function continuous along the chain is there uniformly continuous. 

eae mm 

2.1.2 — THE WINDING NUMBER 

Let C denote a continuous arc z(¢), where ¢ varies in a certain 
closed interval, say 0 S¢ <1. Let z be a point not on C andfa 
point of C. Assume in the first place that C is included in a circle that 
does not contain z, (fig. 2.1-1). In accordance with section 1.2.2. we 


a(t) 


Zz 
Fig. 2.1-1. Argument of a variable point on a curve with respect to a given point 


can define the argument of ¢—z as a continuous function of ¢ along 
the arc. It need not necessarily be the principal value. This function 
shall be designated by 6(¢). More generally, if @ denotes the distance 
from a point z to a continuous arc C we can subdivide the arc into a 
finite number of parts of the previous kind, for z(¢) is uniformly con- 
tinuous and, therefore, we can find a subdivision such that each part 
is included in a circle of radius $0. The function 6(¢) is uniquely de- 
termined but for a multiple of 27. Now we introduce the number 


27 OQ, (2) (2.1-2) 
being equal to 6(1)—0(0), the zucrement of the argument of ¢—z 
along the arc. It is easy to see that this number depends continu- 


ously on z and changes sign if we reverse the orientation of the arc. 
Moreover, if C is subdivided into the arcs C, and C,, we have 
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Q¢ (2) = Qe, (2) + Qe, (2). (2.1-3) 
If we replace C by an inscribed polygon L whose segments have 
a length less than o, then obviously 
QD; (2) = Qe(z). (2.1-4) 
If z is not on any arc C, of a chain C, we define 


Q(z) = F ,(2). (2.1-5) 


It is easy to see that this definition is additive with respect to C. 

A simple reasoning shows that Q,(z) is an integer whenever C 
is a cycle. In this event Q,(z) is called the winding number of the 
cycle with respect to z, (fig. 2.1-2). By definition the winding number 


Fig. 2.1-2. The winding number of the cycle with respect to z is two 


of a cycle with respect to z= 00 is considered to be zero. The winding 
number is continuous as regards z and constant throughout any 
region that is disjoint from the arcs of C. 

For instance, the winding number of the circumference of a circle 
traversed one time in the counter-clockwise sense is +1 with respect 
to each of its interior points and 0 with respect to a point outside. 


2.1.3 — HOMOLOGY 
A cycle C is said to be homologous 0 in an open set 2, written as 
C~O0, (2.1-6) 


if the winding number of C with respect to each point not in Y is 
zero. It is understood that C is included in Y. 
A chain A and a chain B are said to be homologous in an open set 2 


AB (2.1-7) 


if A—B is a cycle homologous 0 in Qf. It is easy to prove that the 
relation of homology is reflexive, symmetric and transitive. 
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2.2 — The connectivity of a region 


2.2.1 — SIMPLY CONNECTED REGIONS 


A region is said to be simply connected if each cycle in the region is 
homologous to zero. This means that the winding number of every 
cycle in the region with respect to a point outside the region is zero. 

Thus, for instance, the interior of a circle or of a rectangle is 
simply connected. More generally: 

A convex open set is a simply connected region. 

We recall that a set is said to be convex if for each pair of points 
a, b belonging to the set the entire segment (a, 5) also belongs to the 
set. It is plain that an open convex set is a region. 

Let z denote a point outside the region. There exists a half ray 
issuing from z which has no point in common with the region, for 
in the contrary case two diametric half rays would meet the set and 
hence z would belong to the set. 

Now we observe that a movement of the z-plane in itself (being 
the product of a translation and a rotation) does not affect the wind- 
ing number. More precisely, if a movement carries z into z* and 
C into C* then 

On {s*) = O¢ (2). (2.2—1) 


Accordingly we may suppose that z = 0 and that the half ray 
mentioned above coincides with the negative real axis. Under this 
assumption the cycle is contained in the principal region and the 
function @(t) of section 2.1.2 necessary for the evaluation of Q,(0) 
can be taken as the principal argument of the corresponding number 
¢ on a component of C. From the definition of cycle it is now clear 
that 0,(0) = 0. 

In accordance with this theorem we shall consider the entire 
z-plane as simply connected. 


2.2.2 — MULTIPLY CONNECTED REGIONS 


A region which is not simply connected is called multiply con- 
nected. It may occur that we can find an r-dimensional base. By that 
is understood a set of 7 cycles C,,..., C, such that 

(i) they are linearly independent, i.e., a homology 


mC,+...+m,C, ~ 0 (2.2-2) 
entails: , =... =m, = 0; 
(ii) each cycle C is homologous to a linear combination (with in- 
tegral coefficients) 


Cah Ce me (2.2-3) 
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By virtue of (i) the coefficients m,,..., m, in (2.2-3) are uniquely 
determined. By well-known arguments of linear algebra it can be 
proved that all bases consist of the same number of elements. This 
number augmented by one, i.e., 7+-1, is called the connectivity of the 
region. If no base of a finite number of elements exists, the con- 
nectivity is said to be infinite. A base of a simply connected region is 
always empty. 


9.2.3 — ILLUSTRATIVE EXAMPLES 


We may illustrate the previous considerations in simple examples. 
Consider the ring-shaped region 0 < R, < |z| < Ry, (fig. 2.2-1). 


Fig. 2.2-1. The connectivity of a ring-shaped region 


It is plain that the winding number of any cycle in the region with 
respect to a point outside the largest circle is zero. This can be proved 
by applying the same arguments as in the proof of the theorem of 
section 2.2.1. On the other hand, the winding number with respect 
to a point inside the smallest circle of the circumference |z| = 7 
with R, < 7 < R, is unity, provided the circumference is traversed 
in the counter-clockwise sense. Hence, if C, denotes this circum- 
ference we must have C—mC, ~ 0, or 
C~mC,, 

where m denotes the winding number of C with respect to the origin. 
Thus we proved the existence of a base consisting of one element. 
The connectivity of an annulus is 2. 

An example of an infinitely connected region is the z-plane from 
which the points z = 0, 1, 2,... are removed. 


2.3 — The line integral of a complex function 


2.3.1 — DEFINITION OF A LINE INTEGRAL 


We wish to define the line integral of a complex function /(z) con- 
tinuous along a smooth arc C. This may be done formally in the same 


way as for real integrals of one real variable. Divide the interval 
0 <# SX linto™m parts. Call the points of division ¢) (= 0), 4,... ¢ 
(= 1), with 
Bee et eR 
The corresponding points z(#,) on the arc are denoted by z,. Select 
further » numbers 1,, ¢,_, St, S?,, y=1,...,, and denote the 
corresponding points 2(t,) on the arc by €,. 
Now form the sum 


3, = > f(¢,) (2,—2,_1). (2.3-1) 


We shall prove: 

The sums s,, possess a limit s for n -> 00 which is independent of the 
selection of the points of division and of the intermediate points, provid- 
ed the maximal lengths of the rectilinear segments (z,_1, 2,) decrease to 
zero with increasing Nn. 

Otherwise stated: Given « > 0a6 can be found such that 


|s,—s| <e, (2.3-2) 
provided max |z,—z,_,| <6, y=1,...,m. 


The limiting value understood in this sense is called the line inte- 
gral of f(z) taken along C and denoted by 


f FC) a. (2.3-3) 
Cc 


It is not necessary to use the symbol ¢ under the sign of integration. 
We might also write f(z) dz, | f(u) du, etc. if convenient. 
Cc Cc 


2.3.2 — EXISTENCE OF A LINE INTEGRAL 


We take the existence of real integrals of continuous functions for 
granted. Then, as we shall see, the complex case can be reduced to 
the real case in the following way. We may write 


Hz(t)} = u{x(t), y@)}+i@lt), y@)} = Pl) rip). (2.3-4) 
Then (2.3-1) is 


ae > p(c,) {e(t,)—2(,-)} — p3 v(z,){(y () —(te-)} + 


+i (Sole, ) {ar(t,) —2(¢,-1)} + Lote ) {y(t,) —y(t,-1)}). (2.3-5) 


The four separate sums on the right-hand side are all of the same 
type. Hence we may confine ourselves to the consideration of one 
of these sums. Let us take 
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i= > 9 (t,) {a0(t,)—2(t,-1)}- (2.3-6) 


By virtue of the mean-value theorem of differential calculus we may 
write 


og = > p(t,) ae (se) (t,—t,-1), (2.3-7) 


youl 
where 
be ey. Wee Ts yee. 


It is natural to compare (2.3-7) with the Riemann sum 


of = S o(e)2!(%) 6b) (2.3-8) 


which has a limit as max (¢,—#,_,) tends to zero. We wish to prove 
that o, has the same limit. An estimate of the difference of —o,, 
is found from 


lot—o,| < > lp(t,)| la" (%)—2"(e)| (b—t,-)- (23-9) 


Since ¢(¢) is continuous in a closed interval, this function is bounded, 
i.e., there exists a real constant A such that |y(¢)|< A. The function 
x’ (t), being continuous, is also uniformly continuous. Hence, given 
e > 0, we can find an 7, such that 


é 
|x’ (z,) —2’ (x) | < A’ (2.3-10) 
provided max (t,—t,_,) < 7,. As a consequence we find 
|ox—a,| < fe. (2.3-11) 
Since o* approximates the Riemann integral 
fo@e' eae, (2.3-12) 


0 
we can find an 7, such that 


lot —[* y(t) x(t) dt| < 4e, (2.3-13) 
0 
provided max (¢,—i,_,) <7. Hence, we have from (2.3-11) and 
(2.3-13) 
lo, — { p(d)2"(t) dt| <e, (2.3-14) 
0 


provided max (t,—4,4) <q = min (n,m). 

Thus it appears that s, tends to a limit s, provided max (¢,—#,_}) 
tends to zero as |z,—z,_,| tends to zero. 

This proves to be true, for 


V {ox' (t) 7+ (y’(¢)? 
is continuous for 0 < ¢ < 1 and does not vanish; hence it possesses 
a positive minimum yw. On the other hand we have 


|2.—Z-a] = (tba) V f(t) P+ fy’ (7)? (2.315) 
for suitably selected 1, 7? and we have, therefore, 
|z,—2,_4| = w(t,—t,_), Lp eres, 5 (2.3-16) 
Hence we can make max (/,—?,_,) arbitrarily small by taking 
max |z,—2,_,| sufficiently small. This completes the proof. 
If we assume C to be a regular curve composed of 7 smooth arcs 


C,,..., C,, we can maintain the definition of line integral along C. 
Take at first the vertices among the points of division. Then 


¥ Hb) 2a) = y+ +...+ ¥ , hk, =n,  (2.2-17) 


ky+1 kp—y+1 
where on the right-hand side the respective sums are denoted by the 
sign > only. On the first arc there are k,+1 points of division, on the 
second there are k,—k,+1, etc. On refining the subdivision we find 


fr@ac=freact...+ fra. — (2.8-18) 


We shall see, however, that we obtain the same result, when the 
vertices of C are not always chosen as the points of division. Let 
these vertices be a,, 4 = 0,.. ., 7; we may add them to the points of 
division which occur in the definition of the sum. Then we get 
additional terms of the type 


(a,—2,-1) f(G) + (2,—a,) F(C). 

Since /(z) is bounded along the curve and only a finite number of 
these terms is added we find that s, is modified by a number whose 
absolute value may be taken arbitrarily small. Hence it does not 
matter if we take or do not take some of the vertices of the curve C 
among the points of division. 

This result makes it natural to define the line integral along any 
regular chain C = >'C, by the formula 


fre) at = y fre) dt. (2.3-19) 
Cc 


a 


The chain C is called the path of integration. 


2.3.3 — EVALUATION OF SIMPLE INTEGRALS 


In some simple cases a line integral can be evaluated on carrying 
out directly the process described by the definition. 
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Let C be a regular curve joining the points a and b. We wish to 
evaluate fa. Now /(z) = 1 and every approximating sum is 


(%—2) + (2.—41) +. . + (Zn—Z 0-1) = b—a. 
Hence the limit is also )—a, independent of the choice of the curve 
C. We may write this as 
f ° dt = b—a. (2.320) 


If C denotes a (regular) cycle, we have 


fa =o. (2.3-21) 
Cc 
In the same way we can find J ¢€dg. An approximating sum is 


2 (24 —2%) +29 (%g—41) +- - -b2n (Zn —2n—-1); 
but also 


29(%1—29) +21 (22-41) +- - + 2n—1(2n—2n-1)- 


Since these sums must have the same limit, we find by adding that 
this limit must be 4(b?—a?) and consequently 


f edt = 4(b2—a?). (2.3-22) 


If C denotes a cycle, we have 
[tat =o. (2.3-23) 
c 


2.3.4 — CHANGE OF VARIABLE UNDER THE SIGN OF INTEGRATION 


Let C denote a smooth arc represented by z= 2(t), OS ¢ 51. 
Taking account of the considerations of section 2.3.2 we evidently 
have 


Jie a t)) +iv(a(t), y(é))}(a"(t)-+iy’ (t)) dé (2.3-24) 


or, more concisely, 


freee =f H2@) 2'@ dt. (2.3-25) 


It should be noted that the integral on the left has been defined 
independently of the particular choice of a parameter along the arc. 

It is now an easy matter to state a theorem which extends the 
formula for the change of a variable under the sign of integration 
to the complex case. 
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Let g(z) be a continuous function, having in addition a continuous 
derivative at every point of a smooth arc C vanishing nowhere 
along C. It is evident that g(z(¢)) defines another smooth arc C*, 
briefly C* = g(C). Denoting the derivative of g(z) with respect to z 
by g’(z) we evidently have, when /(z) is another function continuous 
along C*, 


J rea =F relays ete) a= Fee) e'e}2"@ ae 


Hence 


fre) ae = [ He(e)}e'(C) at,| C#=e(C).  (2.3-26) 


c* 


2.3.5 — THE FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS 


The following theorem is of frequent use. 

Suppose that f(z) ts continuous and the derivative of another function 
F(z) throughout a certain region Rt. Let C denote any smooth arc in R 
connecting the points a and b, traversed from a to b. Then, integrating 
along C 


fre) at = F)—F(a),| F'(@)=f(2),  (2.3-27) 


independent of the connecting arc. 
Put 
F(z) = U(@, y)+iV (@, y). 
Taking account of the conditions of monogenity (1.3-7) we have 
f(z) = u-tiv = U,+iV, = U,—-iU, = V,+i0,. 
Hence, according to (2.3-24), 


[eae = f° Waa" +U,y')dt+a fea’ +V,y') dt 
a 0 


0 
= U{x(1), y(1)}—U{x(0), y(0)} 
+4 (V{x(1), y(1)}—V{(w(0), y(0)}) 
= F(b)—F(a). 
It is plain that the particular results (2.3-20) and (2.3-22) are in- 
cluded in this general theorem. 
Another application is the following. We wish to evaluate the 
integral 
1 | ac 


2216 C—2 


(2.3-28) 
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where z is a point not on the cycle C. A translation of the plane is 
expressed by the substitution z* = z-+-0. If C is also translated we 
may assume z = 0. A rotation of the plane is expressed by z* = az, 
where |a| = 1. According to (2.3-26) we have 


(if ae. (2.3-29) 
ce cf 


where C* arises from C by means of a rotation. Now C may be con- 
sidered as the sum of smooth arcs such that either component is 
included in a region obtained from the z-plane by removing a half 
ray issuing from the origin. Let C, denote such an arc. By a suitable 
rotation we can place the half ray along the negative real axis. Now 
1/z is the derivative of log z in the principal region. According to 
(2.3-27) we have 


cs "1 
where C* is the rotated arc C, and 7%, 7, are the distances of the 
terminal points from the origin. Taking account of (2.3-29) and ob- 
serving that the winding number is not affected by rotation or 
translation (in the sense described in section 2.2.1) we easily find by 
adding the contributions of all arcs 

Q(z) =— a (2.3-30) 
2n1 t—z ae" 
an analytical expression for the winding number of a regular cycle. 
In particular, if C denotes a circle around the origin traversed in 
the counter-clockwise sense, then 


ad 
Oe pe (2.3-31) 
Cc 
This result may be verified directly. Putting z = re®’, r being the 


radius of the circle, we have by virtue of (2.3-25) 


d anqred 
ie ¢ =| af dO = 271. 
By the same method we find 
forde=0, nAz-1, (2.3-32) 
Cc 


where m is an integer, C being the same circle as before. In fact, the 
integral is equal to 
ayntl [retorts do = 0, 
0 
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since the integral multiples of 277 are zeros of the exponential func- 
tion. But we can also use the argument that z” is the derivative of 
z"t+1/(n+1), provided that  ~¢ —1, and this function is holo- 
morphic throughout the z-plane, except possibly at z = 0 (when 
n< —l). 


2.3.6 — INTEGRATION BY PARTS 


Finally we wish to derive a formula which extends the rule for 
integration by parts. 

If f(z) and g(z) are holomorphic throughout a region # and if C 
denotes any regular path in ® connecting a and 6, we evidently have 
by virtue of ee 3-27) 


(2)? = f0) =I, {H(e) g()} ae 
= te f(C)g"(6) ag + ny reeteyae 


and so 


2.4 — Properties of the line integrals of complex functions 


2.4.1 — FUNDAMENTAL PROPERTIES 


From the definition of line integral we easily deduce the following 
theorems (C denoting an arbitrary chain): 


f Heyae = —f ropac. (2.4-1) 
If @ is a constant ies ; 
Jail af(t)dt =a Jie) t(C) (2.4-2) 
Further 
J( BAe (2)) a¢ = & frterae (2.4-3) 


Under certain additional restrictions this result can be extended to 
the case of infinite series of functions, as we shall see in section 2.4.4. 
Let C,,..., C, denote arbitrary chains. By > C, we understand 


a chain formed by all arcs that occur in Cy, ..., C, in such a fashion 
that if a certain arc occurs m, times in C, it occurs } m, times in 
> C,. Then it is evident that 
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fi@ace=z fre) iG (2.4-4) 
SC SG 


9.4.2 — ESTIMATE OF A LINE INTEGRAL 


We now wish to establish a useful estimate of a line integral of a 


complex function. 
If f(z) is continuous then |f(z)| +s also continuous, since by virtue 


of the inequality (1.1-9) 
| Ie-+4)|—lf@)|| SlAe+4)—-F@)]. (2.4-5) 
We start from the inequality 


| > #(t,) (—%-a)| > iG) l4~—zal (24-6) 


using the same notations as in the previous section. We shall prove 
that the sum on the right tends to a limit, whenever max |z,—z,_,| 
tends to zero. It is sufficient to give the proof in the case that C isa 
smooth arc, the complementary reasoning required for the case of 
a regular curve being the same as that in section 2.3.2. 

Let 


S,= E1(G)| be—a-al= Siete) )| Wf.) —2@ a) we) ba)? 


= Sie (1,))| Vf) + YP). (—b-2). (2.4-7) 


Compare this last expression with the Riemann sum 


= Slee) VEEP HY EP Ota) 24-8) 
which tends eis limit 
Pie O3 Ve OP +Y OP ae. (2.4-9) 
By virtue of the agus (1.1-9) we have 
ISt—S ISD CIV far (cP) — 2 (a) PLY (oP) y(t). (4-2): 
(2.4-10) 


By arguments analogous to those used in section 2.3.2 it is not diffi- 
cult to complete the proof of the statement. 
It is customary to write 


fA) [lat] = tim SHG) Les 2a (2.4-11) 
Cc v=] 


From (2.4-6) we deduce at once 


a aaa a 


| f 4) az] S flee lael. (2.4-12) 


2.4.3 — DARBOUX’S THEOREM 
Consider in particular the function f(z) = 1 along the regular 
curve C. The expression 
l= J |a¢| (2.413) 
C 


is called the length of the regular curve. From (2.4~-12) it follows 
that 


| 2] < flael, (2.4-14) 
Cc Cc 


hence the length of the line segment connecting two points does not 
exceed the length of the arc of the regular curve joining these points. 
More generally, if 29, 2,,..., Z, are vertices of an inscribed polygon 
of the curve C, then 


n 
> |2z,—z,3| Ss l, (2.4-15) 
v=] 


while / is the limit of the lengths of all these inscribed polygons as 
the maximum length of the sides tends to zero. 

From (2.4-9) it follows that the length of a smooth arc can be 
evaluated from 


L= [Vio ®P+y' Oa = fled. (24-16) 
0 0 


We now may state an important corollary of (2.4-12), viz. 
Darboux’s theorem: 
The modulus of the integral | f(¢) dl taken along a regular curve 
c 


does not exceed the product of the maximum modulus M of f(z) on the 
curve and the length | of the curve, 


| f fe) ae] < a. (2.4-17) 


The proof is evident. 


2.4.4 — INTEGRATION OF A SEQUENCE AND A SERIES 


We shall give an interesting application of Darboux’s theorem. 
Consider the sequence 
Fe hS)s Fe lB) p25 (2.4-18) 


of functions continuous along a regular curve C, the sequence tending 
untformly to its limit F(z). Then 
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f (lim F,,(¢)) d¢ = lim ) F,,(¢) de. (2.4-19) 
Cc n> n—>o Cc 


An equivalent statement is the following: The series 


fo(z) +A(z)+. .. (2.420) 


whose terms are continuous along a regular curve C, the series being 
uniformly convergent, 1s integrable along C term by term: 


[{Zp@)}a= > free. (2.4-21) 


The uniform convergence of the sequence (2.4~-18) entails the 
continuity of its limit (1.5.2). Moreover, to a given e > 0 we can 
find an m, such that | F(z)—F,,(z)| < e, provided > n, irrespec- 
tive of the value of z on the curve. If / denotes the length of C, then 
by Darboux’s theorem 


| { F(¢)ae—[ F,(¢) ae|=| [ {FOF} ae| S al, 
C C c 
which proves the assertion. 


2.4.5 — AN APPROXIMATION THEOREM 


For a subsequent application we need the following theorem: 

Let f(z) be continuous throughout an open set X and let C be a chain 
included in the set. Given e > 0 we are able to find a polygon L whose 
points lie also in % such that 


ee) at— | f(C) dt| <e. (2.4-22) 


This means that we can approximate J f(¢)d¢ as closely as we want 


C 
by an integral taken along a suitably chosen polygon. 

It is, of course, sufficient to prove the theorem for any arc of the 
chain. The complementary set of Y, ie., the set of all points not 
belonging to Q, is closed. Hence the distance from C to this comple- 
mentary set is a positive number g. Consider an inscribed polygon 
whose segments have a length < 3g. This polygon lies certainly in Y. 

Additionally we take the lengths of these sides < 6, where 6 is a 
number such that 


[F(2)—F(2)| < x (2.4-23) 


i being the length of the arc, provided 2), 22) are points of C or 
at a distance from C of at most 4, and |z) —z(®)| <4, This is possible 
for we can immerse C in a closed subset of 2{ whose points have a 
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distance of at most $@ to C. To construct such a set we may take all 
circular discs whose centres are on C and whose radii are $0, ob- 
serving that on account of the Heine-Borel theorem (1.2.4) already 
a finite number of these discs cover the arc. 

Let 2, 21, .-.-,%, be the vertices of the inscribed polygon L. We 
can choose this polygon in such a fashion that all the mentioned 
conditions are satisfied for its segments and, moreover, 


|{ 0) at— 3 1G)e—2-2)| <4 (2.4-24) 


where ¢, is a point on the part of the curve terminated by z,_, and 
y=1,...,”. If now z is a point of the rectilinear segment 


a, 
(2,1, 2,) Wwe can set 
f(z) = £(2)+9,(2), (2.425) 
with 
lel <=: (2.4-26) 


Taking account of (2.3-20) we have by integration along L 


feat = & f° Heya = ¥ J (He) +90) a0 


4y—-1 2y-1 


= ShC)e—24) +) ele 


v=o] %y—-1 


and so, by Darboux’s theorem, 
fiQat—He—-aa)|Syt=te (2427) 
L v= 


From (2.4-24) and (2.4-27) we easily deduce the truth of the 
theorem. 


2.5 — Cauchy’s integral theorem 


2.5.1 — GOURSAT’S LEMMA 


The value of a line integral of a continuous function depends not 
only on the end-points of the path of integration but, in general, 
also essentially on this curve. Under a certain not very restrictive 
hypothesis this dependence does not exist. This isa marvellous dis- 
covery of Cauchy and is fundamental for the entire theory of 
functions. 

The classical theory is based on the assumption that f(z) is 
holomorphic throughout a region and admits a continuous deriva- 
tive everywhere. Goursat made the fundamental remark that this 
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latter assumption is redundant. Before formulating Cauchy’s theo- 
rem in its modern form we shall establish a lemma, which we shall 
call Goursat’s lemma: 

Let f(z) be holomorphic throughout an open set XI. Consider a triangle 
T whose sides belong to the set as well as the interior points of the triangle. 
Then 


J #G) a = 0, (2.5-1) 


where T beneath the sign of integration denotes the chain consisting 
of the sides of the triangle. 

We always integrate in the counter-clockwise sense. By joining the 
mid-points of the sides of the triangle T by straight segments we 
obtain four triangles of half the size, (fig. 2.5-1), 


TY, T?, T®, TH, 


Fig. 2.5-1. Goursat’s lemma 


Then evidently 
[rae = frag + [reac + fecyae + fcc) ae. (2.5-2) 


Ti) T{2) T{3) Ti) 


For, as we integrate over the sides of the four subtriangles, we inte- 
grate back and forth over the auxiliary segments, so that the inte- 
grals along these segments cancel. Of the four integrals on the right- 
hand side of (2.5-2) there must be one, the path of which we denote 
by 7, for which 


facyae| <4] f rcyae], 
T qT, 

since not every one of the four integrals can have an absolute value 
less than one quarter of the whole. The subtriangle T, can be treated 
in the same manner: T, contains at least one subtriangle T, for which 


freyae| <a [reac 


’ 


so that 
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| freyac| sa 
T 


frag]. 


Continuing in this manner, we obtain a sequence of similar triangles 
such that each lies inside the preceding one and 


| f reac] s4*| f rteyae|, (2.5-3) 


By a well-known theorem of point-set theory there is one and only 
one point z) common to all triangles and is a point of 2. We assumed 
f(z) to have a derivative at z = 2. This implies: given e > 0, we can 
find a 6 such that for all z with |z—z,| < 6 we have 


If(2)—F (20) — (@—20)f" (20) | S #|z—20| 
f(2) = (20) + (2—20)F" (20) + (220) (2), (2.5-4) 


or 


with 
Ig(2)| Se. 
Now take so large that T,, lies entirely within the neighbourhood 


of z) characterised by |z—2)| < 6. By virtue of (2.3-21) and (2.3-23) 
we find 


J Hc) ade = [ tleo) ao + fc (eo) do — | zof’ (0) ae + | (C—20) @(0) at 


= 040—0+ | (6-29) (6) a. 


™ 


Observing that |f—z)| does not exceed the perimeter #, of T,,, we 
deduce from Darboux’s theorem that 


freee Set,t, =" 


where ¢ denotes the perimeter of T. Hence by (2.5-3) 
| re)ae| See, 
2 


and since e can be chosen as small as we please, we infer that (2.5-1) 
is true. 


2.5.2 — CAUCHY’S INTEGRAL THEOREM 

In a very general form Cauchy’s integral theorem may be stated as 
follows: 

Let f(z) be a holomorphic function in an open set X. If C is a cycle 
an the set, then 
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fr) ag = 0 (2.5-5) 


whenever C ~ 0 tn the set. 

An equivalent statement is the following: 

I} }(z) ts holomorphic in an open set UL and C, and Cy are two chains 
an the set, then 


frcyae = f rey ae (2.5-6) 


whenever Cy ~ C, tn the set. 
The second statement follows from the first. For if Cy ~ C, then 
C,—C, is a cycle and ~ 0. Hence 


0 = [r(t)ae = fre) at — | HC) ab, (2.5~7) 
C1—Ce C1 Ce 
on account of the properties of integrals mentioned in section 2.4.1. 

Conversely, the first statement is a consequence of the second, 
for we can divide C into two chains C, and C, such that C = C,—C,, 
whilst C, ~ C, is a consequence of C ~ 0. 

It is sufficient to prove the theorem for the case that the path of 
integration is a polygon L, for we have already seen in section 2.4.5 
that any curvilinear integral can be approximated as closely as we 
want by an integral taken along a polygon. 

Let L, therefore, be a polygonal closed chain, each constituent 
segment being a straight segment L,. If the polygon approximating 
the closed chain is fine enough, it is on account of (2.1—4) also ~ 0. 
Hence we may assume L ~ 0. Draw all lines L, carrying these 
segments, (fig. 2.5-2). Each of them decomposes the plane into two 


Fig. 2.5-2. Decomposition of the plane 


convex sets, viz. two half planes. The intersection of a finite number 
of convex sets is either empty or it is itself convex. It thus follows 
that the straight lines L, decompose the plane into a finite number 
of convex sets, each of them having segments of the lines in their 
boundary. Each convex set is either bounded and therefore an 
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ordinary convex polygon, or extends to infinity. In the case that it 
is bounded we select one of its vertices and draw all the diagonals 
from it. In this way we obtain a decomposition of the plane into 
triangles and into convex sets extending to infinity. 

The winding number Q,(z) is constant in the interior of each of 
these parts of the plane. A point z at the boundary of such a part 
either belongs to L so that Q,(z) is undefined, or leads to a value of 
the winding number equal to that in the interior, because of the 
continuity of Q,(z). 

Whenever |z| is very large, then Q,(z) = 0, as follows by an 
argument used in section 2.2.1. This shows that Q,(z) = 0 in each 
part that extends to infinity. 

Let & denote a triangle with Q,(z) ~ 0 for all points in the inte- 
rior of J. Since Q,(z) = 0 for all z that do not belong to Y, all the 
points of T belong to , for those on the boundary T of Z belong to 
MY because they are either on L which is in Y, or again Q,(z) 4 0 
for them. Thus for such a triangle we get by Goursat’s lemma (2.5.1) 


fre) a =o. 
T 
Let 3,,..., Z, all be triangles for which Q,(z) ¢ 0 whenever z 
isin $,,» = 1,...,7, and where Q, (z) = 0 if z is in any other tri- 


angle. We assume 7,, the boundary of &,, to be oriented in such a 
fashion that Q7,(z) = +1 in the interior of T,. Consider the new 
chain 


L*=L—>m,T,, m=Q,(2), zin T,,»=1,...,7. (2.5-8) 


We shall prove: 
D2) = 0 (2.5-9) 
for any z not on L*. 

If z is on the boundary of one of the parts, but not on L*, we can 
shift it a little so that it falls into the interior of a part. If z is in %, 
then Q,(z) = m,, Qr,(z) = +1, Qr,(z) = 0, for p Av. Hence 

0,-(2) = Q,(2)—m, Qr,(z) = 9. 
If z is in any other part, then Q,(z) = 0, Qz,(z) = 0, so Q,.(z) = 0. 
Now 


fiat = frC)ac— Ym, FC) as = J He) at, 


since [/(¢)d¢ = 0. This reduces the proof of Cauchy’s theorem to 
T. 


the chain L*. 
We may break up each arc of L* into largest line segments S such 
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that the interior of each S does not contain any vertex of L*. As- 
sume that S is contained # times in one and & times in opposite 
orientation, so that we have 


L* = hS—kS+0, 


where Q is a chain that does not contain S any more. Then 
0=Q,. = (h—k)Q5+Q9, where 270,. means the increment of 
arg (¢—z), ¢ on L*, etc. Hence 


Qo = (R—A)Qs. 
Qo is defined and continuous also on S, but Qs is close to +4 on 
one side and close to —# on the other side of S. It follows that 


h =k. As a consequence L* contains each line segment equally 
often in both directions and we conclude: ff(¢)d¢ = 0. 
L* 


This completes the proof of Cauchy’s integral theorem. 


2.5.3 — EXTENSION OF CAUCHY’S INTEGRAL THEOREM 


A function is said to be locally bounded at a point z = a if it is 
defined and holomorphic within a certain neighbourhood of a with 
possible exception of this point and bounded throughout the neigh- 
bourhood (from which a is removed). 

The following theorem may be considered as an extension of 
Cauchy’s integral theorem. 

Let & be an open set and assume f(z) to be holomorphic in A with 
possible exception of a finite number of points a, , where the function ts 
locally bounded. If the cycle C is homologous 0 in U and does not contain 
any of these points, then 


| #@)ae = 0. (2.510) 


The cycle is not necessarily ~ 0 in the set 2* obtained from % 
by omitting the points a,. Let m, be the winding number Q,(a,) of C 
with respect to a,. Construct around each point a, a circle C, of so 
small a radius 0, that its interior, with exception of a,, belongs to U*. 
By Darboux’s theorem we have 


| fre) ae < 2x0,M,, (2.5-11) 
Cy 


where M, is an upper bound of f(z) in the circle C,. Since we can take 
0, as small as we please we must have 


[#@)a =0, (2.5-12) 
Cc, 


for the value of the integral is independent of the value of 9,, as 
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follows from Cauchy’s integral theorem in the version (2.5-6). 
In U* we have 
C~ >¥m,C, 


and hence by Cauchy’s integral theorem 
[7@) at = Xm, [ HC) ao =0, 
c Cc, 


the desired result. 


2.6 — The fundamental theorem of algebra 


2.6.1 — STATEMENT AND PROOF OF THE THEOREM 
An interesting application of the previous results is a proof of the 
statement that any polynomzal of positive degree possesses at least one 


zero. This statement is known as the fundamental theorem of algebra. 
Let 


f(z) =cotaz+...+c,2", C, #0, n2O = (2.6-1) 
represent a polynomial with complex coefficients. First we observe 


that 
f(z) > @, as Z—> ©, whenever n> 0. (2.6-2) 
In fact, 
lim 12) = Cc, ~ 0. 
sro 2" 
Hence 
If(2)| = |zI" + dlen| (2.6-3) 


for sufficiently large |z]. 
Assume that /(z) is different from zero for all (finite) values of z. 
The function 


ee) == (2.6-4) 


is holomorphic throughout the entire plane and the same holds for 
the function 
g(2)—g(0) 


- (2.6-5) 


with exception at z = 0, where the function is locally bounded (since 
it tends to the derivative g’(0) as z>0). By virtue of the extension 
of Cauchy’s integral theorem of section 2.5.3 we have 


J ae dt = 0, (2.6-6) 
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the integral taken along a circle of radius R around the origin. 
Hence, by (2.3-31), 


c ac 
8 ae = f (0) = anig(0). 
c $ c ¢ 
If R is sufficiently large and > 0 then |g(z)| < ¢, whenever 
|z| = R, where e denotes an arbitrary positive number. By Dar- 


boux’s theorem we have 
(80) a 
es 


and therefore |g(0)| < ¢. Since ¢ is arbitrary we must have g(0) = 0, 
contrary to /(0)g(0) = 1. Hence m = 0 and f(z) is a non-vanishing 
constant. For other proofs we refer to subsequent sections. 


E 
S—: 2nR = 228 
mk 4 


2.6.2 — DECOMPOSITION OF A POLYNOMIAL 

Let a, denote a zero of the polynomial f(z). By virtue of the 
elementary identity 

2"—a" = (z—a) (2"-1+-2"-*a+. . +a") 
we infer that 
f(z) = f(2)—f(aq) = @—%) A), 
where /,(z) is a polynomial whose degree is n—1. If m > 1 the poly- 
nomial /,(z) has a zero a, and may therefore be written in the form 
f,(2) = (4g) fo(z). 

Repeating the arguments we find that f(z) can be represented as a 
product of a constant and m linear factors c(z—a,). . .(—a,,). Since 
f/(z)z-” tends to c, as z > 00 we find c = c,. As a consequence we 
may complete the fundamental theorem of algebra as follows: 

A polynomial (2.6-1) of positive degree n possesses qust n (nat 


necessarily distinct) zeros and can be represented as a product of n 
linear factors and a constant: 


f(z) =c,(z—a,)...(z—a,), (2.6—7) 
the constant being the coefficient of the highest power in f(z). 


2.7 — Cauchy’s integral formula 


2.7.1 — CAUCHY’S INTEGRAL FORMULA 


Let 2{ be a bounded and open set and assume /(z) to be holomor- 
phic throughout 2. If z is a point of YM the function 
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H(e)—f@) 
gt) = (2.7-1) 


of the variable ¢ is holomorphic throughout Y& except at =z where 
the function is locally bounded (tending to f’(z) as ¢ 2). 

Let C beacycle ~ 0 in 2 and not passing through z. By Cauchy’s 
integral theorem of section 2.5.3 


a= le oat = [Se 1) (2.7-2) 


and so 


i(¢) 
ae 
where m is the winding number ae ) of C with respect to z. Hence 


tS) 


INS! az = f(z) ) | = aaimit), (2.7-3) 


Q¢ (2) f(z) = dC, (2.7-4) 
whenever C~ 0 in Y. This is a general form of the famous Cauchy 
integral formula. 

The formula (2.7-4) is also valid if there are a finite number of 
exceptional points in 2, where the function is assumed to be locally 
bounded, provided they are not on C and are different from z. This 
is an immediate consequence of the theorem of section 2.5.3. 


2.7.2 — A PARTICULAR CASE 


A particular case deserves mention. Let f(z) be holomorphic 
throughout an open set 9 and be C a regular contour such that the 
interior of C is contained in 2{. As usual we describe C in the counter- 
clockwise sense. Then 


L(¢ : ee z inside C, 


sl lan 0, z outside C. 


The proof is trivial in the case that C isa circle, a rectangle or a 
triangle, for then it is easily verified that 2,(z) = 1 for an inner 
point whereas Q,(z) = 0 if z is outside. It can be proved that the 
same result holds for an arbitrary regular contour, but since we 
are only concerned with those cases for which the statement is 
clear, we omit the general proof. 


(2.7-5) 


2.8 — Formula for the derivative. Riemann’s theorem 


2.8.1 — A LEMMA 


Assume C to be an arbitrary regular curve, not necessarily closed, 
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and z a point not on C. If y(¢) is continuous on C we may con- 
sider the function 


) = [ee ae (2.8-1) 


This function is defined in any bounded set of points not on C and 


we shall prove: 
The function w(z) defined in (2.8-1) 1s holomorphic throughout any 
bounded open set that does not contain points of C and the derivative ts 


z =f 2(6) at. (2.8-2) 


Call o the distance from z to C. Let z+- bea point within a distance 
40 from z. Then 
y(z+h)—v() g(<) h 
aan Tener a at = Se a erereere an Ge. 
bd ta = 19 aH 
The function y(¢) admits an upper bound M on C. Now |f—2z| = @, 
\C—z—h| > 40. Hence 
vets —vl 24 y(C) 
h c (¢—z)? 
where / denotes the length of C. The expression on the right tends 
to zero as h -> 0. This completes the proof. 


2|h|M. 
jhe ee 


= o 


2.8.2 — FORMULA FOR THE DERIVATIVE OF A FUNCTION 


If f(z) is holomorphic in an open set X and if C is a regular contour 
within X such that its interior 1s contained in A, then for every point z 


inside C we have 
eo 
2: 
)=sa) 28) 


the path of integration being an in the counter-clockwise 
sense, This result is an immediate consequence of Cauchy’s integral 
formula (2.7-5) and the theorem of section 2.8.1. 

A more general result is the following: Jf f(z) 7s holomorphic in an 
open set 2X and C an arlitrary cycle not passing through z, then 


2 


(2.8-4) 


Q<-( 
J-ale 
provided C ~~ 0 in Y. The proof is obvious. 


2.8.3 — RIEMANN’S THEOREM 
We now wish to establish Riemann’s theorem which makes the 
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explicite mentioning of points, where a function is locally bounded, 
redundant. 

Let f(z) be holomorphic in an open set UX with possible exception of a 
point a, where the function ts locally bounded. Then there exists a 
uniquely determined number b such that if we define f(a) = b the ex- 
tended function is also holomorphic at z= a. 

Take C as a sufficiently small circle around a, described in the 
counter-clockwise sense. For all points z “a in the interior of C 
we have by Cauchy’s integral formula, taking account of the re- 
mark of section 2.7.1, 

1 ¢ f(¢) 
ih 215 C—z cs 
We proved in section 2.8.1 that the function on the right is holomor- 
phic throughout the interior of C. Hence we may take for 0d the 
value of the integral at z = a. For this reason the point z = a is 
called a removable singulanity. 


2.9 — Differentiation inside the sign of integration 


2.9.1 — FORMULA FOR THE DERIVATIVE WITH RESPECT TO A PARA- 
METER 


Consider the function /(¢,z) of two variables ¢,z having the 
following properties: 

(i) The function is defined for all points z of an open set 2 and 
for all points ¢ of a regular curve C. The function is, moreover, 
bounded for all those points ¢, z. 

(ii) For every fixed ¢ the function is holomorphic as regards z. 

(iii) For every fixed z the function is continuous along C. 
Under these conditions the function 


= J t(¢, 2) at (2.9-1) 


is holomorphic throughout %, its derivative being 
of(S, 2) 
= | ———d 2.9-2 
)= [ae (2.9-2) 
This means that the differentiation can be carried out inside the 
sign of integration. 
Since /(¢,z) is holomorphic for fixed ¢, we have by Cauchy’s 
integral formula 
~~ Qari 2 alee 


ne (2.9-3) 
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where C* denotes a sufficiently small circle of radius @ around z in Y, 
described in the counter-clockwise sense. Hence 


[ia f(g, @) 


~~ Qa d c+ @ —Zz 


(2.9-4) 


By virtue of (2.8-3) we have 
ae: @ 


0z = - Ati te (w—2)? 


(2.9-5) 


Let z+ be a point within a circle of radius 40 around z. 
Then |w—z| = @, ie > 40. Consider the difference quotient 


F(z+h)—F(z) _ wee ow) 
h Ont said? ef 3 T 
h 
ae ~ fa Jie, peeks poo” 
Since |f(f, z)| <M, we have on applying repeatedly Darboux’s 


theorem, I detouae the length of C, 


F (z+h)—F(z) of (¢, 2) | 2|h|M7 
———_ | | SS 2.9-6 
h J Oz |= o* ( 
and this tends to zero as h is 0. 
2.9.2 — FORMULA FOR HIGHER DERIVATIVES 
Apply the above result to the function 
J (C—2)™ (6) ae (2.9-7) 


Cc 
m being an integer and g(¢) being continuous along a regular curve 
C, while z varies throughout a bounded and open set that does not 
contain points of C. We immediately find 


< J (¢—2)" 9(t) dt = —m| (C—2)"-19(t) dt. (2.9-8) 


In particular, we may consider 


alee. 
~ Dae c 
where C is a regular contour in the open set % such that also the 
interior of C is contained in the set and z is inside C. It is assumed 
that f(z) is holomorphic throughout the set. On carrying out repeat- 
edly the process of differentiation described in section 2.9.1 we find, 
f(z) denoting the derivative of order of f(z), 


Ee CAUCHY'S INTEGRAL THEOREM [2 
ge) 1p 1 


This leads to the important and remarkable result: 

A function holomorphic throughout an open set admits there deriva- 
tives of all orders and, consequently: 

The derivative of a holomorphic function 1s itself a holomorphic 
function. 

Another consequence is the following: 

If f(z) = u(x, y)+t0(%, y) ts holomorphic throughout an open set, 
the functions u(x, y) and v(x, y) possess partial derivatives of all 
orders. 

It should be noticed that the validity of this statement is already 
granted when the contour C in (2.9-9) is a circle. In this case the 
formula (2.9-9) is firmly established. In fact, a circle around z 
can always be imbedded in a slightly larger circle which is still 
included in the open set. 


2.10 — Morera’s theorem 


2.10.1 — AN INTEGRAL AS A FUNCTION OF THE UPPER LIMIT 


If f(z) ts a continuous function in a bounded region KR and if ais an 
arbitrary but fixed point of Rt and tf the integral 


{7 HG) ae (2.10-1) 


is independent of the path connecting a and 2, provided the path lies 
entirely within Ri, then the integral 1s a holomorphic function F(z) 
whose derivative is 
F'(2) = f(z). (2.10-2) 
In fact, the function is uniquely determined by the integral. Let 
z+h be another point of ¥t. Then 


F(2+h)—F(z) = f°" 4(0) ab, (2.10-3) 


where, by hypothesis, the path may be taken arbitrarily, in parti- 
cular as a rectilinear path if || is sufficiently small. Since f(z) is 
continuous we then have 


f(f) = f(z) + (2), 


where 
Ip(o)| <e 
for all ¢ on the segment, provided |A| is sufficiently small. Hence 
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F(z-+h)—F(2) = hf(2) +f" (6) a, 


whence by Darboux’s theorem 
|F (z+h)—F (z)—Af(z)| S |hle. 


This proves the assertion. 


2.10.2 — MORERA’S THEOREM 


Now we are able to prove a converse of Cauchy’s theorem, viz. 
Morera’s theorem: 
If f(z) ts continuous throughout a region and if 


[ia =o (2.10-4) 


for every closed path C lying in the region, then f(z) 1s holomorphic 
throughout the region. 
For, let C, and C, connect a fixed point a with z. Then C,—C,j is 


closed and therefore f “#(¢) df independent of the path connecting 


a 
a with z. The integral represents a holomorphic function, with deri- 
vative f(z). In section 2.9.2 we observed that the derivative of a 
holomorphic function is itself holomorphic. 


2.11 -— Zeros of a holomorphic function 


2.11.1 — ORDER OF A ZERO 


Let /(z) be holomorphic in an open set Y. If #(z)) = 0 then z = 2, 
is called a zero of f(z). The function 
fe) _ fe)—Hlee) fess 
is holomorphic throughout the set, except at z = 2, where the 
function is locally bounded, tending to /’(z)) as z+ z». By Riemann’s 
theorem of section 2.8.3 there exists a function g(z), holomorphic 
throughout which coincides with (2.11-1) for all z £ 2. 
Hence: 
If 2 is a zero of f(z) we can find a holomorphic function g(z) such 
that 
f(z) = (2-2) (2). (2.11—2) 
When to every positive integer m a holomorphic function g, (z) 
can be found such that 
f(z) = (2—20)" gn(2), (2.11-3) 


then we say 2 is a zero of infinite order. We shall prove the theorem: 
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The only function holomorphic throughout a region Kt having a zero 
of infinite order 1s the constant 0. 

Let z be a zero of infinite order. Construct a circle C around z, 
which together with its interior belongs completely to the region. 
If we describe the circle in the counter-clockwise sense we have 

1 &n(6) 
g,,(z) = Ont Ca act (2.11-4) 


for any point in the interior of C. This leads to 
(2—Z)” i(¢) 

ie) == J . 

2ni ¢ (C—2) (C—2) 


Let 7 be the radius of C and o the distance of z from C. If M is the 
maximum of the modulus of f(¢) on C we have 


dt. (2.11-5) 


n 
l{(z)| Ss ——- —- 0,  asn->oo. (2.11-6) 


As a consequence /(z) = 0 throughout the interior of C. Any point 
z = 2, of this interior is also a zero of infinite order. For we can 
define the function h,,(z) as the function 0 in the circle and as the 
function /(z)/(z—z,)" outside or on the circumference, this function 
being evidently holomorphic throughout ft. Then f(z) = (z—z,)"f,,(z), 
m being an arbitrary positive integer. 

Now we take an arbitrary point z, of the region. We may join it 
with z) by a continuous curve contained in §. Let o denote a posi- 
tive number smaller than the distance of this curve to the boundary 
of %. Subdivide the curve into a finite number of parts of diameter 
< 40. Then any point on the first part is a zero of infinite order and 
therefore any point on the second part, and so on. Thus we see that 
also z, is a zero of infinite order of {(z) and f(z) = 0 throughout the 
region. 

As a consequence we find that for a function f(z) holomorphic 
throughout a region Kt not being tdentically equal to zero to any point 
29 of the region exists a maximal n = 0 such that 


f(z) = (2%) "g(2), (2.11-7) 
g(z) being holomorphic and g(z) ~ 9. 

Because of its continuity g(z) is different from zero not only at Z 
but also in a certain neighbourhood of it. Within this neighbour- 
hood f(z) vanishes only at z = 2. The zero turns out to be ¢solated. 
To sum up: 

Every zero of f(z) holomorphic in a region ts isolated and of finite 
order, unless f(z) 1s tdentically zero. 
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2.11.2 — THE IDENTITY PRINCIPLE 

An immediate and very important consequence of the previous 
theorem is the identity principle for holomorphic functions. 

If two functions f(z) and g(z) are holomorphic in a region R and 
assume the same values in a subset of K having at least one accumula- 
tion point within R, then the two functions are equal everywhere in R. 

For, on account of the continuity, the function /(z)—g(z) admits 
the accumulation point as a non-isolated zero and must therefore 
vanish identically. 


2.11.3 — FUNCTIONS WHOSE DERIVATIVE IS IDENTICALLY ZERO 

A function holomorphic throughout a region admits only a derivative 
identically equal to zero if the function is a constant. 

Let f(z) be not a constant. At an arbitrary point z) we may put 


f(z)—f(@o) = (2—20)"g(z), g(%o) #9, nl. (2.11-8) 
Hence by differentiation 
f(z) = (2—29)" A(z) (2.11-9) 
with 
h(z) = ng(z) + (2—z9)g" (2) (2.11-10) 
and also h(z)) 4 0. This is only possible if /’(z) is not identically 
equal to zero. 
By well-known arguments the following theorem may be deduced: 


A function holomorphic throughout a region whose derivative of order 


n is identically equal to zero is a polynomial of degree not exceeding 
n—l., 


2.11.4 — CONDITION FOR A FUNCTION TO BE A DERIVATIVE 


We conclude with the proof of a theorem which completes in a 
certain sense the theorem of section 2.3.5. 


Let f(z) be holomorphic throughout a simply connected region R. 
Then f(z) is a derivative: 


f(z) =>) f(o)ae. (2.11-11) 


In fact, the region being simply connected, every closed curve is 
homologous 0 and hence by Cauchy’s integral theorem the function 


S't(¢) dé is defined independently of the path of integration, z) being 


2 
a fixed point in the region. According to section 2.10.1 this function 
is holomorphic throughout the region, its derivative being /(z). 


2.12 — The Cauchy-Liouville theorem 


2.12.1 — STATEMENT AND PROOF OF THE THEOREM 

A function which ts holomorphic in the entire plane and is bounded, 
zs a constant. 

This statement is known as the Cauchy-Liouville theorem. In order 
to prove the theorem construct a circle C around the origin whose 
radius R is larger than |z|, where z is a given complex number. If 
|f(z)| < M throughout the plane we find on applying the formula 
(2.8-3) for the derivative, taking account of Darboux’s theorem: 


1 ¢_f(é) MR 
I’ @)l =| J | s 
2x1 ¢ (¢—2) (R—|z)) 
By taking R large enough we can obviously make the right-hand 


side as small as we please. Hence /’(z) = 0 and f(z) is a constant, 
according to section 2.11.3. 


(2.12-1) 


2.12.2 — EXTENSION OF THE CAUCHY-LIOUVILLE THEOREM 


The proof of the preceding theorem allows to state the following 
theorem: 

If a function f(z), holomorphic tn the entire plane, is bounded on any 
sequence of concentric circumferences tending to infinity, then the 
function ts a constant. 

Along the same lines we may establish a more general theorem of 
similar nature: ‘ 

Consider a sequence of concentric circumferences tending to infinity. 
If from a certain circumference upwards the function f(z)z-*, k > 0, 
(f(z) being holomorphic throughout the plane) remains bounded, then 
f(z) ts a polynomial of degree not exceeding k. 

Let M be an upper bound for the function |/(z)z-*| on the circum- 
ferences mentioned in the theorem. If FR is large enough we have by 
(2.9-9) and Darboux’s theorem: 

n! M R*+1 


r mi ¢__ t(o) 
| f¢ (z)| = Sel ear = (R—[z|) "41 


Pr am ETL 
which tends to zero as R — oo, whenever m > k. Hence f'™ (z) = 0 
for n > k and therefore f(z) is a polynomial of degree S< k. 
The converse is trivial, for, whenever |z| > 1, then 


f(z) | = |eo+...+e,2"| < (|eolt+...+]en|) |z|".  (2.12-3) 


2.12.3 — THE FUNDAMENTAL THEOREM OF ALGEBRA 


(2.12-2) 


From the Cauchy-Liouville theorem arises another and very 
simple proof of the fundamental theorem of algebra (2.6.1), Assume 
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f(z) to be a polynomial without zeros of degree » => 0. Then by 
(2.6-3) 

If(z)| = lel" £lenl- 
Hence the function g(z) = 1/f(z) is holomorphic throughout the 
entire plane and bounded everywhere. Consequently g(z) is a con- 


stant and so f(z). 
A non-vanishing constant 1s the only polynomial that does not 


POSsess ZErOS. 


2.13 — The maximum modulus theorem 


2.13.1 — THE THEOREM OF THE ARITHMETICAL MEAN 


Be aa point of a region . Construct a circle C of radius 7 around 
a such that all interior points of the circle are points of the region. 
By Cauchy’s integral formula we have 


Hah = WO 


2.13-1 
or, if we put ¢—a = re”, whence df = i(f—a) dé, 


f(a) = = Pitre” dé. (2.13-2) 


Thus the value of f(z) at the centre of the circle is the arithmetical mean 
of the value of the function along the circumference. 


| 2.13.2 — THE MAXIMUM MODULUS THEOREM 


Since |f(z)| is continuous (2.4.2) it possesses a maximum on C 
which we denote by M(r) and from (2.13-2) we deduce 


1 
if(@)| <= [lilatre®)|do< My). —(2.18-8) 
0 
We wish to prove 
I{(a)| < M(r) (2.13—4) 
unless f(z) - on throughout the region. On the contrary, 
let [f(a)| = . We may write (2.13-3) in the form 
“Up (|f(a)|—|f(a+re")|) dd <0 (2:13-5) 
a 


where, by hypothesis, |f(a)|—|f(a+re®| = 0. By a well-known 
argument borrowed from the theory of real integrals we infer that 


If(2)| = |f(a+re")|, (2.13-6) 
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that is, |f(¢)| is constant along C. If {(a) = 0 then /(¢) = 0 throughout 
Rt (2.11.1). If, however, f(a) #0 we may write 


f(a+re®) = f(a)e’. (2.13-7) 
From (2.13-2) we then deduce 


t= f eas 2.13-8 
= e 2 = 

= (2.13-8) 
or, taking the real part 


] 27 
l= = cos pao. (2.13-9) 
Hence cos » = I and, consequently, /(¢) = f(a) along C. But then 
/(z) is constant throughout the whole region (2.11.2). 

This result leads to the following maximum modulus theorem. 
Let f(z) be holomorphic throughout a region Kt. If M denotes the least 
upper bound of |f(z)|, then 


If(2)| < M@ 


throughout Rt, unless f(z) reduces to a constant. 

In fact, any point of {i may be considered as centre of a circle which 
is included in § together with all its interior points. A more imagina- 
tive proof of this important theorem will be given in section 3.12.2. 


2.13.3 — DIRECT CONSEQUENCES OF THE MAXIMUM MODULUS 
THEOREM 


An easy consequence of the preceding theorem is the following. 

A holomorphic function in a region Kt having a constant modulus 
as itself a constant. 

Another consequence is: 

If f(z) is continuous in the closure R of a bounded region R and 
holomorphic throughout fi, then f(z) attains its maximum at a point of 
the boundary of ft, unless f(z) reduces to a constant. 

In fact, Weierstrass’s theorem on continuous functions states that 
on the bounded and closed set t there is at least one point z, where 
|/(z)| attains its maximum. As we have seen this point cannot belong 
to ¥, unless f(z) is constant throughout . 

The same property is not necessarily true for the minimum 
modulus of f(z), for f(z) might vanish in Rt. If we suppose, however, 
that f(z) does not vanish in Rt, then the minimum modulus is also 
attained at a point of the boundary, unless f(z) ts a constant. This can 
be seen on applying the maximum modulus theorem to the function 
I/f(2). 


We also have: If f(z) 1s holomorphic in the interior of a circle whose 
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radius is R, and ts not constant, then the maximum modulus M (r) 
of f(z) om a concentric circumference of radius r, OS7r SR, is a 
steadily increasing function of r. 

In fact, if 0S 7%,<7 SR then M(rn) < M(rq), since M(r,) is 
the least upper bound of the values of |f(z)| for |z| <7, as is 
easy to prove. 


2.13.4 — HADAMARD’S THREE CIRCLES THEOREM 

Assume that f(z) is holomorphic in an open set containing the 
closed annulus 7, S |z| <7. In this ring-shaped set we consider a 
circle |z] = 7, such that 71,<7< 7. Let M,, M, M, be the 
maxima of |/(z)| on the three circumferences whose radii are 71, 7, 7, 
respectively. 

Now consider the function 2?{f(z)}*, where ~, g > 0 are integers. 
This function is also holomorphic in the same set, except possibly 
at z = 0. Restricting to values of z with 7, S |z| S 7, the maximum 
of this latter function can only occur on one of the bounding circles, 
1.6;5 

vy? M* = max (77 Mj, 72 M$). (2.13—10) 

Now we take #,q such that 
vr? Mi = re M3 (2.13-11) 
log M, — log M, 


ag a 
q log 7, — log 7 


(2.1312) 


From (2.13-10) and (2.13-11) we then deduce 


- log 7, —logr 


p 
Ms—il —|] logM,=< 
log M < (logrs— logr) +logM SiS Toga, 


(log M,—log M,)+ log M, 


= log 7, — logr 166-W, log ry — log 7, ibe IG, 
log r, — log 7 log 7, — log 7, 
Hence 
(log 7, — log 7,) log M S (log r, — log r) log M, + 
+ (log r — log 7,) log M,. (2.13-13) 


This inequality may be put in the form 


M"1<M,"" M,’". (2.13-14) 


This is Hadamard’s three circles theorem. 
An alternative form of (2.13—13) is 


(log y — log 7) log M, + (log 7, — log r) log M, + 
+ (log 7, — log 7,)log M <0, (2.13-15) 


that is, 
logr logM 1 


log7, logM, 1/S0. (2.13-16) 
logy, log M, 1 
Hadamard’s three-circles theorem may be expressed by saying 
that log M(r) ts a convex function of logr. This means that in a 
graphic representation the point whose rectangular coordinates are 
(log 7, log M(r)) remains below or on the line passing through the 
points (log 7, log M,) and (log 7, log Mg). 


2.14 — Real parts of holomorphic functions 


2.14.1 — THE EXTREME VALUES OF THE REAL PART OF A FUNCTION 


Let u(x, y) be the real part of a holomorphic function through- 
out the region § and continuous in the closure of the region. 
That is we can find a function v(#, y) such that the function 


f(z) = u(x, y)+20(a, y) (2.14-1) 


is holomorphic in &. 
Under these circumstances also 

exp {(z) = exp u(a, y) - exp 7u(z, y) (2.14-2) 
is holomorphic in # and, consequently, |exp /(z)| = exp u(z, y) and 
hence u(x, y) cannot attain its maximum or its minimum at an 
interior point of Rt, unless the function reduces to a constant. Since 
we assumed x(a, y) to be continuous on the closure of # we have 
proved the following theorem: 
«Tf u(x, y) ts the real part of a holomorphic function in a bounded 
region R and continuous in the closure, then both the maximum and the 
minimum values of u(x, y) are attained at the boundary, unless the 
function is constant throughout the region. 

From the established theorem follows the corollary: Jf two 
functions u(a, y) and u*(a, y) are real parts of holomorphic functions 
in a bounded region R and continuous on the closure and if on the 
boundary always u(x, y) = u*(a, y), then throughout the entire region 
R the functions u(x, y) and u*(x, y) are identical. 

In fact, both the maximum and the minimum of the function 
u(x, y)—u* (x, y) are zer0. 


2.14.2 — A THEOREM ABOUT THE INCREMENT OF THE REAL PART 


It is also worth-while to notice another consequence of the theorem 
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established in section 2.14.1 analogous to that given in section 2.13.3 
and which may be deduced by the same arguments. 

If f(z) = u(x, y)+tv(x, y) ts holomorphic in the interior of a circle 
C with radius R and not equal to a constant and if A(r) denotes the 
maximum of the real part u(x, y) of f(z) on the concentric circumference 
whose radius isv,0 <7 <= R, then A(r) ts a steadily increasing func- 


tion of 7. 


2.15 — Representation of a holomorphic function 
by its real part 


2.15.1 — INTRODUCTORY REMARKS 


In section 2.14.1 we pointed out that’the values of the real part 
u(x, y) of a holomorphic function in the interior of a contour C 
are completely determined by the values which it assumes on C. It 
is even true that a function holomorphic within and on a contour C 
is uniquely determined up to an additive constant by the values 
which the real part assumes on the contour. In fact, on account of 
the Cauchy-Riemann equations (1.3—7) a purely imaginary function 
cannot be holomorphic in a region, unless it is a constant. We con- 
clude from this that the neat Cauchy integral formula is superabun- 
dant, for in order to determine the function in the interior of C we 
must know the values of f(z) on C; hence the values of its real part as 
well as those of its imaginary part appear in the formula. 

We shall now derive a formula which in the case of a circular 
contour represents the values of f(z) within C by the values of the 
real part on the circumference only and by the value of the ima- 
ginary part of f(z) at the centre of C. For the sake of convenience we 
shall take the centre of C at the origin. 


2.15.2 — SCHWARZ’S FORMULA 

The function /(z) is assumed to be holomorphic in a region which 
contains the circular disc |z| < R. Let z denote a fixed point inside 
the circumference C represented by |z|= R. By Cauchy’s integral 
formula 


1 pan t 
ae at = 5 J Ne) ap, (215-1) 


~~ Qa co 


where € = Re’”, On the other hand we have 


(2.15—2) 


=f = ae 6 


if z* is a point outside the circumference C, since inside and on the 
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boundary of the disc |z| S R the intregrand is holomorphic. A re- 
sult of considerable importance is obtained if we take for z* the in- 
verse R?/z of the point z with respect to C. Taking account of R8= ¢¢ 
we may bring (2.15-2) into the form 
1 2s Zz 
0= — = 
27 J iC) Z—C 
Subtracting corresponding members of (2.15-1) and (2.15-3) we get 


dy. (2.15-3) 


1 27 
He) =5-J He) Aap (2.15-4) 
vo 
with 
Pee: epee Dean i (2.15-5 
ae es oe oe we 
this being a real number. By adding the corresponding members we 
obtain 
1 27 
je) =5-J 1) A+Bi) dp (2.15-6) 
0 
with 
. Zz z 
B= — SSS (2.15-7) 
Gre ie 


this number being purely imaginary. We may also write instead of 
(2.15-6), taking account of (2.13-2), 


1 27 
H(z) = 10) +5 J Ae) Biag. (2.15-8) 
789 
Assuming that ¢ is on the circumference |z| = R, we shall write 
f(o) = u(R, v)+10(R, @) (2.15-9) 
and 
f(z) = u(r, 0)+70(7, 8), (2.15-10) 


where z = re”. Then by equating real parts in (2.15-4) 
i 27 
u(r,0) =—| u(R, 9) Adp (2.16-11) 
2n 5 
and equating imaginary parts in (2.15-8) 


u(r, 0) = 2v(0) + = tute yp) Bi dg. (2.15-12) 
7 
Since ; 
A+Bi= ne 
C—z 
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we obtain by adding corresponding members of (2.15-11) and 
(2.15-12) Schwarz’s formula 


f(z) = Jn (R, 9) ) ap, ¢=Re?, (2.15-13) 


It expresses the value of the function f(z) at the point z in terms of the 
values of the real part u(R, p) on the circumference and the value of the 
imaginary part at the centre. 


2.15.3 — POISSON’S FORMULAS 
Put z = re” and ¢ = Re”. Then 
t+z Re?+re® __ (Reosy+rcos6) +i(R sin p-+rsin 6) 


ee, (2,15-14 
C—z Re®—re® (Rcosp—rcosd)+7(Rsing—rsin6) ( ) 
The real part is 
R2—r2 

Ss er (2.15-15) 

R?—2Rr cos (@Q—g~) + 7? 
and the coefficient of the imaginary part 

2Rr sin (6— 
rae) (2.15-16) 


R?—2Rr cos (9@—g) + 7? 


This includes in the first place Pozsson’s integral formula: 


R2—r 7d 
et ie a hes 2.15-17 
?) R®_2Rr cos (0—y) +r? ( 
and as 
2Rr sin (0— 
o(r, 0) = v(0) + = [ FOES?) og rigs) 


?) Ra 2Rr cos (@—g)+7? 


These formulas are important in the theory of harmonic functions. 
2.15.4 — EXPANSION IN SERIES 
z 
We may expand a in a geometric series: 
—2z 


C+2 22 z/¢ ~ (2 ) (z ye iv(0—9) 
ee pe = 449 i Ppd 
mae ee ee ee x 


(2.15-19) 


Term-by-term integration of the last series is justified whenever 
x < R and we get 
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f(z) = iv(0)+4a+ 3 (Z) ax, ei” (2.15-20) 
v=1 
with 
Lo 
a, =—J u(R,p)e*dp, =0,1,2,... (215-21) 
aay 
or 
u(r, 0) =4a+ > (=) (a, cos 00-++, sin v8), — (2.15-22) 
v=] 
v(7, 6) = v(0) + DS (<) (—6, cos v6 + a,sinv6), (2.15-23) 
v=] 
with 


1 2n | 22 ; 
a, = u(R,p)cosnupdg, b, = = | u(R,y) sin npdgp. (2.15-24) 
UG % 9 
The series (2.15-22) and (2.15—-23) represent u(r, 6) and v(r, 6) 
in terms of very simple harmonic functions. Indeed 7” cos 6 and 
ry" sin v6 are respectively the real part and the coefficient of the 
imaginary part of the holomorphic function 2”. 


2.16 — The Taylor expansion 


2.16.1 — PROOF OF THE TAYLOR EXPANSION 


Let {(z) be holomorphic throughout an open set 2 and let a denote 
a fixed point of 2. Consider a circumference C with centre a and 
radius 7 lying together with all its interior points entirely in YW. If 
zis a point inside C and if € moves along C, we have 


z—a 
C—a 
and therefore, on account of the formula for the sum of a geometric 
series, 


ee (2.16—1) 


] “a ] 1 ] 
f—z (C—a)—(z—a) ¢—a 1—(z—a)/(¢—a) 
ese se (2.16-2) 
C—a vo \C—a v=0 (¢—a)’*# 
whence 
i) @ ee 5 (5) 
a 2yleaee) Cay’ ¢ on C. (2.16-3) 


Let M denote the maximum modulus of /(¢) along C. The terms of 
the series of the moduli of the terms of the series on the right-hand 
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side of (2.16-3) are dominated by 
M 


Y 


n 


2—aAa 


Y 


n=0,1,2,..., (2.16-4) 


which brings on the uniform convergence of the series (2.16-3). We 
may therefore integrate term-by-term (2.4.4) and we obtain 


BPD gp S (z a) | on dt, (2.16-5) 


ae —=4 v=0 


or, by virtue of (2.7-5) and (2.9-9), 


i(2) = Se(z—a)’ (2.16-6) 


with 


_ f(a) 


(2.16-7) 


We thus obtain Cauchy’s series which extends to the complex do- 
main Taylor’s series of the real domain. It is customary to use the 
name of Taylor’s series for the expansion (2.16-6). 

It is immediately seen that the expansion of f(z) in a power series 
of z—a is uniquely determined. For, if an expansion (2.16—6) is found, 
we can integrate the series term-by-term along a circumference C’ 
within the circle of convergence around a. By virtue of (2.3-31) and 
(2.3-32) we have 


f(¢) 
J ( 


Cc’ ¢—a)™*1 


af = 2 J C—a)’-™1dl = 271 Cn 


and since C’ ~ C in the set 2{ we have the same result as (2.16-7). 
It turns out, moreover, that the circle of convergence of (2.16-6) is the 
largest circle around z = a whose interior ts still entirely contained in the 
set. In particular we find that an integral function (1.7.3) can be 


represented by a power series which is convergent throughout the whole 
2-plane. 


2.16.2 — ILLUSTRATIVE EXAMPLES 
We wish to give some illustrative examples. Consider the function 
f(z) = log (1+2), (2.16-9) 


defined in the complex plane supposed cut along the real axis from 
—oo to —1. The function 1s expansible in a power series of z in a 


— os CAUCHY S INTEGRAL THEOREM {2 


circle around the origin of radius unity. In fact, the function is in the 
interior of that circle a holomorphic function, whereas the function 
tends to infinity as z > —1. From 


PG) = 42) be) (2.16-10) 
we get /’(0)=1, /’(0)= —1,..., #™(0) = (—1)"4(n—1)!, while 
{(0) = 0. Hence, on account of (2.16—7): 

For all values of z of modulus less than unity subsists the expansion 


The series is not convergent for z = —1; in all other points of the 
circumference of convergence it is convergent as may be seen on 
applying Picard’s theorem of section 1.8.1. 

If z->1 radially then by Abel’s theorem of section 1.8.2 

log 2 = 1—44+4-—44+.... (2.16-12) 

This is Brouncker’s serves. 

A more general result may be obtained if we let z > e” radially, 
whenever g # a. Since 1+-2 is within a circle whose radius is unity 


around the point +1 the value of arg (l1+z) is always between 
—x and 32. Now 


I+e”= 1+ cosp+ising = 2cos*4p+ 2Zsindycos$p (2.16-13) 


and hence 
arg (1+e”) = arctan (tan $y) = 39, (2.16-14) 


which is also evident geometrically, (fig. 2.16-1). In addition we have 
|1e'| = V4 cost hp + 4 sin? dy cos? 4p = 2 cos Ao. 


Fig. 2.16-1. arg (1+e#%) = 4 


Thus we obtain from (2.16-11) on applying Abel’s theorem 


20 cos cos 2 cos3 
log (2cos $y) = $ (—1)4— = cos p — 5 eae 
y 


v=] 


and (2.16-15) 
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sin vp ) 
1__ — sj 


tp = 3 (—1)" 


whenever —z7 < yo <2. 
The series (2.16—-15) reduces to Brouncker’s series when y = 0. 
If we take gy = 4, we find from (2.16-16) 
4n=1—4+44-24..., (2.16-17) 
the well-known Lezbniz series. 
Analogous considerations are valid for the function 
f(z) = (1+2)8 (2.16-18) 
where s denotes a real or complex number. Taking account of 
f(z) = s(s—1) ... (s—n+1)(1+2z)*", 
whence 
[(M(0) = s(s—1)... (s—n+1) = n! (; : 
with 
(°) s(s—1)...(s—n+1) 


Se WERE tees) 


we find, since /(0) = 1, that within the circle of radius unity around 
the origin the function (2.16-18) 1s expansible in the binomial series 


(2.16-20) 


eaor =i $e (e+ G)en 


The behaviour of the binomial series on the circumference of 
convergence has been fully investigated by N. H. Abel. 


2.16.3 — REMARK ABOUT THE DETERMINATION OF THE RADIUS OF 
CONVERGENCE 


The examples of section 2.16.2 throw light on a circumstance 
which deserves special mention. For the determination of the radius 
of convergence it is not sufficient to take only in consideration the 
values which f(z) assumes along a line through the centre a, and 
that explains, for instance, that if f(z) is real on the entire real axis 
and admits there derivatives of all orders, we can claim nothing 
about the range of validity of the expansion of f(z) in a real Taylor 
series, since the values of the function for complex values of z are 
also of importance in this case. For example the function 


2 


= sech z = ——_— 
g(z) = sech z te 


(2.16-21) 


is real along the entire real axis and admits there derivatives of all 
orders. Nevertheless the radius of convergence of the power series 
representing g(z) in the neighbourhood of the origin is 4a. In fact, 
the zeros of cosh z are found from e*+e-* = 0, or e?? — —l1, and 
the zeros nearest to the origin are 47 and —4azi. In these points the 
function g(z) is not finite. Also the function 


1+22 


1 
arctan z = — log - 
21 l—2zz 


(2.16-22) 
possesses along the real axis derivatives of all orders, but the radius 
of convergence of the power series that represents arctan z in a 
neighbourhood of the origin is unity, for the function becomes in- 
finite at the points z = +7. 

The expansion in series for the function (2.16-22) about the 
origin is obtained by subtracting the series for log (1+7z) and 
log (1—zz). An easy calculation yields 


foe) 
arctan z = } (—1)" 


valid for |z| << 1. The series converges for z= 1 and by Abel’s 
theorem we find Leibniz’ series (2.16-17). 
It should be noticed that we have applied the formula 


13 
mi = log (1+7z)— log (1—7z), 


lo 
ey 
This equation is exact, since in this case the difference of the 

principal arguments of 1+7z and 1—7z is between —z and x. 


2.17 — Some remarkable power series expansions 


2.17.1 — THE SERIES FOR THE INVERSE SINE 


In most cases the direct calculation of the derivatives of the 
function whose Cauchy-Taylor expansion is desired is rather tedious. 
Many artifices are devised to obtain the series. Sometimes it is very 
easy to find directly the series for the first derivative. Thus 


1 co . 
———- = png" 2.17-1 
ae 2h) (2.17-1) 
valid for |z| < 1. Integration along a rectilinear path from 0 to z 
yields at once (2.16-23). Along the same lines we may proceed to 
find a series for arcsin z. Whenever |z| < 1 we have 


—arctan z = 
az 
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& arcsin z = (1—2?)-4 = 14 > ry ) (— 2)” 
I: 3. 1-3-5 


7 eae © Syaee (2.17-2) 


=1+5 


and by integrating ie a rectilinear path from 0 to z we get 


arcsin z = Gr aay ar oa. (2.17-3) 


The series is convergent for z = 1. In fact, if 0 < z < 1 the series 
represents arcsin z < arcsin 1 = 3a. If s,(z) denotes the sum of 
n terms of the series we have s,,(z) < 4 and letting z > 1 we infer 
that s,(1) < 40. The series (2.17-3) for z = 1 consists of positive 
terms. Hence it is convergent, since the partial sums are bounded. 
We may apply Abel’s theorem (1.8.2) and get 

1 ee be3: J | Res Se Sa | 


Rees ye ea i eae ee a 
te et gee Sees ge eR) 


2.17.2 — ALGEBRAIC METHOD 


In other cases we may proceed by means of simple algebraic 
operations. Notice that the reciprocal g(z) of a function f(z) is 
holomorphic in an open set where f(z) is holomorphic and does not 
present zeros. 

Assume that /(z) has the expansion 


f(z) = >a, 2, hy = 0, (2.17-5 


Then g(z) is expansible as 
= > D2" (2.17-6) 
v= 


The radius of convergence of this latter series needs not be the same 
as that of the former one. It may occur, for instance, that /(z) has a 
zero inside its circle of convergence. In that event the radius of 
convergence of (2.17-6) does not exceed the modulus of that zero. 
It is certainly true, however, that (2.17-6) converges in a suffi- 
ciently small neighbourhood of the origin. 

Since the Taylor expansion is uniquely determined we may evalu- 
ate the coefficients in (2.17-5) from 


1 = Agbo+ (4459+ 49by)2+ (4gb9 +44), +-agby)2?+. . ., 


whence the recurrent relations 


NN Ss SO eee eee 


1 = Abo, 
0 = a,bo+4n_10,+...+a9b,, n> 0. (2.17-7) 


These enable us to evaluate successively by, 0,,.... 
An explicit expression for the coefficients is 


4 a oO... 0 
(—1)" Aa, GQ Ay 0 

aa b, ant si sh »m=1,2,.... (2.17-8) 
An-1 4-2 In-g+++ 


An Any 4n9++- GY 


2.17.3 — EULER’S NUMBERS 
A first example arises from the series (1.10—-9) of cos z. For the 
sake of convenience we put in this case 


b, 
sec z = > —2. (2.17-9) 


Now we observe that all coefficients having an odd suffix vanish, 
since sec z is an even function. The numbers £,, = 6,,, n= 1, 
are called the Euler numbers. Inserting these in (2.17—8) we obtain 
the series 


am (2.17-10) 


co 
secz = 14+ }—” 
ven] ! 


E. 
(2y)! 


the radius of convergence being 4z. 
Taking account of (2.17—7) we can easily find recurrent relations 


for the Euler coefficients. By multiplying by (2m)! we find 


2n 2n 2n 
E3,- Psat Eon-gt lag) Beate (1 ( 9 )E,+(-I=0, 
(2.17-11) 
Since 
qa" 
Ex, = Fyn SC alps. >, (2.17-12) 


the Euler coefficients are positive integers. A simple computation 


yields 
E,=1, E,=5, E,=61, E, = 1385, 


Ey) = 50521, Ey. = 2702765, .... 


The Euler coefficients are to be considered as ‘‘known’’ numbers. 
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2.17.4 — BERNOULLI’S NUMBERS 


A similar problem consists of finding the expansion of the recip- 
rocal of the function 


i yp St (2.17-13) 
e = = : i= 
0 a y= (v+1)! 
Also in this case we put 
z 
= >—27 (2.17-14) 


The radius of convergence of the series is 2%. By virtue of (2.17-7) 
we have after multiplication by (m+1)! 


By de Ge) b+ ies a eee (“2 b,. (2.17-15) 


n 


In particular b) = 1, 6, = —4. It is easy to show that all numbers 
having an odd suffix > 1 are zero. In fact, the function 


Zz 
e? — 1 


f(z) = 


+ 42 (2.17-16) 


is an even function, as may readily be verified by the following 
expression for f(z): 


71] 
— = 4zctnh 3z. (2.17-17) 


The numbers B,,, = (—1)"-16,,, n= 1, are called the Bernoulli 
numbers. They may be calculated from 


2 1 ; 
By a ) Bon-at ee +(— y( 9 


2n+1 
2n 


( 


Thus we find for example 
1 
ag B 
By = 2730" Bu=% Bye= 510” 
In section 3.7.4 we shall prove that all Bernoulli numbers are 


positive. 


2.17.5 — EXPANSIONS INVOLVING BERNOULLI’S NUMBERS 


We shall list some expansions involving Bernoulli numbers. First 
we deduce from (2.17-14) 
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|z|< 2m, (2.17-19) 


a formula which will play an important role in the theory of the 


gamma function. 
Taking account of (2.17-16) and (2.17—17) we have the alternative 


expression 


42 ctnh 42 = 1— p (—1)’-1 ani. (2.17-20) 


In this formula we replace z by 2272: 


00 B,, 
zctnz=1— > —~ 22% | [zZl<a. (2.17-21) 


y=] (2r) ! 
From 
1 1— tan?z 
ctn 22 = ——— = ——— = }ctnz— }tanz 
tan 2z 2 tan z 
we have 


zctg z — 2zctg 22 
(dip lee en See 
z 


and hence, by virtue of (2.17-21), 


2 B 
tanz = > —™* (2% 1)2% 2%, | |z/<4n. (2.17-22) 


S (20)! 


Integrating the relation 
ad 
— log cosz = — tanz 
dz 


along a linear path from 0 to z, |z| < 4, we obtain from (2.17—22) 
ze 

log cos z= — eae (2%—1)2%—. | |2}< 4m. (2.17-23) 
By 2y 


In a similar way we infer from 


a sin 2 Bod 
— log —— = ctn z—— = — (zctn z—1) 
dz 4 Ee 8 
that 
aS) a 
log pneu een > —* 2” —,| |zlax.. (217-24) 
2 v=] (2r) ! 2Qy 
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Substracting corresponding members of (2.17-24) and (2.17-23) 
we have 
tanzg 2 B a” 
log pee es + =, (om +5) oe |z]}< 40. (2.17-25) 
v 


val ( (2y)! 
The derivative of this function is 


l ce) 
=2 
vos] 


a 


by 


=. (222) 22% 22-1, 


2z—1 
(2z csc 2z—1) (2»)! 


whence 


sa 71 | —2) 92x g2v 


and so 


—2)2%,| |z|<m.  (2.17-26) 


This result could also be obtained by observing that 
ctn z + tan 42 = cscz. 


Finally we wish to remark that the way in which we obtained 
(2.17-25) requires some comment. In fact, the difference of the 
logarithms of two functions is not always the logarithm of the 
quotient. The procedure is, however, exact in the case that z is real 
and hence also for complex z inside the region of convergence. 


2.18 — Cauchy’s inequality. Parseval’s identity 


2.18.1 — CAUCHY’S INEQUALITY 


Denote the maximum of the modulus of the sum of the power 
series 


= Sor (2.18-1) 


on a circumference |z| = 7 within the region of convergence of the 
series by M(r) (2.13.2). The following fundamental inequality 


\c,|7" S Mir), | n=0,1,2,..., (2.18-2) 


is known as Cauchy’s inequality. 
It may readily be proved on applying (2.16-7) that 


f(¢) 


"Qui CM 


where C is a circle of radius 7 around the origin. By virtue of Dar- 


ac, 
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boux’s theorem (2.4.3) we have 


1 M(), M(r) 
tie ys A 
\c,| S on prt 2nr oa 


From Cauchy’s inequality arises another proof of Liouville’s 
theorem. If f(z) is holomorphic throughout the entire plane, the 


series > c,2” is convergent for all values of z. From |/(z)| S M we 


v=0 
deduce |c,| S Mr-” and making 7 — oo the right-hand member 
tends to zero whenever ” > 0. Hence /(z) = Cp is a constant. Along 
the same lines we can prove the more general theorem of section 
2.12.2. 


2.18.2 — PARSEVAL’S IDENTITY 

Cauchy’s inequality is included in a general formula, Parseval’s 
identity. Put 

f(2) = Pn(2)+9n(2) (2.18-3) 
where #,,(z) is a polynomial of degree m consisting of the first »+-1 
terms of the series (2.18—-1). We consider only the values of z on C, 
that is |z| = 7. Then |, (z)| is arbitrarily small whenever is 
sufficiently large, while p,(z) is bounded. Hence also the expres- 
sion y,(z,2Z) in 
If(2) 2 = Dalz) Pal2)+4n(2, 2) 

is arbitrarily small for sufficiently large values of n. Let z= re”. 
Then 


2n ; 27 So, We 2 

Pitre!) [240 = ["p,(2) Dalz) 40+ [“xn(2, 2) a0, (2.18-4) 
0 0 0 

the last numbers tending to zero as n — oo. Observing that 


0, when ~ #4, 


27 2n 
Psa dA — D+ -(P—a)i0 _ 
J ad J Prag a es when # = 4g, 


0 0 
where # and q are non-negative integers, we readily find, by letting 


n> CO 
7 Qn S 
=! If(re®) [2d = 2 |, 27, (2.18-5) 
a v=0 


the desired identity. 
Since the expression on the left does not exceed {M(r)}* we must 
have 


¥ |c,|27 < {M(r)}2, (2.18-6) 
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and it follows, each term of the series on the left being positive, 


\c,|?72" = {M(r)}*, n=0,1,2,..., (2.18-7) 


and hence Cauchy’s inequality (2.18-2). 

A comparison of (2.18-6) and (2.18-7) shows that in (2.18-7) 
equality can only occur if all coefficients other than c,, vanish. The 
function /(z) thus reduces to the monomial 


f(z) = Cq2”. (2.18-8) 


2.19 — An extension of the Cauchy-Liouville theorem 


2.19.1 — EXTENSION OF CAUCHY’S INEQUALITY 


In this section we shail derive a sharper form of Cauchy’s in- 
equality. Let A(v) denote the maximum of the real part of the sum 
}(z) of the series (2.18-1) on the circumference C defined by |z| = 7 
in the region of convergence. 

For n 21 subsists the inequality 


|c,|7" < max {4A (r), 0} —2 Re f(0), (2.19-1) 


where Re f(z) denotes the real part of f(z). 
Let z = re”, si = . as 6). Then 


Ae Q7 t(re*) Pe 
Cn ~~ Qi pai 2 n+1 ei(n+1)6 re a6, 


Y 


or 
1 ¢* R 
rc, =— | fu(r, 0)+iv(r, 0)}e" do, m=0,1,.... (2.19-2) 
TC 9 
On the other hand we have for » => 1 
fe@or-tae = 0, 
Cc 
whence 
1 2n 
0=— J (u(r, 6) +iv(7, 6)} 68a, (2.19-3) 
Aa) 
and, if we replace 7 by —1, 
1 2n 
0=—J] {ulr, 6)—iv(r, )}e-? a9. (2.19-4) 
275 


Now add the corresponding members of (2.19-2) and (2.19-4) for 
od ea ee 
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From this equation follows 
1 27 
leglr® <—J |u(r,6)|d0, m=1,2,.... (2,196) 
% 9 
The particular case m = 0 of (2.19-2) is 
1 27 
co =—J {ulr, 6)-+20(r, 6)} a8, (2.19-7) 
27 6 
whose real part is (multiplied by 2) 


1 2n 
2 Re cy = 2Re f(0) = —| u(r, 6) dd. (2.19-8) 

ae) 
If we add the members of this equation to the corresponding mem- 
bers of (2.19-6) we obtain 


] 27 
|e,/r"-+2 Re #(0) = — J f\u(r, 6)|--u(r, 6)}d9. (2.19-9) 


Now |u|-+-4 = 0, whenever u < 0. Hence for A(r) S 0 the right- 
hand side is zero. If instead A(r) > 0 we have 


4 J" sjuir, .)| + u(r, 0)}40 <> [2A (r) do = 44(0), 
0 a 


and therefore, on account of (2.19-9), 
|e,|7"-+2 Re f(0) < 4A (7), 
so that in every case (2.19-1) holds. 


2.19.2 — EXTENSION OF THE CAUCHY-LIOUVILLE THEOREM 


If f(z) ts holomorphic throughout the entire plane and A(r) has an 
upper bound on a sequence of concentric circumferences tending to 
infinity, the function f(z) is constant. 

More generally, if 

A(r) S Ar*, 
A and k being constants, k = 0, from a certain value rq of r upwards, 
then f(z) is a polynomial of degree not exceeding k. 
In fact, from (2.19-1) we have for 1 >k 


max (447*, 0) — 2 Re (0) 


lel S * 
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if y >, and the right-hand member tends to zero as r + oo. It 
follows that c, = 0, whenever n > k. 


2.20 — Weierstrass’s theorems about the limits of sequences 
of functions 


2.20.1 — WEIERSTRASS’S THEOREM FOR SEQUENCES 


The following theorems will be often referred to as Wetzerstrass’s 
theorems. The functions of the sequence 


Fo(z), Fle), £4(2), 535 (2.20-1) 


are assumed to be holomorphic throughout an open set Y. Let the 
sequence converge uniformly on every closed and bounded set con- 
tained in 2. Then we may prove: 
(i) The limiting function F(z) 1s holomorphic throughout X. 
(ii) The sequence 


F(z), F(z), F(z), ..., (2.20-2) 


obtained by differentiating k times the functions of the sequence (2.20-1) 
ts convergent throughout X and uniformly convergent on every bounded 
and closed set within U. The limiting function 1s the corresponding 
derivative of F(z). 

We already know from section 1.5.2 that F(z) is continuous 
throughout YY. Let z denote any point of 2. Describe a sufficiently 
small circle C around z. By (2.9-9) we have 
aie Sl eam F,,(C) 


(¢— —z) yeni 


F(z (2.20-3) 


On C the sequence (2.20-1) tends uniformly to a limiting function 
F(z). On account of a result of section 2.4.4 we have 


ay F(¢) me kh! fee n(S) 7 

2a ¢ (¢—z)*t 2m ‘¢ (¢—2z)* 

tim 2 (a ae = im FO 2 
= lim 53) Gon & = lim FPG). (2.20-4) 


For k = 0 we find 


F(z) = lim F,,(z) = (2 


n—>oo 2116 C—z 


at, (2.20-5) 


hence F(z) is differentiable at z (2.8.1) and, consequently, holo- 
morphic throughout 2. For k > 0 we have 


ye yes 
J eae dt = lim F(z). (2.20-6) 
Let now © denote a closed and bounded set within Y%. There is a 
positive constant @ such that all points of © have a distance > 0 
to the boundary of 2. Describe around a point z of © a circle C of 
radius $9. Given ¢ > 0, we have 


IF(C)—F,(o)| <2,  ¢ on C, 


whenever 1 is large enough, since the convergence of the sequence is 
uniform on C. Then also 


F(z) = 


F(t) —F,,(¢) kle 
|F® (2) Fy" (2)| = =|) aoe Sa’ (2.207) 


Qa 


this estimate being independent of the choice of z in G. 


2.20.2 — MODIFICATION OF THE PREVIOUS RESULT 

The theorem of section 2.20.1 holds also in a slightly modified 
form if we suppose that the functions (2.20-1) are continuous on the 
closure of a bounded region Rt and the sequence is uniformly con- 
vergent on the boundary of the region. 

For, if ” is sufficiently large, then for every m > n we have 


Pe) =F 0) Ss (2.20-8) 


¢ being on the boundary. On account of the maximum modulus 
principle (2.13.2) the inequality (2.20-8) holds certainly within R 
and by Cauchy’s convergence test (1.5.4) the sequence (2.20-1) is 
uniformly convergent on the closure of §. 


2.20.3 — WEIERSTRASS’S THEOREM FOR SERIES 


An equivalent form of the theorem established in section 2.20.1 
is the following. 
The functions of the sequence 


fo(2), Ai(2), fa(2),- +» (2.20-9) 
are assumed to be holomorphic throughout an open set YY. Let the 
series 


> f(z) (2.20-10) 


converge uniformly on every closed and bounded subset of I. 
Then the sum 


f(z) = D4(2) (2.20-11) 
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is holomorphic throughout X and the series 


> f(z) (2.20-12) 


obtained by differentiating k times the terms of the given series con- 
verges in U and uniformly on every bounded and closed subset of U, 
its sum being the corresponding derivative of f(z). 


2.20.4 — WEIERSTRASS’S DOUBLE SERIES THEOREM 


A useful application is Wederstrass’s double series theorem. Let all 
the series 


bt) = dees MHO 4, Qik (2220413) 


be convergent at least for |z| << R and let 
fle) = Sha) (2,20-14) 
= 
be uniformly convergent for |z]| S 7 < R for every 7 < R. Then the 


coefficients of the same power of z in the respective series form a con- 
vergent series and 1f we set 


Cn = > Sun (2.20-15) 


the series 
le 8} 
> C8 
v=0 


represents f(z) at least for |z| << R. 

In fact, the function f(z) is holomorphic for |z| << R and can 
therefore be developed in a power series of z. The coefficient of 
2°18 


+ 9) == S70) = Seq. (2.2016) 
n! n! u=0 p=0 


The theorem states that under certain conditions it is allowed to 
add infinitely many power series term-by-term. 


2.20.5 — WEIERSTRASS’S THEOREM FOR INFINITE INTEGRALS 


Another application may be made on functions that are defined 
by infinite integrals. 
Let f(t, z) be a function of the complex variable z and the real 
variable ¢, having the following properties: 
(i) The function is defined for all points z of an open set 2 and 
for all values of ¢ => 0. The function is, moreover, bounded. 


(ii) For every fixed z the function is continuous as regards é. 
(ui) For every fixed ¢ the function is holomorphic throughout Q. 
(iv) The integral 


F(z) = [ f(t, 2) dt (2.20-17) 
0 
is convergent when z lies in & and uniformly convergent on every 
closed and bounded subset of 2. Under these assumptions we have: 
The function F(z) 1s a holomorphic function of z whose derivatives 
are found by differentiating inside the sign of integration and are re- 
presented by integrals that converge uniformly on every closed and 
bounded set contained in Y%. 
The condition (iv) expresses that as the real number w tends to 
infinity the integral 


[ ilt2) at (2.20-18) 
0 


tends to F(z) when z is a point of 2 and that the convergence is 
uniform over any bounded and closed sunset of Qf. 
Now take any sequence of positive numbers 


Need Te A chee (2.20-19) 


tending to infinity, and introduce the functions 


F,(z) = f "tt, 2) dt. (2.20-20) 
0 


By the theorem of section 2.9.1 these functions are holomorphic 
throughout 2 and, moreover, they satisfy the conditions of the theo- 
rem of section 2.20.1. Hence 


F(z) = lim F,(z) (2.20-21) 


nO 


is holomorphic within % and F(z) converges to F(z), But 


OF f(t, z) 


a 


ty 
F®)(z) = i} dt (2.20-22) 
0 


and so, the sequence (2.20-9) being arbitrary, 


~O"f(t, z) 
dz® 


F(z) = [ dt, (2.20-23) 
0 


the integral on the right-hand side being uniformly convergent on 
every closed and bounded subset of Y. 
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2.20.6 — CHANGE OF ORDER OF INTEGRATION 


Now assume § to be a simply connected region and let C denote 
a regular path within R. Jf f(t, z) satisfies the same conditions as in 
2.20.5 then the relation 


yn H(t, ¢) di}ac af (Jie ¢)dt} dt (2.20-24) 


holds. 
Let z) and z denote two points in Rt. Since ft is simply connected 


the integral 
f 760) a¢ 


represents a holomorphic function of z and it is easily shown that 
this function is continuous as regards ¢. Moreover, it is bounded in 
any closed and bounded subset of . Then in view of the theorem of 
section 2.9.1 the integral 


Pf He cyac| a 


0 29 
can be differentiated with respect to z by carrying out the differenti- 
ation inside the sign of integration, the derivative being {°f(é, z) dt. 


0 
But this is also the derivative of the function f*{ J /(é, ¢) dt} d¢. 
fzo 0 


Hence 
((fregala=P [fre dat} a, — (2.20-28) 
0 29 Z9 0 


for both members coincide if we take z= Z . Since [”/(, z) dt is 
0 


uniformly convergent in every closed and bounded subset of §, in 
particular on C connecting the points z and 29, we have, if ¢ is an 
arbitrary positive number, taking account of (2.20—25): 


{Sr sy ae} ac— f° | fre, ey ae) ae| =| [{ [Pre cat} ae| <er, 
Cc 0 0 C cae 
whenever is sufficiently large, 7 denoting the length of C. 


2.20.7 — THE REPRESENTATION OF THE LOGARITHM AS AN IN- 
FINITE INTEGRAL 


We may illustrate the result of section 2.20.6 in a simple example 
which is of value in the theory of the gamma function. 
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It is easy to show that 
1 Lo) 
—=fed, Res>0. (220-26) 
e 0 


The integral in (2.20-26) is uniformly convergent on any closed set 
© in the right half plane Res > 0. In fact, if € is the (positive) 
distance of © to the imaginary axis, we have 


r) 1 
| f enstae| = J et dit <= [oetae = — 
0 0 0 g 
and the truth of the assertion follows from the last remark of section 


1.5.5. 
Integration from 1 to s yields 


Res>0, (2.20-27) 


a formula due to Euler. 


2.21 — Schwarz’s lemma 


2.21.1 — CLASSICAL FORM OF SCHWARZ’S LEMMA 


In the subsequent section 2.22.1 we shall establish a modern ver- 
sion of the theorem proved in section 2.20.1 due to G. Vitali and we 
may derive profit from a lemma due to H. A. Schwarz which he 
utilized in the theory of conformal mapping. 

In its classical form Schwarz’s lemma states: 

If f(z) ts holomorphic for |z| << 1 where it satisfies 

@)lS1, #0) =0, (2.21—1) 
then the inequality 
If(2)| S [2| (2.21-2) 


holds whenever |z|< 1. Moreover, equality can occur only when 
f(z) = ez, « being a real constant. A, 
By virtue of Riemann’s theorem (2.8.3), the function 


i) , when z40, 
p(2).=.4 2 (2.21-3) 
f’(0), when z= 0, 
is holomorphic for |z|< 1. Let z be a number whose modulus is less 
than 1. Select 7 in such a fashion that |z| << 7 < 1. Then by the prin-. 
ciple of the maximum modulus (2.13.2) the function ¢g(z) attains its 
maximum modulus on |z| <7 at some points of the circumference 
|z| = 7, this maximum being < 1/r. 
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le(z)|S =. (2.21-4) 


This inequality holds no matter how near 7 is to 1, and is inde- 
pendent of 7. Making 7 — 1 we deduce that 


lg(z)| $1 (2.21-5) 


If(2)| S kl, (2.21-6) 


whenever |z| < l. 

If there exists a number z of modulus less than 1 such that 
|g(z)| = 1, we know that g(z) is a constant of modulus 1, ie., 
g(z) = e and we have f(z) = ez. 


2.21.2 — MODIFICATION OF SCHWARZ’S LEMMA 


A trivial modification of Schwarz’s lemma is the following state- 
ment: 

If f(z) ts holomorphic for |z| << R where tt satisfies the inequality 
\f(z)| S M and (0) = 0, then the inequality 


He) <> (9.21-) 


to 


M 
holds whenever |z|< R. Equality can occur only when jf (z) = Re ® 


a being a real constant. 
For we may reduce this case to the preceding one by considering 
the function y(z) = f(zR)/M. 


2.21.38 — ESTIMATE OF A HOLOMORPHIC FUNCTION WITH POSITIVE 
REAL PART INSIDE THE UNIT CIRCLE 


Schwarz’s lemma can be applied to obtain an estimate of a func- 
tion whose real part is positive inside the unit circle. First we ob- 
serve that 

z—l1 


w= — 
z+1 

is numerically less than 1 when x = Rez > 0. In fact, 

e—1| = V@—l*y < Verity = |241]. 


Now let f(z) denote a function with Re f(z) > 0 when |z| < 1. 
In view of the above result the modulus of the function 


(2.21-8) 
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_ f(z)—1 ; 
g(z) = Fa) ql (2.21-9) 

is less than unity and we may write 
f(z) = ae a (2.21-10) 


where |g(z)| <1, provided |z| < 1. Assuming, moreover, that /(0) = 1 
we have g(0) = 0. Taking account of the inequalities (1. 1-7) anid 


(2.1-9), we find in view of Schwarz’s lemma ee Ss ee ee 
[L+ge(z)| — 1+le(z)| — 1+|z| 
If(z)| = [l—g(z)| | a ele} Ss ih" (2.21-11) 


whenever |z| < 1. 
It is easy to obtain a lower bound for |f(z)| by observing that 


Re (1/f(z)) = Re (f(2)/If(z)|*) = Re (f(z)/|f(z) 2) > 0. 


Hence, in accordance with (2.21-11), 


1 ] 
cee Ee (2.21—12) 
If(@)|  1-B| 
The inequalities sels and (2.21-12) combine into 
ial eel 
& 2.21-13 
PRS Mels ie Be 
whenever |z| < 1. 
The function 
1—z 
f(z) = hig 


shows that the inequalities (2.21-13) are the best possible. When 
(0) = a+07, a > 0, we may apply the above result to the function 


(7(z) —0t) (a. 
2.22 — Vitali’s theorem 


2.22.1 — STATEMENT AND PROOF OF THE THEOREM 


We are now in a position to prove an important theorem due to 
G. Vitali which is of fundamental importance in the theory of the 
so-called normal families of functions, that are classes of functions 
for which an analogue of the accumulation point principle holds. 
More precisely, a set of functions is called a normal family of holo- 
morphic functions in a region if from any sequence F(z), £4 (2), 


ee 
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F,(z),..., of functions of the set it is possible to extract a sub- 
sequence By (2); F,, (2); F,,, (2), ..., Which either converges uni- 
formly or tends uniformly to oo on every closed and bounded sub- 
set of KR. 

Vitalt’s theorem states: 

Let the functions of the sequence 


Belz), FG) Faye as (2.22-1) 


be holomorphic throughout a region R and be uniformly bounded, i.e., 
there exists a constant M such that for all z in R 


|F,(z)| SM, =0,1,2,.... (2.22-2) 


Moreover, the sequence may have finite limits at the points of a subset 
of R admitting at least one accumulation point contained in KR. Then 
the sequence (2.22-1) converges throughout R and uniformly in every 
bounded and closed subset within RR. 

By means of a trivial substitution we can carry over the accu- 
mulation point into the origin. Let 


F,,(2) = > Gy 2” = mg t@nrZ+Gmaz2+ ...; (2.22-3) 
v=0 


within a circle C contained in &, the radius of this circle being r. 
Then 


[Fm (2) —Fm(0)| S |Fin(2)|+|Fm(0)| S 2M (2.22-4) 


and since F,,(z) —F,,(0) vanishes at z = 0, we have by Schwarz’s 
lemma 


2M 
|Fn(2)—Fr(0)| S—l|z],  |z]<r. (2.228) 
Let z* ~ 0 bea point within C where the sequence converges. Then 
| F,,, (0) — Fak 0)[ Ss = | F,,(0 2*) te z*) Frnty (2 i Vi 


- |F. witht Praiok 0)|S as <= = |e*|+ |F, (2 =F elt") |. 


Since z = 0 is an accumulation point of the set of points where the 
sequence converges we may choose z* in such a fashion that 


le*|< der 

z s¢—— 
"4M 

é being a given positive number. Moreover, 


Fnlz") = Finzel2*)| a 3€, 


cm So ee aL 


whenever m is large enough, # being an arbitrary positive integer. 


Hence also 
| Fm(0)—Fm4p(0)| < € (2.22-6) 
or 
|@n0—@m+p,0| < &. (2.22-7) 
As a consequence 
ay = lim a9 (2.22-8) 
m2 


exists and is finite. 
Next consider the function 


(z) (0) 


Guts). a = Amy tAmaz+.... (2.22-9) 
The functions G,,(z) are holomorphic for |z| << v and from (2.22-5) 
we deduce 
2M 
IG, (%)| <S — (2.22-10) 
r 


whenever |z| < 7, this estimate being independent of the choice of 


m. The sequence Go(z), G,(z), G,(z),..., converges at the same 
points as the sequence (2.22-1). By the arguments used before we 
find that 

a, = lima,, (2.22—11) 


exists and is finite. 
Proceeding in this way we find that for an arbitrary m the limit 
a, = lim 4@,,, (2.22—12) 
m—->o 
exists and is finite. 
From Cauchy’s inequality we have 


M 
|@nmn| <= — (2.22-13) 
yr 
and hence also 
M 
(an (2.22-14) 
y” 


This leads to the conclusion that the series 
Sa, = Ag ta,z + az*+... (2.22-15) 
v=0 


converges for |z| < 7. It represents, therefore, a function F(z) which 
is holomorphic for |z| < 7. We shall prove that F(z) is the limiting 
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function of the sequence (2.22—1) for these values of z. By virtue of 
(2.22-13) and (2.22-14) we have 


2M 
|¢n—4mn| S (2.22-16) 
Hence 
Fe)—Fal@)l S Ele —aelletreM S (2). (22247 


Given e>0 we can find a # such that 2M@ >) (= i < te. This p 


v=p+l 
being fixed we can find an my such that |a,—a,,,| |z|"< $e, whenever 
m > my. This is possible because @n,_, —> An, aS m—> oO. Hence, if mis 
sufficiently large 

| F (z)—F,,(z)| <e, (2.22-18) 


whenever |z| < 7. Consequently, the sequence (2.22-1) is conver- 
gent for |z|< 7, the convergence being uniform in every set 
|z|] S 7, <~, for then # and my can be chosen independently of z. 

Now we wish to show that the sequence (2.22-1) converges 
throughout ft. Let z* be an arbitrary point of Jt. We may join z* 
with an accumulation point z) of convergence points by a continuous 
curve within fi. Let @ denote a positive number smaller than the 
distance from this curve to the boundary of t. On the curve we take 
a finite number of points 29, 2, . . ., 2, = 2’ such that |z,—z,_,| < @, 
y=1,...,n. For|z—z9| < @ the sequence converges, as already has 
been proved. Hence z, is an accumulation point of a set of conver- 
gence points. Then, on applying the result obtained before, the se- 
quence converges also for |z—z,| < @, and so on. Thus we find that 
the sequence converges also at z* and uniformly in any closed cir- 
cular disc within i whose centre is 2z*. 

Let € denote any closed and bounded subset of #. Every point of 
© is the centre of a closed circular disc contained in #t, where the 
sequence converges uniformly. By the Heine-Borel theorem (see 
section 1.2.4) a finite number of these discs are sufficient to cover € 
and therefore the sequence (2.22~1) converges uniformly throughout 
©. This completes the proof of Vitali’s theorem. 


2.22.2 — SELECTION OF A UNIFORMLY CONVERGENT SUBSEQUENCE 


From Vitali’s theorem we wish to deduce a remarkable conse- 
quence also due to Vitali. 
Let 
Fi(2), Fy (2); £68) 5.0s- (2.22-18) 
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be a sequence of functions which are holomorphic throughout a 
region ®t and uniformly bounded. From this sequence we can select 
a subsequence which converges uniformly in any closed and bounded 
set contained in ft. Hence the sequence (2.21-18) is a normal family. 


Let 2, 21, %,... be a sequence of points converging towards a 
point z* of 8, no two of the points coinciding. Then the points 
F.,(%), 2 = 9, 1, 2,..., all lie in or on the boundary of the circular 


disc |z| < M. Hence they have at least one accumulation point wy» 
(if not, from a certain index upwards all are equal. If this should be 
the case we take wy as this number). It is possible to select a sub- 


sequence, say 
Fol): ap lS)s. Fea eae 4% (2.22-19) 


such that for z = 2) these functions converge to wp, |wo| S M. 
Similarly from this sequence of functions we can select a subse- 


quence 
Fiyg(Z), Fy (2) » Pa (2), 605 (2.22-20) 


such that these functions converge for z =z, to a number w,, 
|w,| < M. And then from this a third sequence 


Foo(2), Foy (2), Foa(2), » - - (2.22-21) 


which converges for z = 2 to We, |w,| < M, and so on. 
Now we form the sequence 


F(z), Puy (2), Fog(2),.- (2.2222) 


by taking the diagonal terms of the above double array. Each of 
these functions belongs to the sequence (2.22-19) and so the se- 
quence converges at z= 2%; each function after the first belongs to 
the sequence (2.22-20) and so the sequence (2.22—-22) converges at 
2 = %,; and so on. Therefore the sequence (2.22—22) converges at 
each of the points 2p, 2, 2, . . .. and by Vitali’s theorem this sequence 
converges uniformly in any closed and bounded subset of &. 


2.23 — Laurent’s expansion. The Fourier series 


2.23.1 — LAURENT’S SERIES 


Assume that C, and C, are two concentric circles contained in an 
open set YY such that the ring-shaped region between these circles is 
also a subset of 2. Let C, be the smallest of these circles. If they are 
both traversed in the counter-clockwise sense, they are homologous 
n Mf: 

Gels (2.23-1) 
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for the winding numbers of these circles with respect to any point 
not contained in %& are simultaneously either 0 or 1. The winding 
number of the cycle C,—C, with respect to a point z between C, 
and C, is +1. Hence, by virtue of the general Cauchy integral for- 
mula (2.7—-4), f(z) Ne es throughout Y, 


1 fe 


Qi Ci 


f(z) = al wo dt = fy(z)+hh{e).  (2.23-2) 

In this case he is not ence equal to zero, for f(z) is not 
assumed to be holomorphic throughout the interior of C,. In just 
the same way as in section 2.16.1 we deduce 


1 ioe) 
A@) = Gd i sage ca (2.289) 
with 
1 f(¢) dt, = OTS. vss (2.23—4) 


"~ Oni 2, (C—a)*4 


where a denotes the centre of the circles C, and Cj. 
Now let ¢ move along C,. Then |({—a)/(z—a)| < 1, hence 


a ee Bast oe & (¢—a) 


The series in the last member converges uniformly along C, and 
therefore term-by-term integration is justified. Next we have 


ee | ea) 
f(z) = ail ore a oar (2.23-5) 
with 
C__ = ze (¢—a)"-4f(t) dl, m=1,2,....  (2.23-6) 
Qi Ca 


The series (2.23-3) converges in C, and uniformly in any closed set 
in the interior of C,; the series (2.23-5) converges outside C, and 
uniformly in any closed set in the exterior of C,. From (2.23-3) 
and (2.23-5) we get Laurent’s series for f(z) 


= Se(e—a + Seca)" = Selzer} (2.23-7) 


v=—@ 


Notice that within the set Y&, C being any circle concentric with C, 
and C, and between C, and C,, the homologies C ~ C,, C ~ C, are 
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valid. Hence by Cauchy’s integral theorem 
1 1(2) 


If {(z) is holomorphic throughout the interior of C, then all co- 
efficients with negative suffix are equal to zero and the Laurent 
series reduces to the Cauchy-Taylor series. In the general case, 
however, there are a finite or an infinite number of terms with 
negative exponents. 

By the same arguments as used in the case of the Taylor ex- 
pansion we may prove that Laurent’s expansion is unique, i.e. the 
series (2.23-7) which represents f(z) between C, and C, has the 
coefficients (2.23-8). 

It is evident that Laurent’s expansion is valid in the largest circu- 
lar ring-shaped region around a that is still contained in the set YW. 


dt, n=0,+1,+2;....  (2.23-8) 


2.23.2 — FOURIER’S SERIES 


Consider a function /(z) of period 1 and holomorphic in a strip 
b, < Imz < dy, (fig. 2.23-1), Im z denoting the coefficient of 7 in z. 


— 


YUU] UU fJ/|@#l- 
Fig. 2.23-1. Strip of holomorphism of a periodic function 


The periodicity is expressed by 
f(z+1) = f(z) (2.23-9) 


for every z in the strip. 
The equation 
w = exp 2m1z (2.23-10) 


defines a mapping of the strip on the annulus 7, < |w| < 7, with 
7, = exp (—2mb,), 72 = exp (—2ab,). In fact, |w| = exp (—2a Im z). 
The transformation is of course not one-to-one. If w is an arbitrary 
point in the annulus we can find an infinity of numbers z satisfying 
(2.23-10), the difference of any two of these numbers being an in- 
teger. For all these values of z the function /(z) takes the same value 
which we shall designate by F(w). We wish to prove that F(w) is 
holomorphic throughout the annulus. 
Let wp, be a fixed point in the annulus. The function 
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log (w/w) + log wo 
is holomorphic in the region w/w )+|w/w | ~ 0, i.e. the plane from 
3 which the points w= —Aw», 420 are removed, (fig. 2.23-2). 


a 
a 


Fig. 2.23-2. Region of holomorphism of the logarithm of a periodic function 
Hence the function 
1 w 
f\— (log — + log w 
271 Wo 


represents F(w) in a neighbourhood of w9, and it is now evident that 
F(w) is differentiable at w = wp. 

Accordingly we may apply Laurent’s expansion to the function 
F(w), obtaining 


vy=—@ 


As a consequence we have 


i( 


x) 


= > A, exp 271 vz, (2.23-11) 


v=—@ 


the expansion of f(z) as a Fourier series. Thus we proved: 

A function being holomorphic in an infinite strip b, << Imz < b, 
and being periodic with period 1 possesses a Fourier expansion 
(2.23-11). The series is uniformly convergent in every closed strip 
included in the given strip. 

An easy example is provided by the function ctn zz, this func- 
tion being periodic of period 1 and holomorphic in the region Imz>0 
as well in the region Im z < 0. Accordingly we have two different 
expansions. First we may write 


wt+l = 


Ci r= 4 


—1(14+2w+2w?+ ...), 


w—l a 


whenever |w|< 1, w being the expression (2.23-10). Hence 


@ 
ctn mz = —1(1+2 > exp 2nivz), Imz> 0. (2.23-12) 
v=] 
Secondly we have 
Gs ae 
cin 7z = 1. = 1(14 2w14 2w-+ . . .), 
1—w-! 
whenever |w| > 1. Hence 


ctn az = i(142 > exp (—2mivz)), Imz <0. (2.23-13) 


v=] 


2.23.3 — THE EULER-FOURIER COEFFICIENTS 


The coefficients A,, 7 = 0, +1, +2,..., occurring in (2.23-11) 
are given by 
a Oe ‘ 
A,=— Fe) dw = | f(w-+-1b) exp (—2nin(x+1b)) dz, 
2atc w 0 
(2.23-14) 


where 6, <6 <0, and C a circle around the origin of radius 
exp (—2zb). 

Analternative representation of the series which is also of frequent 
use, is obtained by combining the coefficients A, in pairs. It is 
customary to write 

$4) = Ay, 4,=—A,+4_,, b,=1(A,—A_,), n=1,2,.... 
Then (2.23-11) appears in the form 


f(z) = 4ayt+ > (a, Cos 2avz + b, sin 2avz), | (2.23-15) 


v=] 


with 
a, = 2{'f(e+ib) cos 2nn(x-+ib) dz, m—=0,1,2,..., (223-16) 
0 


Beats (2.23-17) 


Z 


b, = 2f "‘f(e-+ib) sin 2nn(a-+ib) de, n—=1 
0 


These expressions are called the Euler-Fourier coefficients of f(z). 
In many cases we can put b = 0, but, as the example of ctn zz 
shows, this is not always permissible. 
Finally we make the trivial remark that the case of a function 
being periodic in a certain strip having the period @ may be reduced 
to the previous case by considering the function g(z) = f(z). 


2.23.4 — POISSON’S SUMMATION FORMULA 


Let f(z) denote a function which is holomorphic throughout a 
strip —@ <Imz<, @ > 0. Assume, moreover, that the series 
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F(z) = 3 f(vtz) (2.23-18) 


is uniformly convergent in every closed set including the segment 
0 <2 <1 and being a part of the strip. It is plain that F(z) is 
periodic, its period being 1. Since F(z) is holomorphic throughout 
the strip (by virtue of Weierstrass’s theorem of section 2.20.3) the 
conditions of section 2.23.2 are fulfilled and, consequently, we have 
the Fourier expansion 
F(z) = > A,exp (—2zi 92) (2.23-19) 
with 
A= [ Fe) exp (—2zina)dx, n=0,+1,+2,.... (2.23-20) 
0 


Because of the uniform convergence of the series (2.23-19) in the 
interval 0 S # <= 1 we may apply term-by-term integration and we 
accordingly find 


A,= S fto+z) exp (—2a1 nx) dx 
0 


=> [" f(w) exp (—2nina) dx = [f(@) exp (—2ni na) de. 
pre =e (2.23-21) 
Inserting this into (2.23-19) and putting z = 0, we obtain Poisson’s 


summation formula 


(3:99-93) 


2.23.5 — FUNCTIONAL EQUATION OF A THETA FUNCTION 
An interesting result is obtained when we apply Poisson’s summa- 
tion formula to the function 
f(z) = exp(—a2Z), (2.23-23) 
¢ being a positive number. For then we may deduce the functional 
equation of a so-called theta function defined as 


A(t) = > exp(—av%). (2.23-24) 


Apart from a finite number of terms the series (2.23-18), where 
/(z) is the expression (2.23-23), is dominated by the series 


>; exp(—|»|), whenever z remains in a bounded set, ¢ being fixed. 


v=—O 


By Weierstrass’s theorem of section 1.5.4 the series is uniformly con- 
vergent as regards z in any bounded set of the z-plane. Hence the 
Poisson summation formula is applicable and we find 


B(t aS exp (—2Z) = J exp (—2x?t— 2a me) dx 


vy=—0 v= — 0 


= Bis 29 Poel ale ie 


y=—0O 


Writing x instead of xV at we may bring this result into the form 


b(t) fetes 5 exp(—™) Sexp|- (xis /2) | az (2.23—-25) 


V at v=—w 
Now we observe that 
J eda =| e—(a+40)* Jar, (2.23-26) 
—o —oO 


b being a real number. 

The proof runs as follows. Integrate e~* around the perimeter of 
a rectangle whose sides are along the lines x = + R, y = 1b,y = 0, 
(fig. 2.23-3). Since the integrand is holomorphic in any region in- 


A 
| 


Fig. 2.23-3. Path of integration for the function exp (—z?) 


cluding this rectangle the integral is zero. Along the vertical sides 
the contribution to the integral is 


b b 

[ exp{—(4R+7y)} dy = exp(—R?) | exp(F2iRy+y*) dy 

0 0 
The integral on the right is bounded when R — oo. Hence the ex- 
pression on the right-hand side tends to zero and the equality 
(2.23-26) is an easy consequence. It is readily seen that the integrals 
occurring in (2.23-26) are convergent in the usual sense. 

This result enables us to simplify (2.23—26) considerably. In fact, 

we may write 


ne (—) [ene ae. (2.23-27) 


V at dale 
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By putting ¢ = 1 we may evaluate the integral (2.23-26). We get 
the important result 


[le*de = Van. (2.23-28) 


—e 


Inserting this value into (2.23-27) we finally obtain: The theta 
function (2.23-24) satisfies the functional equation 


(2.2329) 


t being positive. 


CHAPTER 3 


REGULAR AND SINGULAR POINTS-RESIDUES-ZEROS 


3.1 — Regular points 


3.1.1 — DEFINITION OF REGULARITY 

A function f(z) is said to be regular at z = a whenever f(z) is 
holomorphic in a neighbourhood of this point with possible ex- 
ception of this point, where the function is locally bounded. By 
Riemann’s theorem of section 2.8.3 the function may be identified 
with a function holomorphic throughout the entire neighbourhood. 
A point where a function /(z) is regular is called a regular point of 
the function; a function is said to be regular throughout a set when 
it is regular at every point of the set. 

We wish to include the point at infinity. A function /(z) is said to 
be regular at z = o0 if and only if the function g(z) = f(1/z) is 
regular at z = 0. 

Within a sufficiently small circle around the (finite) point there 
exists the Taylor expansion 


Hey > c,(2—a)’. (3.1-1) 


If {(z) is regular at z = oo we can expand the function g(z) ina 
power series of z, whence 


f(@) = e(1/2) = Soe (3.1-2) 


is valid for all sufficiently large values of |z|, i.e., in a neighbourhood 
of z= oo. 


3.1.2 — ORDER OF THE ZEROS OF A DERIVATIVE 
We shall say that z = oo is a zero of f(z) if z = 0 is a zero of 


p(z) = f(1/z). Let m be the order of this zero. Then according to 
(2.11-7) 


(2) = 2"A(z), —-p(0) #0 (3.1-3) 
where #(z) is regular at z = 0; hence 
f(z) = 2-"g(z), —_g(c0) #9, (3.1-4) 


g(z) being regular at z = oo. 
From the result of section 2.9.2 we deduce: At a point where f(z) is 
112 
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regular the derivatives of all orders are also regular. Now we may 
state the theorem: 

A zero of order n of a function f(z) ts a zero of order n—1 of the 
derivative when the zero is a finite point, and a zero of order n+-1 when 
the zero 1s at infinity. 

Let z = a be a zero of order , a being a finite number: 

f(z) = (2—a)"g(z), g(a) #0. 
Then 
f(z) = (2—a)"*h(z) 
with 
h(z) = ng(z)+(z—a)g'(z), (a) #0. 

If z = © is a zero of order u, then z = 0 is a zero of order n of 

f(1/z) and hence a zero of order n—1 of 


-at (2) 


As a consequence z = 0 is a zero of order »+1 of f’(1/z). 
This completes the proof. 


3.2 — Isolated singularities 


3.2.1 — POLES AND ESSENTIAL SINGULAR POINTS 


The point z = a is called an isolated singularity of the function 
{(z) if the function is holomorphic throughout a neighbourhood of 
z= a with exception of this point itself. 

Assume the existence of a complex number 6 and of a certain 
neighbourhood of z= a such that f(z) does not come arbitrarily 
close to } in that neighbourhood. This means that there exists a 
positive number c such that 


li(@)—0| = (3.2-1) 
for all z ~£a in that neighbourhood. The function 
1 
= 3.2-2 


is holomorphic in that neighbourhood except at z = a, where it is, 
however, locally bounded, since |g(z)| S 1/c. Hence, g(z) is regular 
at z= a and we may write 

1 
f(z) = b+ — (3.2-3) 
g (2) 


and 


h(z) = ech ae (3.2-4) 
f(z) bg(z)+1 
(i) Let g(a) #90. Then (3.2-3) shows that f(z) can be defined 
in such a fashion at z = a@ that it is regular at this point. 

(ii) Let g(a) = 0. Then A(a) is regular at z = a and admits this 

point as a zero. Assume 
h(z) = (z—a)"k(z), k(a) ~ 0. 
We get 
#(2) = (e—a)-"(2), (3.2-5) 
where g(z) is regular at z = aand y(a) ~ 0. We shall say that z = a 
is a pole with order of multiplicity n of the function f(z). 

Excluding the case of a regular point or of a pole the point is called 
an essential singularity of f(z). 

From the previous arguments it follows that the behaviour of a 
function in the vicinity of an essential singularity is described by the 
following Casorati-Weierstrass theorem: 

Given any positive numbers «, 6 and any complex number b, there 
is a point z inside the circle |z—a| = 6 at which |f(z)—b| <e. 

That is, |/(z)| must come arbitrarily close to any complex number 
6 in any neighbourhood of z= a. 

Poles and essential singularities defined before are called isolated 
singularities, because the function is regular at every point of a 
certain neighbourhood, except at the point itself. In other words: 

In the vicinity of an isolated singularity there are no other singular 
points. 


3.2.2 — CONDITION FOR A POLE 
From (3.2-5) we deduce at once that 
lim |?(z)| = 0, (3.2-6) 
a being a pole. Conversely, let (3.2-6) hold at an isolated singular 
point. We shall prove that z = aisa pole. In fact, we can find a posi- 
tive number 7 such that 
If(2)| > 1 
provided 0 < |z—a| <r. The function h(z) = 1/f(z) at all points 
z # a, where f(z) is defined and different from zero, is holomorphic 
in the region 0 < |z—a| <7 and locally bounded at z = a; hence 
h(z) is regular at z = a and admits there a zero. Let 
h(z) = (z—a)"k(z), k(a) ~ 0. 
Then 
f(z) = (@—a)"e(2z), (a) #9, (3.2-7) 
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and g(z) is regular at z = a. Thus we proved: 

A necessary and sufficient condition that z = a be a pole of f(z) is 
expressed by (3.2-6). 

An alternative statement is (see section 1.2.1): 

The function f(z) ts chordally continuous at any pole. 

In the sections 3.3.5, 3.12.3 and 3.12.5 we shall describe in more 
detail the behaviour of a function in the neighbourhood of a zero 
or of a pole. 

It is evident that a pole of order n 1s a zero of the same order for the 
reciprocal of the function and conversely. This follows at once from 
(3.2-5). It should be noticed that the considerations about isolated 
singularities can be extended to the case z = oo. We then investi- 
gate the behaviour of /(1/z) at z= 0. 

A-function which ts regular at every point of the plane, the point at 
infinity included, is a constant. 

For then /(z) is necessarily bounded throughout the entire plane 
and is a constant according to Liouville’s theorem (2.12.1). 


3.2.3 — BEHAVIOUR OF A FUNCTION AT AN ESSENTIAL SINGULAR 
POINT 
Let z= a be an essential singular point of f(z), this function 
being holomorphic for 0 < |z—a| <r. Given the positive numbers 
f and 7 there exists a z, with 0 < |z,—a| <7 such that 


If()| = If)—9| < B, 
as follows from the Casorati-Weierstrass theorem. Moreover, the 
function not being bounded in a neighbourhood of z = a, there 
exists a z, with 0 < |z,—a| <r such that 
If (22)| > 2. 

Now join z, and z, by a continuous arc. Since |/(z)| is continuous 
along this arc there must be a point z on it such that |/(z)| = #. Thus: 

Within every small neighbourhood, however small, of an isolated es- 
sential singularity of f(z) there exist infinitely many points where the 
modulus takes any preassigned positive value. 

This theorem is related to a famous theorem of Picard which 
we shall only state here. 

In an arbitrarily small neighbourhood of an isolated essential 
singularity a function f(z) takes every value with one exception at most. 

Otherwise stated: 

If f(z) ts holomorphic for 0 < |z—a| < 7 and there are two unequal 
numbers a, B such that f(z) Aa, f(z) ~B for 0 < |z—a| <r then 
z= a 1s not an essential singularity. 
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Here we confine ourselves to the remark that zf {(z) 2s holomorphic 
for 0 < |z—a| <r and 1f for a certain number « the function takes 
the value « at infinitely many points z which admit z= a as an 
accumulation point, then z= a ts an essential singularity, unless 
f(z) ts constant. 

In fact, if {(z) is regular at z = a, then f(z) is a constant (2.11.2). If 
f(z) is not regular at z = a, f(z) cannot have a pole at z = a, for 
on account of (3.2-6) we can assign a neighbourhood of z= a 
where |f(z)| > «+1. The functions exp(1/z) and sin(1/z) admit 
z = 0 as an essential singularity. The equations exp(1/z) = 1 and 
sin(1/z) = 1 are satisfied by the infinitely many values z= 1/2ka1, 
k= +1,4+2,..., z= 1/4(4k+1)a, R= 0,+1, +2,..., respec- 
tively, admitting z = 0 as an accumulation point. 

Similarly exp z and sin z admit z = oo as an essential isolated 
singularity. 


3.3 — Residues 


3.3.1 — RESIDUE AT A FINITE POINT 


Let z = a bea regular or an isolated singular point of the function 
f(z). If C denotes a sufficiently small circumference around z = a, 


then the integral 
[ Res f(z) = 5 sf MC) f(o)d } (3.3-1) 


is independent of the radius of C, C being described in the counter- 
clockwise sense (denoted by the index +). The integral (3.3-1) is 
called the residue of f(z) at z= a. 

The residue certainly vanishes if z = a is a regular point but it 
may also vanish in other cases. 


3.3.2 — RESIDUE AT INFINITY 


Let f(z) be regular at z = oo or have there an isolated singularity. 
Then outside a sufficiently large circle around the origin the func- 
tion is holomorphic. If C is a sufficiently large circle the integral 


Res (2) sa 1H) j(t) d | (3.3-2) 


where C_ denotes the circle C described in the clockwise sense, is 
independent of the radius of C. It is called the residue of f(z) at 
2 == ©. 

Put z = Re-®, R being the radius of C. With r= 1/R we have 
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Res f(z) = — al }(Re-)i Re-® dp = — aly (a) S 


= cs Ha) a “i 0) = 


where C denotes a circle of radius 7 around the origin described in 
the counter-clockwise sense. Hence: 
Res f(z) is the opposite of the residue of the function f(1/z)/z* at the 


Z=00 
origin 


ven @ 


Res f(z) = — Res _ (3.3-3) 


Z=00 z=0 

The reason that we describe the circle C in the clockwise sense 
in order to define the residue in infinity is the following. Project the 
complex plane stereographically on a complex sphere (1.1.3). For 
an observer outside the sphere none of the points ought to be pre- 
ferred and a circle around the image of z = oo described positively 
corresponds to a circle around the origin in the complex plane 
described in the clockwise sense. 


3.3.3 — EVALUATION OF RESIDUES 
For the evaluation of residues in concrete examples the following 
remarks are of importance. The residue at a pole of order n is equal to 
1 ae 


Res f(z) = @oDl ae {(z—a@)" f(2)} sna: 


2=a 


In fact, since 


(3.3-4) 


f(z) = (@—a)-"g(2) 
and g(z) is regular at z = a, we have, according to (2.9-9), 
ion 1 
R — (n-1) 
es NE) Oni 4 sa! (¢—a) (n—1)! s (2) 
and the result follows at once. In the case = 1 we may state this 


theorem in the form: 
The residue at a simple pole z = a is found from 


Res f(z) = lim (z—a)f(z). (3.3-5) 


2=a 2>a 


The following remark also deserves mention. If f(z) possesses a simple 
pole at z = a with residue c and if y(z) ts regular at that point, then 
the residue of f(z)p(z) ts cey(a). 

In fact, if lim (z—a)f(z) = c, then lim (z—a)f(z)p(z) = ce(a). 


Z2—>a 2a 
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This result enables us to derive a useful formula for the evaluation 
of residues at simple poles. 

Let /(z) admit a simple pole at z = a. Then g(z) = 1/f(z) has a 
simple zero there and 

zZ—a zZ—a ] 

lim (z—a) {(z) = lim —— = lim ————_ = —_.,, 
| roa B(@) vou &(@) 81a) B’(2) 
for g’(a) ~ 0 at a simple zero. Further, if /(z) can be written in the 
form 


(3.3-6) 


2%) : 
f(z) = (2) (3.3-7) 


y(z) being regular at z = a and g(z) having a simple zero at z = a, 
the residue of f(z) at that point is equal to 


Res 2%) _ (4), 
i g(z) g"(a) 


(3.3-8) 


3.3.4 — ILLUSTRATIVE EXAMPLES 


We may illustrate these facts in some elementary examples. In 
section 1.10.6 we proved that the zeros of sin z are the numbers 
kn, R=0,+1,+2,.... The zeros are simple since sinz and 
sin’‘z = cosz do not vanish simultaneously. 

The poles of the function 

i 
csc Z = —— (3.3-9) 
sin Z 
are z= kn, k= 0,+1,+2,..., and by (3.3.8) we find for the 
residues, the poles being simple, 


1 
Res csc z = sec ka = =(—1)*, k=0,+1,+2,.... (3.3-10) 
ete cos kx 


The points z = kz are also simple poles of the function 


COS Z 
ctnz = — (3.3-11) 
sin Z 
the residues being 
cos ka 
Res ctn z = seh. Re, Sey, ae oes (3.3-12) 
aes cos ka 


3.3.5 — RESIDUES CALCULATED FROM LAURENT’S EXPANSION 


Describe a circular ring within a certain neighbourhood of z = a, 
a being finite. If f(z) is regular at z = a or admits there an isolated 
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singularity we may take the inner circle as small as we please. 
According to Laurent’s theorem we have 


f(z) = 2 ¢,(z—a)’ (3.3-13) 
vy=—oo 
for all z 4a within a sufficiently small circle around z = a. On 
account of (2.23-4) we find: 

The coefficient c_,in Laurent’s expansion of f(z) in a neighbourhood 
of a finite isolated singularity 1s equal to the residue of the function at 
that point. 

The following facts are evident: 

The point z = a is regular if the Laurent series possesses no 
terms with negative exponents. The point is a pole if there are a finite 
(non-zero) number of terms with negative exponents, whereas the 
point is an essential isolated singularity if there are an infinite number 
of terms with negative exponents. 

Now let /(z) be regular at z = oo or admit this point as an iso- 
lated singularity. Describe a circular ring around the origin, where 
the outer circle may be taken as large as is desired. Then 


f(z) = 5 o.2" (3.3-14) 


y=—0O 


outside a sufficiently large circle around the origin. In this case 
we have: 

The opposite of the coefficient c_, in Laurent’s expansion of f(z) in a 
neighbourhood of an isolated singularity at infinity is equal to the 
residue of the function at that point. 

The point at infinity is regular if there are no terms with positive 
exponents. Hence an integral function (1.7.3) which is not a con- 
stant admits z = oo as an essential singularity. 


3.4 — Rational Functions 


3.4.1 — CLUSTER POINT 


Let z = a be a point such that within an arbitrary small neigh- 
bourhood of z = a there are infinitely many isolated singular points. 
Then z = a is neither a regular nor an isolated singular point. 
Such a point is called a cluster point. 

For example, the function ctn(1/z) admits the poles z = 1/kz, 
k=+1,+2,.... Hence z = 0 is a cluster point of this function. 
Similarly z = 00 is a cluster point of ctn z. 
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3.4.2 — CHARACTERIZATION OF A RATIONAL FUNCTION 

A function is said to be meromorphic throughout an open set if 
f(z) is regular at the points of {{ except for a finite or an infinite 
number of poles. Eventual cluster points are then points of the 
boundary of 2. An elementary example is the rational function, that 
is a quotient of two polynomials. 

The following theorem is easily proved. 

A function which is meromorphic throughout the entire plane and 
admits no other singularity than a pole at z = 00 is necessarily a ra- 
tional function. 

Since there are no cluster points there are only a finite number of 
poles. Let a be a pole of order m. By Laurent’s theorem we have 


co 


fle) = ¥ os(e—a)" +0(2) (3.4-1) 
with 
b(z) = C_»(z—a)-™+. . .+c_,(z—a@)7. (3.4-2) 


The function #(z) being evidently a rational function is called the 
meromorphic part of f(z) at z = a. It is regular at every point (z = oo 
included) save at z = a. The function /(z)—#(z) possesses the same 
poles as {(z) except at z =a, where it is regular. Let there be s 
finite poles and denote the corresponding meromorphic parts by 
$,(z),..., p,(2). The function 


&(z) = f(2)—Pi(@)—. - -— Ps (2) (3.4-3) 
is holomorphic throughout the entire plane and admits no other 
singularity than a pole at z = oo. As a consequence g(z) is a poly- 
nomial and hence 


f(z) = g(2)+hy(2)+. . + P(2) (3.4-4) 


is a rational function. 

Conversely, it is easy to prove that a rational function has no 
singularities other than poles. Otherwise stated: 

A rational function is chordally continuous throughout the extended 
plane. 

We also obtain the following result: 

Any rational function f(z) possesses a decomposition (3.4—4) into 
partial fractions of the form (3.4-2) and a polynomial. 


3.4.3 — EVALUATION OF THE COEFFICIENTS OF THE DECOMPO- 
SITION 


In view of (3.3-4) it is easy to obtain general expressions for the 
coefficients occurring in the components of the type (3.4-2) in the 
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decomposition into partial fractions. 
In fact, c_, is the residue of f(z) at z = a, this point being a pole of 
order m. Hence 


Se eet oe) 


Now we observe that c_, is the residue of (z—a)f(z) at z = a, this 
point being a pole of order m—1. Hence 

1 qns 

“2 (m—2)! dz 


Proceeding in this way we have in general 


{(2—a)™ (2) bea ; (3.4-6) 


1 gn 


tC.» = 


apt as One k=1,...,m. (3.4-7) 


The case k = m means that we have only to evaluate (z—a)™/(z) 
at z= 4. 


3.5 — The theorem of residues 


3.5.1 — CAUCHY’S THEOREM OF RESIDUES 


Consider an open set 2{ and assume the function /(z) to be regular 
at the points of 2{ except for isolated singularities, a,, a), .... Let C 
denote a cycle not passing throughout any of the singular points 
within 2[ and homologous zero in the set. With respect to each of these 
singular points C has a winding number, but only a finite number of 
these winding numbers do not vanish. In fact, if there are infinitely 
many singular points they admit an accumulation point which is 
not contained in 2% and hence the winding number of C with respect 
to this point is equal to zero and hence also for the singular points 
within a sufficiently small neighbourhood of that accumulation 
point. Around the points that provide non-vanishing winding num- 
bers we describe small circles C, and in the set &* obtained from 
by removing the singular points the homology 


C~ >m,C, (3.5-1) 
v=1 
is valid, where the singular points are appropriately numbered, and 
m, = Q-(a,),v = 1,..., m. According to Cauchy’s integral theorem 
we have 


— fro ag = > Q-(a,) Res f(z). (3.5-2) 


This is a general form of Cauchy’s theorem of residues. 

In most applications the numbers m,,..., Mm, are +1, for 
instance when C is a circle or a rectangle, more generally when 
C is a regular contour (see the remark at the end of section 2.7.2). 

Hence, if C is a regular contour described in the counter-clock- 


wise sense and 4@,,..., 4a, are contained in its interior, we have 
—s smi J HO) at = > Res /(z) (3.5-3) 
vol] Z=ay 


the classical form of the theorem of residues. It is assumed that C 
and its interior are contained in YI. 


3.5.2 — SUM OF THE RESIDUES 


From (3.5-3) we may derive a result which deserves special 
mention. 

If f(z) admits only a finite number of isolated singularities in the 
extended plane then the sum of the residues (the residue at infinity 
included) 1s equal to zero. 

By hypothesis there exists a circle C around the origin containing 
all singular points save z = oo in its interior. According to the de- 
finition of residue at z = o we have 


—Res f(z) aa J tte j(0) dl => Resf(z) (3.54) 


z=00 Ew C+ yp=1 Z=Ay 


or 


Res {(z)-+. . .+ Res f(z) + Res f(z) = 0. (3.5-5) 


2=Q, 2=a, 


3.6 — Evaluation of some integrals by means of the theorem 
of residues 


3.6.1 — FrrsTtT EXAMPLE 


The residue theorem is a powerful tool for evaluating definite inte- 
grals of a real variable which could not be obtained so easily other- 
wise. It is our aim to illustrate the method in some characteristic 
examples. 

We start with a very simple case. The integral 


ef 

— dt (3.6—1) 
co 

taken around a circumference of positive radius s around the origin 

has the value 27. In fact the origin is a simple pole and (3.3-8) 

shows at once that the residue is 1. Putting ¢ = se, we may write 
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ct Qn ‘ 
Ff al = if exp(se™)d0 = 2zi, 
Cc C 0 
whence 
a Fr e* 59 fcos(s sin 8) + 7 sin(s sin 0)} dO = 2ai. 
0 

Equating imaginary parts we have 

es e® 89 cos(s sin 8) dO = 2x. 

. Qn 
On applying the substitution 6’ = 2x—6 we readily find x = J 

0 nm 


and so 
J * e% 59 cos(s sin 0) dO = x. (3.6-2) 
0 

This result is also valid when s < 0. 


3.6.2 — SECOND EXAMPLE 


Another elementary example is the following. Consider the inte- 


gral 
dt 
J (fs) (€—1/s)’ ey) 


taken along the circumference of the unit circle around the origin. 
We assume that s is a number between 0 and 1. The point z = sisa 
simple pole of the integrand and the residue is 


ag OE a RO Se Me ee 
ps (z—s)(z—I1/s) s—I/s s?—1 
Hence, if we put ¢ = e®, we find that (3.6-3) is 
ir 1e*9 d@ 2Qnis 


(e”—s)(e®—I1/s)  s?—1 
and so 
ime dé 20 


ne fs Qiess 3.6—4 
» Ss?—2scos6+1 1—s? a ( ) 


3.6.3 — ELEMENTARY EXAMPLES OF INFINITE INTEGRALS 


In most cases infinite integrals are obtained. A first example is 
provided by the integral 


sit 
J ie dt, s=0, (3.6-5) 
Cc 


where C is a contour, (fig. 3.6-1), consisting of the real axis from 
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z= —R to x=R and that half of the circle |z| = R> 1 which lies 
above the real axis. The only pole within the contour of the inte- 


-R 0 +R 
Fig. 3.6-1. Evaluation of the integral (3.6—5) 


grand f(z) is at z= 7 and on applying (3.3-8) we find that the 
residue has the value e~*/27. Hence 


[" #@e) dx + f° /(Ret) Rei dd = me“. 
—R 0 


Now we observe that 
R R cos sx +7 sIin Sidi R cos ae 
da = | ———_——__ dx = 2 
J f (x) ” | l +22 J l +2 2 
since the part of the integral involving sin sx is odd and the part 


involving cos sz is even. Taking account of the inequality (1.1-9) 
we find 


x, 


re fren Ree ao| = [" = Rae wal? ee 


Hence the integral along the semi-circle tends to zero as R — oo. 
This leads to the result 


i COS S% 
1+2? 


A particular case occurs when s = 0. Then we have the well-known 
result 


C= ter, s= 0. (3.6-6) 


co dx 
1+ 2? 
It should be observed that this method does not succeed in 
evaluating the integral 


= 4a. (3.6-7) 


co sin sx 
—— dx 
1+2? 
This problem is more difficult and will be considered in section 8.13.3. 
In the next section, however, we shall prove that 
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7 


cog sin Sx 


pa dx = tne~*, s> 0. (3.6-8) 


The integral 
© COS Sx 


» 142? 
demands deeper considerations. It will also be evaluated in section 
8.13.3 


dx 


3.6.4 — JORDAN’S INEQUALITY 


In many cases the inequality 


2 <sin 0 <8, - 0<60<k, (3.6-9) 


is extremely useful, (fig. 3.6-2). It is intuitively evident that if a 


Fig. 3.6-2. Jordan’s inequality 


positive real function /(¢) decreases steadily as ¢ increases from 0 
to a certain value the mean ordinate of the graph of the function 
over the range 0 < x S# also decreases steadily. A more rigorous 
proof is the following. The mean ordinate is 


l ret 
F(t) ==] j(c) dz, %t>0, (3.6-10) 
0 


and since f(x) decreases steadily we have 
1 ¢t 
>=] 4) de = 
t 0 


ry 2 eyes = FO 


Hence 


< 0. 


This proves the assertion. 


We apply this result to the function cos @ which decreases steadily 
as @ increases from 0 to $x. Then also 


7) sin 6 


which is essentially (3.6-9). 
Now we consider the integral 


fest? 

ra os os Se 

where C is the same contour as considered in section 3.6.3. If f(z) 
denotes again the integrand, we have 


[o fe) dx + [* (Re) Rei do = nie, 
—R 0 


dt, s>0, (3.6-11) 


for the residue at z =7 is now }e-*. Again 


Rwsin sx 
is f(x) du = 2% i Z Se dx 
9 i+ 
Moreover 
e—$ R sin 6 


R? do. 
—l 


iy f(Re®)R Rei do| < fF 


The occurrence of R? demands a more delicate argument. The last 
integral is equal to 


tn @ —s R sin 6 
2 |" Reap 
and on account of (3.6-9) does not exceed 
2R? pha aR wR 
—2sR6/a do = fot —sR ; 
come ? jeans © aR 


In fact this tends to zero as R > oo and the formula (3.6-8) now 
follows easily. 


3.6.5 — JORDAN’S LEMMA 


The previous examples can also be established on applying a 
general lemma due to C. Jordan. 

If f(z) ts continuous throughout the upper half of the complex plane, 
1.e., n the area Imz = 0 and tf \{(z)| tends to zero as z > o0, uni- 
formly as regards arg z, 0 < argz <n, then the integral 
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J(R) = fe #0) d,s >0 (3.6-12) 


taken along that half of the circle |z| = R which is above the real axis, 
tends to zero as R—> ©. 
As usual we put ¢ = Re®. Then 


JiR\= (i eisR(cos 6+i sin 9) #(Re*®) Rei do 
0 
= 27 1K es Rsin 6 gi(sR 00s 0+ 6) #/ Reid) dé. 
0 


Whenever R is sufficiently large we have |f(Re®)| < ¢, e being a 
given positive number. Hence 


J (R)| = eR J" ge FRene 6 = 2eR i eR sind dé 


<2eR Ne e-teroin gg — Sy __ gary < 
s AY 


This proves the assertion. It is easily seen that the conditions of the 
lemma are satisfied by the examples (3.6-5) and (3.6-11). 


3.6.6 — CAUCHY’S PRINCIPAL VALUE 


In many examples we find in a rather natural way the limit 


lim [* f(x) de. (3.6-13) 


R—-> +00 _R 


This does not imply, however, that the infinite integral 


iN ” f(a) dex (3.6-14) 


is convergent, for then the integrals i‘ f(a) da ana i f(x) dx exist 


separately. The expression (3.6—13) s however, very Suet and is 
called the Cauchy principal value of the integral (3.6-14). It is plain 
that (3.6-13) exists when (3.6-14) is convergent. In many cases the 
principal value will also be denoted by the symbol (3.6-14) with the 
additional remark, if necessary, that the principal value is meant. 

A similar situation may occur in the case of the real integral 


[ fe) dx (3.6-15) 


where /(x) has a singularity c between a and b. When the limit 


lim ( [°~* f(@) dx + [” f(@) dz) (3.6-16) 


e—>0 A 


exists, it is also called the Cauchy principal value of (3.6-15) and 
often denoted by the same symbol. 

The following lemma states a sufficient condition for the existence 
of a principal value in the second case. 

If f(z) ts holomorphic in an open set containing that part of the real 
axis for whicha [x Sb except for a simple pole at a point c on the 
axis, where a <c < 6, then the principal value (3.6-16) of (3.6—15) 
exists. By hypothesis we have 


A 
f(z) Se +8 (z) 


where g(z) is holomorphic throughout the set. 
Hence 


ST je) ae+ J" fe) a 


c+e 


=A log — +A log -—* + Jee) dx+ i g(x) dx 


e+e 


=4 log + fg (x) dnt f° g( 


c+e 
and this tends to a limit as e—> 0. 


3.6.7 — THE DISCONTINUOUS FACTOR 


The path of integration is not necessarily the real axis. Consider, 

for example, the integral 
t 

(ee (3.6-17) 
c 6 
where ¢ is a real number. We integrate along a contour consisting of 
the linear segment from c—7R to c+-iR, where cand R are positive, 
completed by a semi-circle on the left if ¢ > 0 and a semi-circle on 
the right when ¢ < 0, (fig. 3.6-3). 

Along the semi-circular part we have €=c+ Re®, with ia <6 <3x 
when ¢>0 and 41 =6 = —+4a when ¢<0. In the first case we 
have along the semi-circular part 


im exp {¢(c+ Re®)} ine 
se a < et Rdo=e* | —— Rado, 
Sages Lee a 


where y = 9—4z. By virtue of (3.6-9), taking account of |¢| => R—c, 
if we assume R >, the last integral does not exceed 


tRcos@ = et Rsing 


Rd6 


mn ee te te 
ete gete [© gs eats os (1—e~**) re we 
0 {el (R—c) (tR—c) 
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c+iR 


c-iR c-iR 


Fig. 3:6-3. Evaluation of the integral (3.6-17) 


and hence tends to zero as R -> oo. It follows that 
] c+iR eft 
lim — —dat=1, t> 0, 
R->0o 2701 c-iR C 


for the integrand has a pole of residue 1 inside the contour. 
If ¢ < 0 we have the estimate, observing that |¢| > R, 


[PREC EE aapbecen |" 2 eae 
a i¢| Sie 


= De" } Br Qtr cos 049 — 2ete fa eff sin? 49 = 2et | br 2inoin go 
0 0 0 


4a etR cos 0 


R d6 


—7 —7 
= —— et(1—e!*) < —_ et, 
tR ( ) tR 


and this tends to zero as R — oo. The integrand is regular 
throughout the entire interior of the contour. Hence 


: ctiR ef t 
lim f —adalC=0, ¢+< 0. 
R->0o c—iR 
When ¢=0 we have, on integrating along a vertical segment, 


1 setiR do 1 | i R 
Qmni i” i Saee {log (c+-7R) —log(c—7R)} = ~ arctan — 


1 
and this tends to—-4a = 4 as R> oo. 
I 


Thus we proved a theorem known as the theorem of the discontinu- 
ous factor: 
If cis a positive number and if t 1s a real number then 


1, when ¢> 0, 
Oni —dt= { 4, whent=0, (3.6-18) 
Tc ico § 0, when ti <0, 


1 ke eft 


the integral being understood as a Cauchy principal value. 


3.6.8 — Two LEMMAS 


The following lemmas are also frequently found useful. 
Let AB (fig. 3.6-4) be that arc of the circle |z| = R for which 


Fig. 3.6-4. The lemmas of 3.6.8 


a Sargz SB and let z f(z) tend uniformly to the limit G as R > o, 
G being a constant. Then 


lim f ” #(¢) dt = i(B—a)G. (3.6-19) 


R—>0©o 


We may write z/(z) = G+(z) and choose R so great that 
lp(z)| < «. Then, if €= Re®, 


"yey ae =f" ac [PPE ae = if" 6 ao-sé |? ote a, 


[J 9) 20 | < e(8—w) 


This proves the assertion. 

A similar statement is: 

If AB is the same arc as mentioned in the above lemma and tf 
2 f(z) tends to a limit G as z +0, G being a constant, then 


lim f ” #(£) dt = i(B—a)G. (3.6-20) 
R->0% 
Again we may write z {(z) = G+ ¢(z), where |p(z)| < «, if |z] = R 


is sufficiently small. The proof runs as in the above lemma. 
It is plain that in the second case the centre of the arc may be 
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any point z = a. The condition is then that (z—a)/(z) has a limit G 
as z2> 4. 


3.6.9 — APPLICATION OF THE LEMMAS 


The following example is an application of the lemmas considered 
previously. 
First we wish to study the integral 


et 
(payi2 (3.6-21) 
c 
the contour C consisting of the real axis from 7 to R, ry < R, the 
upper half of the circle |z| = R, the real axis from —R to —r and 
the upper half of the circle |z| = 7, (fig. 3.6-5). The part of the small 


-R -r 0 +r +R 
Fig. 3.6-5. Evaluation of the integral (3.6-21) 


circle is described to avoid the singularity of the integrand. In a 
case of this kind we shall say that the contour is zmdented at the 
singularity. 

Referring to Jordan’s lemma of section 3.6.5 we see that the in- 
tegral along the large circle tends to zero as R — oo. On applying the 
second lemma of section 3.6.8 we see that the integral along the 
small circle tends to —7z, since ze*/z > 1 as z > 0 and the circle is 
traversed from the left to the right. There are no singularities inside 
the contour. Hence 

co ei@ 
—dx= 1, 
—oo 
where the integral is a principal value at «= 0. On equating 
real and imaginary parts and taking account of the fact that 
sin a/2 is an even function we obtain the important result 


(3.6-22) 


An elementary computation yields another formula which is also 
useful. Introducing a new variable and applying integration by 
parts we have 


——e SSS 


eo sin x © sin 2u © sin “4 COS u 
a = az = 2 a sab el? mots 


du = du 


U 


sin? 4 |oo 
du 


°° Sin “4 COS u eo sin? 4 
=*) iar seth sida 
ut 


Uo 


ce sin 2u co sin? 4% ss 


du-+ du = —43nx+2 le 


du, 


whence 


co sin? 4 
[°F du = te. (3.6-23) 
0 


3.6.10 — Two INFINITE INTEGRALS DUE TO EULER 
Another interesting example is provided by the integral 


a-1 
pars On @'< I, (3.6—-24) 
c 1—¢ 


taken along the contour of section 3.6.9 but also indented at z= 1, 
(fig. 3.6-6). If f(z) denotes the integrand we evidently have z f(z) +0 


° ° 
0 1 


Fig. 3.6-6. Evaluation of the integral (3.6-24) 


as 2-—> oo, uniformly as regards 6 = argz, 0 <@ <2. Moreover 
z f(z) > 0 as z-> 0 and z f(z) + —1 as z > 1. Hence, by virtue of 
the lemmas of section 3.6.8 
ge co-1 
Sat bee 
the integral on the left being a principal value. This integral de- 


al+m = 0, (3.6-25) 


composes into two parts ii and ie Since 


ze-1 = |2|°-1{cos ver sin (a—1)6} 
the integrand in the first part is (the argument 6 being equal to z) 
ye-1 
l+z2z 


(cos ax+47 sin az), 
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where 2 is positive. In fact, z can be put into the form 
z= 2x(cosx+7sinz). 
The second part is the integral 
© yo—1 
J dx, 


o0 Il—z 


to be understood as a principal value, since there is a singularity at 
x = 1. Hence (3.6-24) may be written as 


o yal 
dx+ Ie — erat = 0), 


is) 
—(cos ax-+7 sin az) _ 
0 


1+2 


Equating real and imaginary parts we obtain 


co gel 


l+a 


dx = 2 csc an, 0 e<ii, (3.6-26) 


and 


foe) A rad 1 
J dx = actnan. (3.6—27) 
0 


Let 6 denote another real number between 0 and 1. In (3.6—27) 
we may replace a by } and on subtracting corresponding members 
we find 


co ya—-1_ x b— —1 
Lge dx = a(ctn ax—ctn bz) (3.6-28) 


valid under the assumptions 0 << a<1,0<6< 1. The formulas 
derived in this part of the section were discovered by Euler. The 
formula (3.6-26) is closely related to the gamma function as we 
shall see presently. In (3.6-28) the integral is convergent in the 
ordinary sense, for the integrand is regular at z = 


3.6.11 — THE EULER INTEGRALS OF THE FIRST AND THE SECOND 
KIND 


In chapter 4 we shall study the gamma function ['(z) and we shall 
prove that for positive values of z = x it may be represented by the 
so-called Euler integral of the second kind 


T(x) = i e-#-1dt, 2>0. (3.6-29) 
0 
First we wish to show that this integral is convergent. As regards 
the lower limit the statement follows from 


1—e* 1 
a, re 
x 


1 1 
fetmasf ria 
where ¢ is an arbitrary number between 0 and 1. Since the integral 
on the left increases as ¢ 0 the limit exists. 

Since the derivative of the function ¢— (#+-1) log ¢ is l—(x+1)/é 
> 0, whenever ¢ is sufficiently large, the function is steadily in- 
creasing and takes values > 1. Hence 


fetl < et 
Or 
e—t 2-1 om a 


whenever ¢ is sufficiently large. As a consequence, w being > a 
and a sufficiently large, 


Petena< Prdai- ea, 
a 1 @ 
and it follows that the integral on the left tends to a limit as w — oo, 
since it increases steadily. Finally we wish to observe that I'(x) > 0 
for x > 0. 

A very remarkable theorem states that the integral 


eos yP-1 

x, 3.6—30 
4 (1 + L) ora # ( ) 
where # and g are positive, can be expressed in terms of the integrals 
of the second kind. In fact, we shall prove that the integral represents 
the beta function 


DA)L(g) 


PO Tipeg) 


(3.6-31) 


for positive values of # and g. 
First we wish to verify the convergence of (3.6-30). In fact 


1 = yP-l 1 1 1 
S apye < J tds) <5, Ose 
and, if w > 1, 
eee ees eae eg oe el ee 
i. Alera , are pee at 


and the truth of the statement follows at once. 
On applying the substitution x = ¢/(1—t) we see that (3.6-30) 
may be brought into the form 
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f ¢?-1(1—t)2-1 dt, p>0,¢>0, (3.6-32) 
0 


the Euler integral of the first kind. 
In order to prove the above statement we first observe that 


gP-l p—1 
—_——— dt 
(1+2 (1-+ax)ra (1-+-a)?t¢ 
where y(1-+2x) = ¢. Upon integrating with respect to x we get 


T(p+9)= J Tentprtent 


co 
— —y(1+ +q— _ 
=| e—4( ©) ay? qI—1yP dy 
0 


—1 


fore) x fore) fore) 
dx = p—1 —¥(1+%) yP+9-1 day 
l'(p+q) J Gpayr 2x J x 2x J e y y 


0 


By reversing the order of integration, which shall be justified below, 
the expression on the right appears as 


ie e-¥ pertok dy i. gP-1 e-* ax = igi e-¥ get dy 2 ii e-4¥ yP-1 du, 
0 0 0 0 
where u stands for xy. Thus we see that 


[ag — POT) 
( 


ee eee OPT (3.6-33) 


The reasoning, in detail, is as follows. Let a, « and w denote 
positive numbers with e < w. Then 


(| * 2-1 dx J  eult2) yPta-l dy — ev yPta-l dy ge e-2Y Pl dr 


0 € 


= -f ery ay J" e-* u?-! du. 
When y is between « and w, then the last integral is between 


le ane Hence, by letting a —- o we obtain 
0 


iy 2P?-l dx i eV1t#) yP+a-l dy — T'(p) ie evytldy, 
0 


€ é 


Now 


J © y?-1 dx J ° e-Ult2) yPta-l dy < J P e-w® 9-1 dap J oe yt dy 


0 o 0 @ 


=o P(p) [” ery dy < o D(p) P+) + 0 


@o 


as w-—> oo. And so we arrive at the result 


{° e?-1 dx lig e-v(1+2) yrta-t dy Sax T(p) li e-v yet dy. 
0 € 
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It remains to show that in this formula ¢ may be replaced by 0. 
Since g > 0 we can find a positive number q’ < g. Then 


é é , , 

gP-l J e-y(1+) ye tt) dy = yP-1 J e-v(1+2) yPrra —1 yt dy 
0 0 

. . 4 eee e(1+) ’ 

< et-4@ Pt | e-v(l+2) gern —1 dy — et-% - J et {p+ —] at 

0 (1 +2x)?+@ 0 

Oe Aan rere ae 

(1 + 2)P+e 0 


whence 


‘4g p—1 d. \ —y(1+2) p+a—1 gq. < a T/ di ) ‘ia gP-l 2 
) x *J e y Ye P+ ) (-paypr’ x 


The expression on the right tends to zero as e + 0. This completes 
the proof of the theorem. 

By inserting =a, g= 1—a, 0<a<_1 into (3.6-33) and 
taking account of ['(1) = i} * e-t dt = 1, we can bring (3.6-26) into 


0 
the form 


I'\(a)(l—a) = aescaa, 0O<a<l, _ (3.6-34) 


In particular we may take a = 4. Observing that I'(4) > 0 we 
have 
(4) = Wx (3.6-35) 
or 
(ie et t-% dt = \/n 
0 
whence, by putting ¢ = 2?, 
J * eda = 44/z, (3.6-36) 
0 
in accordance with (2.23-28). 


3.6.12 — SOME INTEGRALS RELATED TO EULER’S INTEGRAL OF 
THE SECOND KIND 

The gamma function is the starting point of many interesting 
considerations. The function 

{j= 6g (3.6-37) 

where a is a number between 0and 1, is regular at every point of the 


positive quadrant, i.e., at all points where Rez = 0, Imz=0, 
except atz = 0. 
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Integrate the function along a contour, (fig. 3.6—7), consisting of 
the segment of the real axis from 7 to R, 0 <7 < R, a quadrant of 


oO} r 
Fig. 3.6-7. Path of integration for the function (3.6-37) 
the circle |z| = R, 0 S argz < 3a, the segment of the imaginary 


axis from 7R to 77 and finally a quadrant of the circle |z| = 7, which 
completes the contour. By Cauchy’s theorem the integral 


J et Cal dt (3.6-38) 
Cc 


is zero. Since z f(z) > 0 as z + 0, we may let 7 — 0 on account of the 
lemma of section 3.6.8. On the other hand, when €= Re”, the 
integral taken along the large circular arc is 


1R% ai e—Rcosd+ai8 d0 
0 


and its absolute value does not exceed 


Rel” en Rome gg — Re [Metal 


On account of Jordan’s lemma we find that this latter integral is 
dominated by 


Ra [eR dh = fa RO-1(1—e-*) + 0 
0 


as R-—- oo. Hence 


D(a) = [" erat de = |” e-# Gy) tatty) = 0 [” evry tay, 
0 0 0 
whence 


ocosy —zsiny 
1— 
0 al 


Equating real and imaginary parts we obtain 


dy =1-*V'(a) = (cos 4aa — isin 4na) VT (a). 


© COS Y 


l—a 


dy = l(a) cos 3za, (3.6-39) 
0 
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i sin y 

ie 

It will be convenient to introduce the variable u such that y = au1/*, 
An easy computation yields 


dy = I(a) sin 4a. (3.6—40) 


i. cos(aut/*) du = a'-*I(a) cos 3a, (3.6—41) 
0 
[a n(au/*) du = a'—*T'(a) sin 4a. (3.6—-42) 
0 


The particular case a = 4 deserves mention. Taking account of 
(3.6-35) we find Fresnel’s integrals 


ie cos 4u? du = | ™ sin $u? du = d4/z. (3.6-43) 


0 0 


3.6.13 THE KLOTHOIDS 


We wish to conclude with some geometrical considerations. It is 
our aim to study a curve C, which is represented parametrically 


by 
z(s) = \% cos(au/*) du, y(s) = * sin (aul) du. (3.6—44) 
Since 
= = cos (asi/4), ov = sin (as1/*), 


we see that the angle # between the tangent and the positive x-axis 
is 
P= ase, (3.6-45) 


dx\*  (dy\? 
—} + (—]) = 
ds ds 
and thus we see that the parameter s may be interpreted as the arc 


length reckoned from the origin. 
The curvature x is defined by 


Moreover 


ad 
a ae 
and from (3.6-45) follows that 
ages See, (3.6—45) 


It is easily seen that a curve C, represented by (3.6-44) is a spiral 
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starting from the origin and winding infinitely many times around 
the point with co-ordinates 


xz = a'-*I(a) cos 3na, y = a'-*T(a) sin daa. 
These curves are called hlothozds. 


The special curve C; playsan important part in Fresnel’s theory of 
the diffraction of light. It is known under the name of Cornu’s spiral, 


Fig. 3.6-8. Cornu’s spiral 


(fig. 3.6-8). It has the remarkable property that 
= 5, 


i.e., the curvature equals the arc length. 


3.7 — Evaluation of the sum of certain series 


3.7.1 — GAUSS’S SUM 

The residue theorem provides also a wonderful method for the 
summation of certain series. A famous example is the so-called 
Gauss’s sum 


n—1 Qaiv2 Mh 
n= >, €XP = ST; (3.7-1) 
v=0 n v=0 
where 
2Qatk2 
T, = €xp - ’ k = 0, Ts ee ey n—l. (3.7-2) 
nN 


On account of the relation 


inn aes ees, 0<m<n, (3.7-3) 
we may write 

Sa = T)+27,+. . -+2T 3 a1) 
or 


Sn = To+2T +. ..+2Ty,4 tT,» 
according as # is odd or even. 
It is easy to see that the poles of the function 


2 exp (277z?/n) 


= 3. 7-4 
H(2) = (3.7-4) 
are at z= k, k= 0,+1,+2,..., these poles being simple. The 
residues are found on applying (3.3-8): 
1 e27ik®/n 1 
=e 3.7-5 
n1 e2tik 1 ( ) 


Now consider a rectangle of sides x = 0, x = 4n, y = +a, in- 
dented at z= 0 and z = }, (fig. 3.7-1). 


1 5 
=Nt+l@ 
2 


1 2 
Sais 
5” @ 


Fig. 3.7-1. Evaluation of Gauss’s sum 


On applying the residue theorem we find that the integral of f(z) 
taken along the perimeter of the rectangle in the counter-clockwise 
sense is equal to S,—T, or S,—Ty)— meee according as m is odd or 
even. By virtue of the second lemma of section 3.6.8 we see that the 
limit of the integral taken along the small semi-circle at z = 0 is 
—Tp, as the radius tends to zero. Similarly we see that the limit of 
the integral along the semi-circle at z = }n is 0 or Tj, according as 
nm is odd or even. 

By letting woo we see that the integral taken along the 
rectilinear parts of left vertical side of the rectangle tends to 


e2xtu?/n —2niy?/n co 
= De 6 Boop tas dy = ai [ e—2aiv?/n d 
ev Tv oan] : ae y. 
0 


Similarly the integral along the rectilinear parts of the right-vertical 
side of the rectangle tends to 


mes e27i(dn+iv)2/n e27i(gn—in)?/n 
24 J (ae 


fore) 
eS ee d _— 973nt1 e72atv?/n d. ‘ 


0 
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On the upper part of the rectangle we have the contribution 


$n e27i(atio)?/n a e278 (x?—w?)/n ea trealn 
‘ e2zi(at+io) __] calles a 


e2nia e7 24m __ l 


and its modulus is less than 


2[". in See 


7 ee = Inw , 


A similar consideration leads to the result that the contribution from 
the lower part is also numerically less than /2zm. Hence the 


contributions from the horizontal sides tend to zero as w — oO. 
Thus we find 


S, = 2i(1+i8") [Peel dy = 2i(1-+0") Vn {"s e-2n? dt (3.7-6) 
0 
The last integral may be evaluated by taking » = 4. 
Since 
sas Lae tae tet z= 2(1+7) 
we have 
2(1+7) = 8% i enenit gy, 
0 
whence 


i J ° e-2ait® ge — 4(1-+2) (3.7-7) 
0 
and so, on inserting this value in (3.7-6), 


= $(1+7) (1+723")/n. (3.7-8) 


Equating real and imaginary parts in (3.7-7) we find as a by- 
product 
[ore] co 
J cos 2nt? dt = | sin 2nt? dt = } (3.7-9) 
0 0 
and it is easy to verify that this result is in accordance with (3.6-43). 


3.7.2 — SOME GENERAL SUM FORMULAS 


We proceed to derive a general theorem which has many interest- 
ing applications. 

(i) Let g(z) denote a meromorphic function having no other 
singularities than simple poles at z =a, atl, a+2,... the 
residues being all equal to «,, m= 0, +1, +2,.... Assume f(z) 
to be a holomorphic function within a certain open set % except 


or isolated singularities. The sum of the residues of the function 


{(z)p(z) at the singular points of /(z) inside a certain regular contour 
C may be designated by A. The residue theorem asserts 


Ya fo+a) = = =a i()p(t) at—A, (3.7-10) 


where on the left-hand side de sean tion has to be extended over 
the integers » corresponding to points within C where /(z) has a pole 
and where /(z) is regular. 

(ii) Next we assume /(z) to be a rational function such that 
z f(z) > 0as z— o. Take for C a rectangle of sides x = +(r+d), 
y = +7, where 6 £a, r being a positive integer. 

(iii) Assuming that g(z) remains bounded on the perimeter of 
the rectangle as y — 00, we shall prove that the integral on the right 
of (3.7-10) tends to zero as r — oo. In fact, the smallest value of |z| 
on the perimeter of the rectangle is vy and the length of the path of 
integration is 2(47+-2b). If now |p(z)| < M for z on the perimeter 
we find by virtue of Darboux’s inequality (2.4-17) 


v+2b 
Sree a) =|fererve ie: a 


where ¢ is an arbitrary positive number, ears rv is sufficiently 
large. As a consequence we have 


co 


> af(r+a)=—A, (3.7-11) 


where A denotes the sum of the residues of /(z)p(z) at the sin- 
gularities of /(z). 

It should be noticed that on the left of (3.7-11) the terms corre- 
sponding to values of v where f(z) is singular must be omitted, for 
they contribute to A. 

Some concrete examples will now be discussed for the sake of 
illustration. First we take 

p(z) = actn az. (3.7-12) 
In this case a=0 and the number 6 introduced above may be taken 
as 4. From (1.10-16) and (1.10-17) we infer that on the sides 
x = +(r+4) we have 


Me<10Me, 


lsinh zy| 


V1+ sinh?2y — 


|ctn mz| S 


and on the sides y = +7 


1+ sinh? zr 1 1 
eich | ene iret ees Siti 29 
sinh? zr sinh zr mY 
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since |sinh y| > |y|, as may be deduced without difficulty. Since 
the residues are all equal to +1, we find a sum of the type 


> f(?). (3.7-13) 
Treating the function : 
y(z) = mcsc az (3.7-14) 
in a similar way, we are led to an expansion of the type 
x (—1)’(»). (3.7-15) 
If we consider the function 
y(z) = m sec mz (3.7-16) 


we have a= 4 and we may take )=0. The residues at the poles 
are (—1)"1, 2 = 0, +1, +2,..., and so we find a sum of the type 
| > (—1)’f(+4). (3.7-17) 


3.7.3 — EXPANSION OF BERNOULLI’S AND EULER’S NUMBERS IN 
INFINITE SERIES 


Starting from (3.7-12) or (3.7-14) we wish to take 
tj at ae n= 1, (3.7-18) 
The conditions of section 3.7.2 are satisfied. Writing the expan- 
sion (2.17-19) in the form 


cc 
azcthaz =1— >} 2? av 772 22 
v=1 (2y) ! 
we easily find that the residue of the function mz—*" ctn az at z = 0 
is 
B 
—Qangan S08 (3.7-19) 
(2n)! 
this being the coefficient of z-! in the expansion of this function. 
Hence, (3.7-10) leads to the result 


B aay FE 1 ] 
2n an an sat ees “= oa 
pata —S — Y= ltt t | (7-20) 


(2m) ! pa] V 


From this expression it follows that the Bernoulli numbers are posi- 
tive. 
Writing the expansion (2.17-25) in the form 


co 
aescuz=1+4 > By (22”— 2) a1?” 22” 
v= (2y)! 
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we find that the residue of the function wz-2" csc mz at z= 0 is 


2n 2n Ban 
(22"2)x Gat (3.7-21) 


In this case appears an expansion of the type (3.7-15), 


(3.7-22) 
Adding corresponding members of ae: and (3.7-22) we get 


ye —1)at "= 3 eae ee atm te (3.7-23) 


Special cases are obtained by taking ” = 1. We have successively 


cmalt states (3.724) 
Sart Poy ee oe (3.7-25) 
12 2 ' 32 
batt ane (tReet ane Pe (3.7-26) 
8 32° BP 


Finally we consider the expansion (2.17-10) which we shall write 
in the form 


msecaz = 1+ a BP rtd 22, 


on 
The residue of the function 2z-(2"*) sec az at z = 0 is 
Es, 
ent (2n)! 5 (3.7-27) 


provided = 1; this result holds also for 7 = 0 when we put 
Ey = 1. We now get a series of the type (3.7-17), which may be 
written as 


(17 l l 


<) (Qv+1)2"41 oe 32n+1 sie Rentl 


(3.7-28) 


When x = 0 the series reduces to Leibniz’s series (2.16-17). 
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3.7.4 — DECOMPOSITION OF SOME CIRCULAR FUNCTIONS INTO 
PARTIAL FRACTIONS 


Another remarkable application is the decomposition of x ctn az 
and x csc z into partial fractions. Let f(z) denote the fraction 


1 


—z22 


IQ= (3.7-29) 
where s is not an integer. The singularities are at z = s andz= —s. 
The residues of x f(z) ctn zz and a f(z) csc mz are —m ctn ms/2s and 
—z csc ms/2s respectively. Hence, by virtue of (3.7-11), replacing 
s by 2, 


(3.7-30) 


and 


rota aes (3.7-31) 


GS 2 


It is easy to show that the series on the right of (3.7-30) is uni- 
formly convergent on any closed and bounded set that avoids the 


points z= 0, +1, +2,.... Hence the sequence 
# 1 1 mn Bz 

F(z —$ = — ——. 

n(2) = 2 2» 2 s 2 z2—y? 


satisfies the conditions of section 2.20.1. Upon differentiation we get 
the expansion 


| ze csc? naz = 
v= —CO 


the series on the right being convergent for z 40, +1, +2,..., as 


p fore) 
seen by comparison with the series > 1/y?. 


v=1 


3.8 — The logarithmic derivative 


3.8.1 — PROPERTIES OF THE LOGARITHMIC DERIVATIVE 
If f(z) is regular at z = a and f(a) 4 0 the logarithmic derivative 


—" (3.8-1) 


is also regular at z = a. The logarithmic derivative has the following 
useful property: 
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ey Fe (3.8-2) 
je fF me 
If we assume /(z) to be meromorphic in a region #t the singularities 
of the logarithmic derivative can only occur at the zeros and the 
poles of f(z) since /’(z) has no poles other than f(z). Let z = a bea 
zero of order ”. Then 


f(z) = (2—a)"g(z), g(a) #9, (3.8-3) 
and by virtue of (3.8-2) 


f@)_  ” | gz) 
fe) =a" gta)’ ve) 
the second term on the right-hand side being regular at z = a. 
Hence: 

If z= ats a zero of order n of f(z) then its logarithmic derivative 
admits this point as a simple pole with residue n. 

If, instead, z = a is a pole of order n, we have 


f(z) = (2—a)-"g(z), = g(a) 9, (3.8-5) 
and 
PQ) 2 toe) 
f() zat g(a)” pow 
Hence: 


Ifz=ats a pole of order n of f(z) then its logarithmic derivative 
admits this point as a simple pole with residue —n. 

We may summarize as follows: 

The logarithmic derivative of a non-constant meromorphic function 
in a region Rt 1s there meromorphic, tts singularities being simple poles 
at the zeros and the poles of the given function, the residues being the 
orders or the opposite of the orders respectively. In fact, in a region a 
non-constant function can only have isolated zeros. 


3.8.2 — CAUCHY’S THEOREM ABOUT THE INTEGRAL OF THE LOGAR- 
ITHMIC DERIVATIVE 


Assume /(z) to be a non-constant meromorphic function in a re- 
gion # and let C denote a cycle which is homologous 0 in t avoiding 
the zeros and the poles of f(z). Since the logarithmic derivative has 
only isolated singularities we may apply the general residue theorem 
of section 3.5.1. Let us assume that a, ..., @, are the zeros of f(z) 
with orders a, . . ., %m respectively, such that C has a non-vanishing 
winding number with respect to these points, whereas the winding 
numbers with respect to eventual other zeros vanish. Similarly let 
b,,..., 6, denote the poles of f(z) with orders f,,..., By respectively, 


“ 
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such that C has a non-vanishing winding-number with respect to 
these points tee Then we may infer from (3.5—-2) that 


f’(¢) 
Qui =| os f(¢) 


where C ~ 0 in &. 
If C is a regular contour traversed in the counter-clockwise sense 


at = = 24 Q-( -% B, Q,(2,), (3.8—7) 


and if a, ..., 4m, 0,,..., 6, are the zeros and poles inside C we may 
infer that 
1 

as Je al = No—N x, (3.8-8) 

271 ¢ 
where 

No= > %, (3.8-9) 
p=1 


denotes the number of zeros of f(z) inside C, each zero counted as 
many times as its order indicates, and 


= > B, (3.8-10) 
y=1 
is the number of poles inside C, each pole counted as many times as 


its order indicates. It must be assumed, of course, that C and its 
interior belong to ®. 


3.8.3 — GENERALIZATION OF THE PREVIOUS THEOREM 
It is an easy matter to generalize (3.8-7). Let g(z) be holomorphic 
throughout t. The residues of 
i'(2) 
f(z) 
may be evaluated on applying (3.3-5). From (3.5-2) we find 


g(z) (3.8-11) 


m™ 


at he = 2% Qe (4,)8 (Au) — > B, Q¢(b,)g (4), 


p=1 v=1 


(3.8-12) 


where C ~ 0 in &. 
A particular case occurs when /(z) =z—a. Then (3.8-12) reads 


mg a gO) 4 Q-(a)g (a), 


Qui * 
e., Cauchy’s integral formula (2.74). 
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3.8.4 — THE NUMBER OF ZEROS OF A POLYNOMIAL 

From (3.8-8) we may deduce a proof of the assertion that a poly- 
nomial of degree m > 0 possesses a finite number of zeros, the sum 
of their orders being equal to m (see also section 3.10.3). Consider 
the polynomial 

f(z) = co +G2+..:-+¢,2", ¢, 40, 2>0. (3.8-13) 

In section 2.6.1 we verified that |/(z)|—> 00 as |z| > 00; hence for 
R sufficiently large we have |f(z)| > 0, whenever |z| => R. We have 
only to prove 


ini ~ | oe dt = (3.814) 


C being the circumference |z| = R described in the counter-clock- 
wise sense. The value of the left-hand member is the opposite of the 
residue of the integrand at z = oo and according to section 3.3.2 this 
is equal to the residue of /’(1/z)/z?/(1/z) at z = 0. We therefore have 
to evaluate 
1 f(i/z)  .. ca" -I+.. +00, 
im — = hm ——_____- 
20 2 f(1/Z) aso Cg2@"+.. +e, 
which turns out to be equal to n. This gives the desired result. 


, 


3.8.5 — LUCAS’S THEOREM 


We conclude our considerations by establishing some theorems 
of a rather particular kind. 

The relative position of the real zeros of a real differentiable 
function is described in Rolle’s theorem, stating that between any 
two zeros of the function lies at least one zero of its derivative. How- 
ever, Rolle’s theorem is not generally true for holomorphic functions 
of a complex variable. Thus, for instance, the function /(z)=e*—1 
vanishes at z = 0 and z = 2z7, but the derivative /’(z) = e* has 
no zeros at all. 

As to a polynomial we may, however, state the following theorem, 
due to F. Lucas: 

Any convex polygon which contains all the zeros of a polynomial 
f(z) also contains the zeros of the derivative f'(z). 

We assume of course, that the degree of /’ (z) is positive. According 
to (2.6-7) we may write 


f(z) ey C,(2—a). : .(2—4,), 


where 4,,..., a, are the zeros of f(z). We consider the function 
“a a. oie 1 
F(z) = EM > = nT (3.815) 


f(z) sQz-a, %z-a Z—4,, 
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If a zero a of f’ (z) were exterior to a convex polygon containing the 
points a,,...,@,, it would not be a zero of f(z). The differences 
a,—4,..., %,—a are represented by segments, having their initial 
point at a and their end points at a,...,a, respectively, (fig. 
3.8-1) They are included in an angular area of measure w, where 


Fig. 3.8-1. Lucas’s theorem 


0 Sw <2, i.e. the angle subtended at a by the polygon. It is there- 
fore possible to find a real constant « such that 
a—m < arg (a,—a) Sa, | a Rr, 2 


where arg (a,—a) is one of the arguments of a,—a. Since the direc- 
tion of 1/(a,—a) is found by reflection with respect to the real axis, 
we also have 


m—a > arg =—« 
a,—a 
or 
—a« Sarg < —a+n, RS sin Bh 

a;,—a 

whence 
ta 
0 Sarg <i. (3.8-16) 


a;,—a 

Hence, either e/(a,—a) > 0 or Ime*/(a,—a) > 0. As a con- 
sequence 

n eta o ” f(a) 

p=] 4y—a f(a) 


contrary to /’(a) = 0. 


+ 0, (3.8-17) 


3.8.6 — JENSEN’S CIRCLES THEOREM 


The following theorem, due to Jensen, refers to a real polynomial, 
i.e., a polynomial whose coefficients are real numbers. It is easy to 
see that the non real zeros of f(z) occur in conjugate imaginary pairs. 
The circles whose diameters are the line-segments joining the pairs 


of conjugate complex zeros of f(z) are called the Jensen circles of 
f(z), (fig. 3.8-2). 


Fig. 3.8-2. Jensen’s circles 


Jensen’s theorem about real polynomials states: 
Every non-real zero of the derivative of a real polynomial f(z) lies in 
or on at least one of the Jensen circles of the polynomial. 
Let a denote a real zero of f(z). Then 
1 za 
z—a = lz—a|? 
and ify = Im; 
J =u 
= 3.8-18 
z—a_ = |z—a|? ( ) 
Next consider a non real zeroa=pf+q. Then @= p—qi is 
also a zero and 


Ll &-G@ — «—1ty—p+19 
z—a — |z—al®>— (w—)*+- (y—)?’ 
whence 
1 —(y-9) 
In — = ——___—_.. 
z—a = (wx—p)?+ (y—q)? 
Similarly 


I —(y+9) 


m — = ———_——__ 
z—& = (u—p)*-+ (y +9)? 
An easy computation yields 


( 1 = x —2y{(z—p)+y°—9} -(3.8-19) 
{(w—p)*+ (y—9)*}{ (@—P)?+ (y+9)3 
and so we see from (3.8-18) and (3.8-19) that, when z is outside all 
Jensen circles, 

ae = ra a = —2y A(z, y) (3.8-20) 
where A (x, y) is a positive expression. Hence /’(z) is not zero outside 
all Jensen circles. 
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3.9 — Jensen’s theorem. The Poisson-Jensen formula 


3.9.1 — THE ARITHMETICAL MEAN OF THE LOGARITHM 


If f(z) is meromorphic then the function log |/(z)| is harmonic 
except at the zeros and the poles of f(z). Assume f(z) free from zeros 
and poles in |z| < R. Then by (2.13-2) on taking real parts and in- 
serting the harmonic function log |/(z)| 


log 1/(0)| = 5 F"Iog (Re) a0 (3.9-1) 


This formula remains true if f(z) admits zeros or poles on the cir- 
cumference |z| = R. If Re*” is such a zero or a pole we can remove it 
by dividing or multiplying f(z) by an appropriate power of z— Re’ 
and we only have to verify that 


1 
log R= — J“ log |Re®—Re*| do 
2n 5 
or 
ing log |e—e*?| dO = 0. (3.9-2) 
0 


Because of its periodicity we may take the integrand with » = 0 
and we have to verify 


J = log |e—1| d0 = 0, (3.9-3) 
0 
or 


[Plog sin 46 db = —2n log 2. (3.9-4) 
0 


This is easily done, for (3.9-4) is equivalent to 


J “log sin 0 dd = —z log 2. (3.9-5) 
0 


In order to prove this formula we observe first that the integral on 
the left is convergent. In fact, the integrand is equal to log (sin 6) /6 
+ log 6. The integral ff log 6 d6 exists. The integral {7 log (sin 0)/0d0 
is convergent at 0 = 0, for the integrand is bounded and on replacing 
6 by x—6 we conclude that the same statement holds for 6 = zx. 
Next we write 


[log sin 6 dd = a log 2 + [log sin 40 d0 + [log cos 40 dO. 
0 0 0 


In the first integral on the right-hand side we put 6 = 2y, in the 
second 0 = 2y—z. We then get 
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r log sin 6 d8 = a log 2 + ar log sin y dp+2 [“log sin y dy 


0 4x 


= mlog 2 + of" log sin 6 d6 
0 
and the desired result (3.9-5) follows. 


3.9.2 — JENSEN’S FORMULA 
Let a be a point inside the circle C, |z| = R. Then R?/d is its in- 
verse with respect to the circle C. The function 


z—a 
7 Ra (3.9-6) 
has a constant modulus along the circumference C as may be veri- 
fied at once. This fact expresses a well-known theorem of elementary 
geometry (theorem of Apollonius). By multiplying by an appropriate 
constant we can get the function 


R(z—a) 


3.9-7 
R?—4z ( ) 


having modulus unity along C. We shall see presently that functions 
of this type are very useful in function theory. 

If f(z) possesses the zeros a,,...,a@, and the poles 0,,..., 0, in 
the region |z| < R, multiple zeros and poles being repeated, the 
function 

m R?—G,z ™ R(z—),) 

F(z) = gs ete 3.9-8 
is free from zeros or poles inside |z| = R, it being assumed that z = Ois 
not a zero or pole. But |F(z)| = |f(z)| and according to (3.9-1) we 
have 


1 


log IFO) + ¥ Jog == J log (Re) |. 


22 9 


a 2 = 
(3.9-9) 


If f(z) is meromorphic in an open set containing the interior and the 
boundary of a circular disc of radius R around the origin and does not 
vanish at the origin then the moduli of the zeros a, . . ., Gp, and the poles 
by,...,0,, multiple zeros and poles being repeated, inside or on the 
Se of the disc are related to the modulus of the function on the 


circumference |z| = R by Jensen’s formula (3.9-9). 
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3.9.3 — AN APPLICATION OF JENSEN’S FORMULA 


Let (vr) denote the number of zeros minus the number of poles 
inside the circle |z| = 7. Assuming that there are no poles or zeros on 
the circumference we have on account of (3.8-8) 


1 pf (re) 
on) Tre) 
If we divide by 7, integrate with respect to 7 and take real parts, we 
obtain 


re’ d6. (3.9-10) 


panel log |f(Re*)|d6 — log |f(0)|,  (3.9-11) 


0 Y 


provided the origin is neither a zero nor a pole. Hence by Jensen’s 
formula 


a Seg 2 


(3.9-12) 


Pa = Sto = 


0 7 


We have to justify this process, for the integrand in (3.9-10) 
presents infinities which make the validity of the integration doubt- 
ful. It is, however, possible to verify (3.9-12) in a straight-forward 
manner. 

We may arrange the moduli of the zeros ay, dg, . . ., @_ aS a non- 
decreasing sequence and the same can be done for the moduli of the 
poles. Then 


m R 
> log — 


v=1 |a, | 


= log R™ — log |a,| —. . .— log |a,,| 


= (log |a| — log |a,|)+2(log |a,| — log |ag|) 
+ ...+(m—1) (log |a,,|— log |a,,_4|)+-m(log R—log |a,,|) 


="S allo la a,11| — log |a,|)+-m(log R — log |a,,|) 


m-1 (|4u+1| dy R dy 
Si cto 
w=1 || 7 |a,,| 


Let 19(r) denote the number of zeros of modulus S r. Then (7 es 0, 
when 0 S17 < |a|, (7) = uw, when |a,| <7 < |a,,,|, w= 1. 
m—1, (vr) =m, when |a,,| <r < R. "Hence 


peels 


Similarly, if m,, denotes the nae of poles of modulus < 7 we have 


No (7 


(3.9-13) 


n R 
Sie =| ool?) ay (3.9-14) 
and since (7) = )9(7)—n,,(”) we obtain (3.9-12). 


3.9.4 — THE POISSON-JENSEN FORMULA 

Let us apply the Poisson formula (2.15-17) to the function 
log |F (z)|, where F(z) is defined as (3.9-8). If z is a point inside the 
circle |z| = R, where /(z) neither vanishes nor has a pole, we imme- 
diately infer that 


7 


m R?2—a@ 
log |f(2)|+ $ log] Fat ~ 


(2—4,,) 


This formula due to R. Nevanlinna is referred to as the Pozsson- 
Jensen formula. It reduces to Jensen’s formula if we take z = 0. In 
its proof we assumed that there are no zeros or poles of /(z) on the 
circumference. Now the integral on the right hand side of (3.9-9) 
turns out to be continuous as regards R and the same can there- 
fore be asserted about the integral in (3.9-15). Since the left- 
hand member is also continuous as regards z, the relation (3.9-15) 
remains true if R tends to the modulus of a zero or of a pole of f(z). 


3.10 — Rouché’s theorem 


3.10.1 — THE ARGUMENT PRINCIPLE 

For many purposes a more imaginative statement of (3.8-7) is to 
be preferred. 

We consider a function /(z) which is meromorphic in a region &. 
Let C denote a regular chain in § that does not pass through any 
pole of f(z). The chain is composed of smooth arcs, represented by 
z = 2,(t). Excluding the trivial case that f(z) is a constant, the 
equation 

w = f(z) (3.10-1) 


defines a mapping of #t in the z-plane onto a point set in the w-plane. 
The points w,(¢) = f{z,(¢)} constitute a smooth arc which we shall 
denote by /(C,). The chain f(C) will be defined as the formal sum 


f(C) = XF(C,). (3.10-2) 


It is plain that f(C) is a cycle when C is a cycle. 
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Assuming that C ~ 0 in ® and that C does not pass through a 
zero of f(z), we evidently have, taking account of (2.3-26) and 
(2.3-30), 


OQ 4c) (0) = F %2¢(4,) — py By Qe (b,). (3.10-3) 


The theorem expressed by this equality will be referred to as the 
argument principle. 

In the applications C is usually a regular contour described in the 
counter-clockwise sense, such that C and its interior belong to the 
region Jt. In this case we have the simpler formula 


Qc) (0) = No—Noo: (3.104) 


3.10.2 — ROUCHE’S THEOREM 


Applying the argument principle we may prove an important 
statement, viz. Rouché’s theorem. 

Suppose that f(z) 1s meromorphic and g(z) ts holomorphic in a 
region SK and satisfy the inequality 


lg(@)| < If2)| (3.10-5) 
on a regular contourin Rt, such that the inner points of C are also in- 
cluded in ft. Then the functions f(z) and f{(z)+g(z) have the same 
number of zeros (each counted with the proper multiplicity) inside C. 
Put 


Pi cE eh ee (3.10-6) 


By virtue of (3.10-5) the cycle F(C) is inside a circumference of 
radius 1 and of centre 1. According to section 2.2.1 the cycle 
F(C) ~ 0 in the interior of the circumference, i.e., Qy,c)(0) = 0. 
Since /(z) and /(z)+-g(z) have the same number of poles inside C, 
the function F(z) is free from poles inside or on C and (3.10—4) implies 
that the number of zeros of F(z) inside C is also zero. Thus the 
assertion is proved. 


3.10.3 — THE FUNDAMENTAL THEOREM OF ALGEBRA 
Rouché’s theorem provides an alternative proof of the funda- 
mental theorem of algebra: Consider the polynomial 
2z"+2(2), n>0O (3.10—7) 
with 
(2) = Cot eyet. . +e, 2". (3.10-8) 
Let R be a number exceeding 1 and |cy|+...+|c,_,|. Then, if 
lz] = R, 
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lg(z)| S leol-+- - -Alena|R"* S (leg|+. «++ [ep-al) RR" < R. 
Hence, by taking /(z) = z" we see that on account of Rouché’s 
theorem the polynomial (3.10-—7) has the same number of zeros inside 
the circumference |z| = R as the function 2”, i.e., there are ” zeros. 
On the other hand there are no zeros outside the circle. For, when 
|z| = R we have 


e"+e(z)| = lel"—|g(z)| > [el"—[zI" = 0. 


3.10.4 — WALSH’S THEOREM 

An interesting application of the argument principle is the follow- 
ing theorem, due to J. L. Walsh. | 

Letp Sx <q be aclosed interval on the real axis such that neither p 
nor q 1s a zero of the real polynomial f(z) or is a point in or on any 
Jensen circle (3.8.6) of f(z). — Let & be the set of points consisting of 
the points of the interval and of the closed discs of the Jensen circles 
which intersect the interval. Then the number of zeros of f' (z) in & differs 
by at most one from the number of zeros of f(z) in &. 

Let C denote the boundary of the smallest rectangle which has 
sides parallel to the real and imaginary axis and which encloses &, 
(fig. 3.10-1). In view of (3.8-20) C is mapped by the function 


Fig. 3.10-1. Walsh’s theorem 


(3.8-15) onto a curve which encircles the origin at most once. 
Hence Q;,.)(0) = 0 or +1, i.e., the number of zeros of F(z) minus 
the number of poles inside C is 0 or +1. Since f(z) has no poles inside 
C, the truth of the assertion follows easily. 


3.11 — A theorem of Hurwitz 
3.11.1 — STATEMENT AND PROOF OF THE THEOREM 
Consider a sequence of functions 
F,(z), m=1,2,..., | (3.11-1) 
each being holomorphic in an open set Y, and let 
F,,(z) > F(z) (3.11-2) 
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uniformly in every closed and bounded subset of Yas n — oo, F(z) 
not being identically zero. Then we assert: A finite point zy of Ais a zero 
of F(z) if and only if itis an accumulation point of the set of zeros of the 
functions F,,(z), points which are zeros for an infinity of values of n 
being considered as accumulation points. 

Let C designate a circumference around 2, such that F(z) does not 
vanish inside or on C, save perhaps at z = 2. Since F(z) is contin- 
uous along C there exists a positive number m such that for z on C 


|F (z)| 2m > 0. (3.11-3) 
On the other hand, the sequence (3.11-1) being uniformly con- 
vergent, we can find a number m, such that for ” > m 
|Fn(2)—F(z)| <m 
if z is on C. We then have 
F(z) = F(z) +G,() 
with 
IG, (2)| < |F(2)| 
on C. According to Rouché’s theorem F,,(z), m > mp, has the same 
number of zeros inside C as F(z). It follows that F,,(z) has at least 


one zero inside C if F(z) = 0, whenever ” > mo, whereas F,,(z) 4 0 
inside C if F(z) £0. 


3.11.2 — COMMENT 


It is worth-while to notice that the assumptions of the theorem 
cannot be weakened. For instance, the sequence 
e” 
F,(z)=— 
(2) =— 
tends uniformly to zero, but inside a circle of radius unity F,,(z) is 
always different: from zero. Hence the condition that F(z) is not 
identically zero is not superfluous. 
Thus also 
F(z) = 1—— 
nN 
considered inside the unit circle around the origin tends uniformly 
to 1 and the zeros of F,,(z), 


n 2kr in De 
vn (cos + isin 2) , P= 0.4, 32, 81. PS Bass 
n nN 


admit for accumulation points all points of the circumference, 
whereas on this circumference F(z) = 1. Hence in the statement of 
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Hurwitz’s theorem it is necessary to assume that 2, is a point not on 
the boundary of the set. 


3.12 — The mapping of a region 


3.12.1 — BEHAVIOUR OF A FUNCTION AT A REGULAR POINT 

A geometric representation of a function f(z) is obtained by re- 
garding z and w = /(z) as points in two different planes, the z-plane 
and the w-plane and interpreting the equation w = /(z) asa mapping 
of points in the z-plane onto points in the w-plane. If f(z) is defined 
on a set © we shall say that the set of points in the w-plane which 
correspond to those of the set in the z-plane by means of the relation 
w = f(z) isthe map of G as given by the function; we shall also use the 
word zmage in this connection. Our main task will consist in the 
proof of the statement that the image of a region is again a region, 
assuming, of course, that the mapping function is not constant. 

First we wish to establish the theorem: 

If a function f(z), regular at a point 29, is not constant in a neighbour- 
hood of this point and assumes at 2p the value Wy = f (29), then we can 
find a number A and a number e such that every point inside the cir- 
cumference |w—w | = A is the image of at least one point inside the 
circumference |z—Z9| = «. 

Since /(z) is regular at z = z, the point z, is an isolated zero of 
f{(z)—w, and we can find a number « such that /(z)—w, 4 0 for 
0 < |z—2| Se. The function f(z) is holomorphic in a region 
including the circumference |z—z,| = «, while {(z)—w, ~ 0 for 
0 < |z—z)| S « and we can, therefore, find a number A such that 
I{(2)—w9| > A > Oas long as z is on the circumference |z—z)| = e. 
Let w denote any point in the w-plane inside the circumference 
|w—w,| = A. Since on |z—z)| = e the inequality |f(z) —w,| > |w—wy| 
holds, we may apply Rouché’s theorem and we find that the functions 
f(z)—Wp and f(z)—wy+(wyp—w) = }(z)—w have the same number 
of zeros inside |z—zZ | = e. Since the first function has a zero at 
2 = 2 the truth of the statement follows. 


3.12.2 — THE INVARIANCE OF THE REGION 


Now we are in a position to prove the following theorem which 
expresses the znvariance of the region under holomorphic mapping. 

If f(z) is holomorphic in a region Rt and does not reduce to a constant, 
the image of R as given by the function is also a region. 

In fact, if wy = f(Z), 29in R, the function w)—/(z) is not constant in 
any neighbourhood of 2, since ®t is a region (2.11.1), 

By virtue of the previous theorem the image of § is an open set. 


OO ee 
3.12] 
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The fact that every continuous arc in is mapped onto a continuous 
arc in the image of § leads to the conclusion that the image is also 
connected. 

This theorem throws light on the fact that a function holomorphic 
in a region ¥ cannot have a constant modulus (2.13.2) or a constant 
real or imaginary part (2.14.1), unless the function is itself a con- 
stant, for in this case the image as given by the function is not a 
region. 

More generally, we can prove that the maximum modulus theorem of 
section 2.13.2 is a consequence of the invariance of the region. 

In fact, assume /(z) does not reduce to a constant. If |f(z)|attained a 
maximum M at a certain point 2, of Jt we should have M > 0, for 
in the contrary case the function f(z) would vanish identically. Next 
the function f(z) would not assume in ®t any value of the form 
A f(%) for 2 > 1 which is, however, contrary to the fact that the 
image of ft 1s open. 


3.12.3 — THE INVERSE OF A HOLOMORPHIC FUNCTION 


Let f(z) be regular at z) having the value w». Suppose /’(z)) + 0. 
Without loss of generality we may assume 2) = wy = 0. Analyzing 
the proof of the theorem of section 3.12.1 we conclude that we can 
find numbers ¢ and A such that f(z) takes all values w inside |w| = 
within |z| = ¢ exactly once. In fact, the function f(z) has a simple 
zero at z = 0. 

By virtue of this correspondence z may be considered as a func- 
tion of w in a neighbourhood of the origin, the inverse function 
of f(z) in this neighbourhood. We shall prove: 

If f(z) ts regular at z= 2% and f'(%) ~ 0 then the inverse function 
defined in a neighbourhood of wy = f(z) ts there holomorphic. 

Assuming again 2) = W) = 0 and observing that the equation 
{(z)—w possesses one solution inside the circumference C around the 
origin of radius « when |w| < A we find on applying (3.8-12) (by 
taking g(z) = z and ere Lies instead of f(z)) 


on 
ee oleae (3.12-1) 


Referring to section 2.9.1 we ats that actually z is a holomor- 
phic function of w. 

It is not difficult to expand z in terms of powers of w, for, when 
z is on C, we have 


[o| 
or a 1, 


Te 


O_O 
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Hence 


sf@) _#@) 1 _g2f@),, 
f(z)—w f(z) 1—-w/f(z) QPP) 
The series on the right is uniformly convergent on the circum- 
ference C. It is therefore justified to ean term by term and so 


ma lig—=* olay Jey) 


1 
= =) Ae dt = 0, (3.12-2) 


the integrand being eee inside C. 
Hence, by putting 


But 


f'(¢) 
On = sali & ae 
we obtain the expansion 
z= s b,w”, (3.12-4) 
v=1 
the series being certainly convergent for |w| < A. 
We thus proved: 
If in a neighbourhood of z = 0 the function f(z) can be represented 
by the power series 
f(z) = az+agz?+. .., (3.12-5) 
where a, # 0, then in a sufficiently small neighbourhood of the origin 
we can invert the series (3.12-5) obtaining a solution 
z= bw+bw?+... (3.12-6) 
of the equation w = f(z). 
The coefficients 0,, b., . . ., are given by (3.12-3), but they can also 
be determined from the coefficients a,, a,,... of (3.12-5) by means 


of rational operations. 
We have indeed 


Z= (> 4,2?) + b, ( y 2,2?) + 
v=1 v=] 


and transforming the right-hand side into a power series of z on 
applying the double-series theorem of Weierstrass (2.20.4) we find 
the recurrence formulas 
a0, = I, 
a,b, +a*b, = 0, (3.12-7) 
3b, + 2a,ayb.+-ab, = 0, 
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3.12.4 — ILLUSTRATIVE EXAMPLE 
We wish to illustrate the previous theorem in an example. First 
we notice that on performing integration by parts we may replace 
(3.12-3) by 
] at 
es ocumersadll Mercere ee 3.12-8 
2nin J #*{C) ( ) 
Now we consider the equation 
w= ze* (3.12-9) 
in a neighbourhood of the origin. Then, if w is sufficiently small, the 
series 
co 
> bw” 


v=1 


1 at 
be | es 3.12-10 
2nin 5 (mem ( ) 
where C is a small circle around the origin described in the counter- 
clockwise sense, is a solution of the equation (3.12-9). We may con- 
sider the number ub, as the residue of the function z—"e™* at the 
origin, this latter being a pole of order n. Hence by (3.3-4) 


with 


5 1 q®-1 fe n” 
ama PO 1 = aa ane 
whence 
n*-1 
b, = sth (3.12-11) 
and we thus find that 
fo) yr-1 
z= > —w" (3.12-12) 
y=1l V 


is a solution of (3.12-9). The radius of convergence is found on 
applying (1.6—-12). The ratio of the coefficients of the (n-+1)st term 
and the m-th term is 

nm+1)" xn! L\s- 

(n+1)! n-1 n 
as m —> oo. As a consequence the radius of convergence of the series 
(3.12-12) is e7}. 

If 0< w<er the sum of the series (3.12-12) increases as w 

increases and if we make w — e—! we have, since at the same time 


z—> 1, 
co v—l] 
y 


1= (3.12-13) 


v=] y! e”- 
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co 

By a well-known theorem on convergent series > c, with positive 
v=0 

monotonously decreasing terms there holds the relation nc, > 0 


as m—> oo. Hence we deduce from (3.12—13) 


lim = 0, (3.12-14) 


a result which we need subsequently in section 4.7.2. 


3.12.5 — GENERAL INVERSION THEOREM 


Suppose now that /(z) has a zero of order k > lat z = 0. Then the 
equation w = f(z) has the form 


w= a,2z*{1+g(z)}, a, 40, (3.12-15) 
where g(z) is a power series in 2 vanishing at z = 0. For sufficiently 


small |z| we have |g(z)| < 1 and by means of the formula for the 
binomial series (2.16-20) we obtain 


w* = gilt gf] 4 = gle)+. at 


where w* is anumber such that w** = w. On applying Weierstrass’s 
double series theorem (2.20.4) we may also write 


w* =afztazyz2t..., at £0. (3.12-16) 

We can invert this series in a sufficiently small neighbourhood 
of w* = 0. When w* ranges over the interior of a circle around the 
origin then w covers the interior of a second circle in such a fashion 


that to every point w ~ 0 inside this latter circle there correspond 
just k points inside the former one, viz. 


w*, ww*,..., wo —w*, 
with 
w = exp 2z1/k. 
Hence: 

Around the origin in the z-plane and the w-plane we can describe two 
circles such that to any point w ~ 0 inside the second circle there cor- 
respond precisely k different points z inside the first circle for which 
the equation (3.12-15) holds. 

To the point w = 0 corresponds only the point z = 0. 


3.13 — Generalization of Taylor’s and Laurent’s series 


3.13.1 — BURMANN’S SERIES 
The Taylor expansion (2.16-6) is a particular case of an expansion 
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of a holomorphic function if we replace z—a by a more general 
function h(z). 

Let C denote a regular contour. We need only the property that 
the winding number of C with respect to every interior point is +1, 
when C is described in the counter-clockwise sense, and 0 with 
respect to every point outside (see also the remark made in section 
2.7.2). 

We assume that g(z) and h(z) are holomorphic throughout an 
open set Y containing C as well as its interior, that /(z) has a simple 
zero zg =a inside C but vanishes neither elsewhere inside C nor 
on C. Finally we observe that we can find at least one point z such 
that 

|h(z)| <7, (3.13-1) 


where 7 is the minimum of |/(z)| along C, this minimum being 
evidently positive. This remark does not contradict the mini- 
mum principle of section 2.13.3, for h(z) vanishes in the interior of 
C. Now we consider the integral 


lL ¢ g(f)h'(o) 
= J ati (3.13-2) 
where z is a point inside C satisfying (3.13-1). It is plain, by virtue 
of Rouché’s theorem applied on the functions 4(¢) and h(£)—h(z) 
considered as functions of the variable ¢, that this latter function 
has a simple zero ¢ = z and therefore (3.13-2) represents the residue 
g(z) of the integrand (3.3.3). 

If now ¢ denotes any point on C and z a point satisfying (3.13-1) 
we may write 


B(C)AS) = g(o)h' (2) 2 be hs _ 8 (S)A'(S) oo h(z) v . 
h(é)—h(z) h(t): 1—A(z)/A(C) h(C) Strat _ (3.18-8) 


Let M denote the maximum modulus of g(z)h’(z) on C. The series 
(3.13-3) is evidently dominated by the convergent geometric series 
M@2~ 
an 
with g = max |h(z)/A(¢)| <1 on C and is therefore uniformly con- 


vergent along C. By virtue of the theorem of section 2.4.4 term-by- 
term integration is justified and so we find Biirmann’s series 


gle) = Soh (3,13-4) 


with 
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GUA vn 
= sof mae #=0,1,2;.... (818-5) 


The expansion is valid for any z that satisfies (3.13-1). 
Next we wish to write the coefficients c, in another form. Putting 
z=a in (3.13—4) we find at once 
Co = g(@), (3.13-6) 


since h(a) = 0. When ” > 0 we apply integration by parts (2.3.6). 
We find 


g(){ 1 ot Tze) 
==! n eatcatt a Quin + h(C) aa 


an expression which is frequently useful in the applications. 


n 


3.13.2 — TEIXEIRA’S SERIES 

It is natural to ask whether it is possible to generalize also Lau- 
rent’s series (2.23—7). This is easily done in the following way. We 
assume that /(z) is holomorphic in an open set containing a regular 
contour C, as well as its interior. Further it is supposed that h(z) 
has a simple zero z =a inside C, and vanishes neither elsewhere 
inside C, nor on C,. Let C, denote a second regular contour inside 
C, and let g(z) be holomorphic in an open set YI, containing the clo- 
sure of the ring-shaped region bounded by C, and C,. Finally we 
assume that for every point z between C, and C, 

%e =< thle) <I, (3.13-8) 
where 7, is the minimum of |h(z)| along C, and 7, the maximum of 
|h(z)| along C,. As already observed in the previous section the func- 
tion h(¢)—h(z) has the simple zero ¢ = z inside C,. 

Describing C, and C, in the counter-clockwise sense we therefore 
have Cj;~ C, in YW and so 
Lp OO) yp 1 (en) 
2a ¢, h(S) —h(z) 2at c,h(C)—h(z) 
The first integral can be expanded as in section 3.13.1. Operating 
in a similar manner on the second integral we find 


— BE)A(S) a ()a'(S) l g(S)A'(c) fot 


g(z) = dt. (3.13-9) 


h(e) 


h(t)—h(z) hz) LAE) /A(z) lz) 
and it follows by the usual arguments that the series on the right 
is uniformly convergent along C,. 

On integrating we obtain Tezxeira’s series 
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g(z) = > c, h” (z) (3.13-10) 
with 
1 pen) = 2 
oo = arid “Here dt, m= 0,1,.2,...; (3.18-11) 
and 
= sa) e(CoH OE) Oe WS Boe os (3.13-12) 


3.13.3 — LAGRANGE’S SERIES 

From the expansion considered in section 3.13.1 we wish to derive 
a remarkable expansion due to Lagrange. Consider the function 

z—a 
h(z) = —— 
(2) ple)’ 
where y(z) is holomorphic in an open set containing a regular con- 
tour C and its interior. It is assumed that o(z) does not vanish inside 
or on C. The point z = ais inside C. We assume further that we can 
find a number w such that 


|w] < |A(z)| (3.13-14) 
for all points z on C. By virtue of Rouché’s theorem the functions 


h(z) and h(z)—w have the same number of zeros inside C. As a 
consequence we find that the equation 


z= a+wo¢(z) (3.13-15) 


has a simple root inside C. Taking account of (3.13—4), (3.13-6) and 
(3.13-7) we find that 


(3.1313) 


g(z) = g(@)+ do,w”, (3.13-16) 
v=1 
where 
1 e'(f)o" 
pga [EP ye (3.13-17) 


Qin (f—a)” 


In view of (2.9-9) we may also write 
1 
n= — {'(a)pr(a)}", (3.13-18) 


Thus we have proved the following important theorem: 

Let y(z) denote a function which is holomorphic in an open set U 
containing a regular contour C and tts interior and with no zeros inside 
or on C. Let z =a be a point inside C and w a number such that 


\wo(z)| < |z—al (3.13-19) 
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for all z on C. Under these assumptions the equation (3.13-15) possesses 
a simple root z inside C. If now g(z) is a function which is holomorphic 
in an open set containing C and its interior, we have Lagrange’s ex- 
pansion 


g(z) = g(a)+ seer w”, (3.13-20) 


where z denotes the root of (3.13-15). In particular 


(v—1) 
= gs srorw (3.13-21) 
v=1 


3.18.4 — MODIFICATION OF LAGRANGE’S SERIES 
A remarkable case occurs when we take 


where f(z) is regular at z = 0, (0) = 0 and /’(0) + 0. If C is a suf- 
ficiently small circle around the origin, then the function g(z) is free 
from zeros inside or on C. Since f(z) is not constant we conclude 
from the maximum modulus principle that |/(z)| for z inside C is 
smaller than on the circumference. It is therefore possible to find a 
number w such that 
z 

y(2) 
for all z on C. Thus we find that the equation 

w = f(z) 
has a simple root inside C, being expansible as a power series in w. 
It is easy to verify that the coefficients computed by (3.13-7) are 
the same as (3.12-3). First we observe that cy = 0. When 1 > 0 
we have in accordance with (3.12-8) 


LCT Ae oD act 
2nin eg 6" {"(C) = Amine fC)’ 
whence, by integrating by a 


g(a 
on ~ Qi =) man & 


An alternative expression for the coefficients occurring in (3.12-4) 
is therefore 


lw] < f@)| = 


Cc, = 


b, =a) ae i=: (3.13—22) 
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Thus, for instance, when we take f(z) = ze-* we find at once 
n*-1 


1 
by = — (2%) |, g = 


> 


n! 
in accordance with (3.12-11). 


3.13.5 — KEPLER’S EQUATION 
A famous example is the application of Lagrange’s expansion to 
the solution of Kepler’s equation 
u—esinu=t (3.13-23) 
which occurs in the theory of the elliptic orbit of a planet. In this 
equation u denotes the so-called excentric anomaly, (fig. 3.13-1), t 


Fig. 3.13-1. Excentric anomaly 


the mean anomaly (proportional to the time elapsed since the peri- 
helion passage) and e the excentricity of the orbit. 

In the formula (3.13-15) we replace a by t, w by « and z by u. If 
z is on a circumference of centre ¢ and radius 7, then the inequality 
(3.1319) 

le sin u] < |u—é| = 7 

can be satisfied by sufficiently small ¢ and to such a value of ¢ cor- 
responds a single value of u inside C which is a root of Kepler’s 
equation. Applying Lagrange’s expansion (3.13-21) we find that 
co (sin’¢) ¢-)) 


u=t+> a &”, 


vol 


(3.13-24) 


the root tending to ¢ as e> 0. 
In practice it is not so easy to evaluate (sin"t)("-)) directly, but 
the following trick facilitates this process considerably. Put 


s=cost+dzsint#, 
Then 
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s-1 = cost —7sint. 
If & is an integer, we also have 
s* = cos kt +- 7 sin Rt, s-* = cos kt — 1 sin At, 
and so 
sht-s-* = 2.cos Ri, st—s—* = 21 sin Ri, R= 0. 2452 
, (3.13—25) 


On applying the binomial formula to s—s~! we easily find, taking 
account of (3.13—25), 


(i) when is even: (—1)#* 2"—1 sin"¢ 
n n n 
a = nt = ere _1)in P 
= cos nt (7) cos(n—2)t+ (:) cos(n—4)i—...+(—1) bear 
(ii) when » is odd: (—1)#"-)2"-1sin"¢ 
n 


= sin nt — (7) sinfn—2y¢+ (5) inna 4t—..+(— 1H gay) 


It is now an easy matter to carry out the process of differentiation 
in (3.13-24). 


3.13.6 — LEGENDRE’S POLYNOMIALS 

In the expansion (3.13-20) the coefficients are holomorphic as 
regards the parameter a. Keeping w fixed we can assign a bounded 
and open subset U of { such that if a varies throughout the closure 
of 1 and if z is on C we have |wy(z)/(z—a@)| S q < 1. It follows that 
the series is uniformly convergent as regards a on this closure and by 
virtue of the theorem of section 2.20.3 we may differentiate the 
series term-by-term. In particular we find that the root of (3.13-4) 
inside C is holomorphic as regards a, when a varies in UW. Replacing 
g’(z) by F(z) we obtain on performing the process of differentiation 


dz eed alld " 


5, = F@)+ > (3.13-26) 


F(z) — 


a formula which is frequently useful. 
We illustrate it with the following example. Let g(z) = z and 
g(a) = 4(a2—1). Hence F(z) = 1 and (3.13-25) yields 


= 0 d”(a2—1)*/da”_ 
rae 2’ y! 


The coefficients of w" in this expansion is evidently a polynomial 
P.,(z) of degree . It is called Legendre’s polynomial of degree n. 
Replacing a by z we have Rodrigues’s formula 


4 3.14] LEGENDRE’S POLYNOMIALS _ 169 


P,,(z) = ae (22—1)”. (3.13-27) 
* 2"! dz” 
From 
w(z2—1) = 2(z—a) (3.13-28) 
we deduce, if we consider z as a function of a, 
dz dz 
z da w= ia 1 
or 
dz 1 
da 1—wz' 


On the other hand we may write (3.13-28) as 


(wz)?—w* = 2wz—2aw 


or 
(1—wz)? = 1—2aw+w? 
whence 
dz 
— = (1-2 2)-4, 
= ( aw-+w?) 


Hence we may state that P,(z) is the coefficient of w” in the 
powerseries expansion of (1—2zw+-w?)-* 16: 


(1+ 22+?) = y P,(z)w’. 


v=0 


(3.13-29) 


3.14 — Legendre’s polynomials 


3.14.1 — THE DIFFERENTIAL EQUATION OF LEGENDRE’S POLY- 
NOMIALS 


From Rodrigues’s formula (3.13-27) it is at once evident that 


| P,(—2)=(—1)"P, 2). | (3.14-1) 
Observing that 
= (22—1)" = 2"!z2"4+ terms involving (z?—1) 
we deduce that 
P,(1) =1. | (3.14-2) 


Let us put 
u = (22—1)". 


i i Os 
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Then 
(22—1)u’ = 2nzu. 


Differentiating both members of this equation +1 times we get 


n+1 


(22— 1)y(rt2) 4 ( 1 


or 


)azwinen 2("5 ‘um =2nzuitD + i *) anu 


(z2@— 1) (+2) 4 224") —n(n+1)u\™ = 0. 


It appears that P,(z) satisfies the differential equation 


(22—1)P)+2z2P)—n(n+1)P, = 0. 


(3.14-3) 


It is easily shown that P,,(z) has no multiple zeros, for when at a 
certain point z we should have P,(z) = P.,(z) = 0 then also 
P’’(z) = 0, since z-+1 and on differentiating (3.14-3) we succes- 
sively find that the derivatives of all orders should vanish at z. This 
cannot be true, for the m-th derivative of P,,(z) is a constant 
different from zero. 

Next we shall show that P,,(z) has n real zeros between —1 and +1. 
In fact, the function « = (z2—1)" has 2n real zeros, ” of them being 
+1, the others —1. By Rolle’s theorem the derivative wu’ has at least 
one zero between —1 and +1. Since u’ has m—1 zeros +1 and »—1 
zeros —1 it has exactly one zero between —1 and +1. Proceeding 
in this way we find that w’’ has exactly two zeros between —1 and 
+1, etc. 


3.14.2 — RELATIONS OF ORTHOGONALITY 


We shall now derive some remarkable properties of integrals 
involving Legendre’s polynomials. 


Let m denote one of the integers 0, 1,..., . On performing in- 
tegration by parts we find 
J “xy GQ de= —mf" ely") (a) de=. ..=(—1)™m If u\"—™)(n) dat, 
-1 =A -1 


since the derivatives of u of order less than ” vanish at +1 and —1. 
If m <n we therefore have 


f gal (2) dae='0; (3.14-4) 
—1 
whence the relation of orthogonality 


m<n. (3.145) 
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In the case m =n we find 


fara (@)de— (—1)"!["(@2—1)"dx= (—1)"alf'(e—1) (e+ 1)"dx 


—1 


n— % : —])r-1 n+1 eee) aa ; n 
(yin J @ e+ ytd $5 et de, 
whence 

gan+l ! 3 
tr meg) (a da (2!) (3.14-6) 


‘1 (2n+-1)(2n)! 
It is easy to see that the coefficient of 2” in u™ (zx) is 
2n(2n—1).. .(n+1) = (2n)!/n!. Hence, taking account of (3.14-4), 


[ Paeae = — (3.14-7) 


~~ nel 


3.14.3 — RECURRENT RELATIONS 


We wish to draw some interesting conclusions from the obtained 
results. 
First we observe that a relation of the type 


2" == ty Py(z)+. ..pe, Py (2) (3.14-8) 

holds, where ¢p,...,¢, are certain constants. 
The statement is obvious for = 0 or nm = 1, for 1 = P(z) and 
z = P,(z). Assuming the truth of the statement for 1,..., z"-1, we 


find the truth for z” from 
P,,(z) = cz"+ polynomial of degree < u—1. 


As a consequence every polynomial f(z) of degree n can be considered 
as a linear combination (with constant coefficients) of Legendre’s 
polynomials. 

We wish to apply this result to some particular polynomials. First 


we consider 
n+1 


eP,(2) =>. ¢, Pz): (3.14-9) 


Multiplying both members by P,,(z), mS n-+1, and integrating 
between —I1 and +1, we deduce from (3.14-5) and (3.14~7) 


t 2Cm 
| xP, (c)P,(«) de = 
ass 2m+1 

In view of (3.14-4) the integral on the left can only be different 
from zero if n+1=m or m+1=vn. Hence in the expansion 
(3.14-9) only the coefficients c,,, and c,_, survive, i.e., 


(3.14-10) 
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zP,, (z) =a CnaPrn—1(2) HOnsa Praia (2), 
whence, by putting z = 1, taking account of (3.14-1), 
L = Ch ytCnas 
Equating the coefficients of z"*1 we find c,,, = (w+1)/(2n+1), 
whence ¢,_, = /(2n-+1). 


From this result arises a relation connecting three Legendre poly- 
nomials of consecutive degrees 


(n+1)Pysa(z)— (2u+1)2P,, (2) +P,_1(2) =0.] (3.1411) 
As a second example we consider 


Prat(@)—PralZ = «4 (3.14-12) 


oe daaas as before we find, when m Sn, 


= J (Poaa(2) Pala) —Pya(2) Pole)} 
= [Peale )Pin(®%)—Pya(®) Pin (%)} 4 + 
1 , ’ 
— J {Pasa(t) Pin 2) — Ppa (2) Pra )} de. 
-1 
By virtue of (3.14-1) and (3.14-2) the first term in the last expres- 


sion vanishes. The last integral vanishes also when m < n, i.e., we 
have 


= 


Pia (2)—P,4 (2) = CaP (2): 
Equating coefficients of 2" we find c, = 2n+1 and so 
Pia (2)—Py_4 (2) = (20 +1)P, (2). (3.14-13) 


Differentiating (3.14-11) and eliminating P,,,(z) between the 
result thus obtained and (3.14-13) we easily find 


zP) (z)—P._,(z) = nP,(2). (3.14~14) 

Subtracting corresponding members of (3.14-13) and (3.14-14) we 
get 

Phay(e)—2P4(2) = (n-+1)Pa(z).| (8.1418) 


Finally, writing »—1 for in (3.14-15) and eliminating P’_,(z) 
between the equation so obtained and (3.14-14) we find 


(221) P! (z) = nzP,,(z) —nP,,_4(2). | (3.14-16) 
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3.14.4 — SCHLAFLI’S AND LAPLACE’S INTEGRAL 


By virtue of Cauchy’s expression (2.9-9) for the n-th derivative 
we derive immediately from Rodrigues’s formula 


Pa (¢2—1)” 


—————. df, 3.14-17 
Qrt ¢ 2"(C—z) tt ¢ ( ) 


where C is a circle around the point z traversed in the counter-clock- 
wise sense. This integral is due to Schlafli. 


Now we take for C a circle of radius |v. z*—1| assuming, of course, 
that z2 41. Then for ¢ on C we may put 


t = 2+vV2z2—le# 
where @ increases from —z to z. Making the substitution we have 
1 r ( (z—14 V/22— le’) (+14 V2— =, 
2 _—_——_| dp 


20+) re V 22— lei? 


l rz = 
| (2+V 22—1 cos p) "dp. 
270 *_» 


P,, (2) 


-—T 


Since the integrand is an even function of my we may write 


P, (2) = 


ale 


[et+v2—1 cos y)" dp. (3.14-18) 
0 


This expression is due to Laplace. It remains valid when z = +1. 
We conclude this section by evaluating a remarkable limit in- 
volving the Legendre polynomial for » tending to infinity. 
Let z = cos(u/n). The integrand in (3.14-18) becomes 


U ais, WEE ba 
(cos — -+ 4 sin— cos °| 
n n 
and its logarithm is 
n log (cos + 7 sin — cos °) = n log (1+ —cosg+o (n-)) 
n n n 
where o(n~1) is such that 1 o(n—1) > 0 as n> ce. Now 


n log 4% cos gy + o(n-2)) 


ee log {1+72u (cos g)/n + o(n-1)} 


iu (cos 9) | + o(n—) {iu cos p + no (n-1)} 


tending to 7u cosm as n> oo. We thus find 
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U 1 
lim P ( “) =— : a 
im P,, (cos — : exp (tu cos p) dp 


n—>0o 0 
1 2 1 
= | {cos(u cos y)-+ 7 sin (u cos y)} dp = — "cos (u cos ¢) dy, 
a) 7 oO 


thus 


lim P, (cos “| =F tay, (314-19) 


N—>CoO nN 
where J(u) is Bessel’s function of order 0 represented by 


] 
Jo(u) = 


a — [cos (u cos p)dp. (3.14-20) 
7EXQ 


CHAPTER 4 


WEIERSTRASS’S FACTORIZATION OF INTEGRAL 
FUNCTIONS - CAUCHY’S EXPANSION OF PARTIAL 
FRACTIONS - MITTAG-LEFFLER’S PROBLEM 


4.1 — Infinite products 


4,1.1 — CONVERGENCE 


Given a sequence 
Cai Cay Cajed ots (4.1-1) 


of complex numbers, we may construct another sequence 


n 


$,= TT (it+e,) = (1+¢)).. .(i+¢,), 2#= 0,1, 2, .... (4.1-2) 


»=0 


This sequence is called an infinite product and is represented sym- 
bolically by 


co 


TI (1+¢,). (4.1-3) 
v=() 

If p, tends to a finite non-zero limit p as n —> oo we say that the 
infinite product is convergent. If, however, #,, tends to zero without 
any factor 1+c, being equal to zero or does not tend to any finite 
limit, the product is called divergent. If there is a finite number of 
factors equal to zero the product is said to be convergent, when the 
product obtained by removing these factors turns out to be con- 
vergent. We then attribute the value zero to the product and, con- 
sequently, a convergent infinite product is zero if at least one of tts 
factors 1s equal to zero. 

Accordingly, in most cases there is no loss of generality if we 
assume that all factors are different from zero. 

Since 


Pn = Paaten Pa—w (4. 1-4) 


an infinite product (4.1-3) converges only if c, > 0 as n> ©. 
A useful theorem is the following: 
A necessary and sufficient condition for the convergence of the infinite 
product (4.1-3) 1s the convergence of the series 


y log (1++¢,). (4.1-5) 
»=0 
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We assume that none of the factors of (4.1-3) vanish. 


Let 
so > log (1+c,). (4.1-6) 
Then a 
e”s = a] (1++c,) (4.1-7) 
v=0 


and since the exponential function is continuous, s, — s implies 
pb, > e*§ as n> ©. Hence the condition is sufficient. 

If, conversely, the product is convergent then, ¢ being an arbitrary 
positive number < 1, we can find a number m, such that 


(1pepsa)- + (+ Cnam—H < de, 
provided n =m, m = 1. If |z| < 4¢ < 4 we also have 
llog (1+2z)| <e, (4.1-8) 
for, if |z| < 4 we deduce from the logarithmic series the estimate 


Z| 

log (1+z)| S |z|-+4]z/?+... S |z|+|zP+...= 5 S 22. 

We thus may infer that 
llog (1+¢n41). --(L+Cn4m)| << (4.1-9) 
whenever 1 = 1%, m= 1. 

Now we draw attention to the fact that in the complex case the 
logarithm of a product is not necessarily the sum of the logarithms 
of the factors, but may differ from it by a multiple of 277. As a 
consequence there exists an integer g such that 


[log (1++e,45)+. . -+log (1-+¢,4.)-+2¢mt |<, (4.1-10) 
and we desire to prove that g = 0. Take a fixed m = mo. Obviously 
the statement is true for m = 1. It follows that it is true for m = 2, 
for in 

log (1-+¢,41) +log (1+¢,42) +2qa0 
each of the first terms has a modulus < « and since the entire sum 
has a modulus <e we infer that g=0. On applying this argument 
repeatedly we conclude that always g = 0 and the necessity of the 
condition follows at once. 


4.1.2 — ABSOLUTE CONVERGENCE 

The infinite product (4.1-3) is said to be absolutely convergent if 
the series (4.1-5) is absolutely convergent. An absolutely conver- 
gent product is convergent. 
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An absolutely convergent infinite product 1s unconditionally conver- 
gent. The meaning of this statement is that the value of an abso- 
lutely convergent infinite product is not affected by changing the 
order in which the factors occur. 

According to the previous definition the statement is equivalent 
to an analogous one for absolutely convergent series. For the sake 
of completeness we add the proof. 

Suppose that the series > a, is absolutely convergent. Given a 


v=0 
positive number « we can find a natural number ™ such that for 


al m>n 
IQnyat- : FGa| = langal+- : +14,| <€é 
Or 
5 PE <6, 


where A, denotes the sum of the first terms of the series. 
Letting m— oo we see that 


|jA=A,| = 8; 
where A is the sum of the series. 


co 
Now we consider a second series > a, formed by the same terms 


»=0 
as the former one but in a different order. If m is sufficiently large 
then d),...,@, are among the terms of the new series having a 


subscript <_m. By the same argument as above we may infer 
- that 
|An—Aal <6, 


provided m is sufficiently large. And so 


|A—A;,| S |A—A,|+14,—Aal < 2¢, 


co 
in other words, the series > a, converges to the same sum A. Since 
v=0 


the theorem is certainly true for series with positive terms the re- 
arranged series is also absolutely convergent. 

The infimite product (4.1-3) 1s absolutely convergent 1f and only if 
the series 


do (4.111) 


ts absolutely convergent. 

A necessary condition for the product (4.1-3) or the series (4.1-5) 
to be convergent is c, > 0. Hence from a certain index upwards we 
have |c,| < 4 and then, omitting the terms c, = 0, 
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log (1 
f1— 16 Oe) pe deh. 1S Healt lel.) 
_ yl 
ae 
and so 
Heal S flog (1+¢q)1 S Hea (4.1-12) 


these inequalities also being valid for c, = 0. This shows that the 
series > log (1-++c,) converges absolutely if and only if > |c,| is 
v=0 =0 


convergent. Since (4.1—12) remains true when we replace c,, by |c,,| 
we find that the product (4.1-3) is absolutely convergent if the pro- 
duct 


foe) 


IT (1+l¢,1) (4.1-13) 


»=0 
is convergent. 


A product may be convergent without the series > c, being con- 
v=0 
vergent. A simple example is the following. Let c,_, =~” and 


Con = —n~*%+n71. The series > c,, being the harmonic series, is di- 
co v=] foe) 

vergent. The product [J (1-++c,) is equal to the product J] (1+2~*"), 
v=1 v=] 


this latter being convergent, since the series > »~* is convergent. 


4.1.3 — UNIFORM CONVERGENCE 
Consider a sequence of functions 


fo(2), 2), fal2), +++» (4.1-14) 


each function being defined in a set ©. Assume that the infinite 
product 


co 


TI 1+/(2)} (4.1-16) 


v=0 


converges at each point of ©. If the sequence 


F,(2) = I (1+4,(2)} (4.1-16) 


converges uniformly in ©, we say that the infinite product (4.1-15) 
is uniformly convergent in ©. 
A useful theorem concerning these matters is the following: 
Assume that the functions (4.1-14) are all holomorphic in an open 
set U and that the series 
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Sil (4.1-17) 
v=0 


is uniformly convergent in every closed and bounded subset of UX. Then 
the product (4.1-15) converges absolutely to a function F(z) which is 
holomorphic throughout A, the convergence being uniform in every 
closed and bounded subset of YL. 

In fact, since the series (4.1-17) converges at every point of 
the product (4.1-15) is also absolutely convergent by virtue of the 
last theorem of section 4.1.2 and hence the product represents a 
well-defined function. 

If © is a closed and bounded subset of 2, by hypothesis we can 
find an index m such that 


n+ (2)|+- . + fam (2)| = (4.1-18) 


at each point of ©. Let us write 


Pnim(2) = t1+fol2)}- - {1+fn(2)}am(2), m 21. (4.1-19) 
Taking account of (4.1-19) we then have 


19m (2) | sS {1+ fas (z) |}. ‘ {1+ |fn+m(2) |} 
S exp {Ifnsa(2)|-+- - -+1fnam(2)|} < e. 
Hence the sequence q,(z), 2(z),... tends uniformly to a limiting 
function and the same is true for the partial products $9(z), £,(z), .- - 
According to the theorem of section 2.20.1 the function F(z) is 
holomorphic throughout . 


(4.1-20) 


4.1.4 — LOGARITHMIC DERIVATIVE OF A PRODUCT 


Under the same conditions as in section 4.1.3 we have: 
At every point where F(z) 40 the following relation holds 


(4.1-21) 


Since F(z) ~ 0 none of the factors 1+/,,(z) vanish. The sequence 
Po(2), 1 (2), .. . tends uniformly to F(z). By virtue of the theorem of 
section 2.20.1 also the sequence #,(z), ;(z),... tends uniformly 
to F’(z) and therefore 


Pn(2) _ F’(2) 


Y 


as ~—> oo. But 
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and the result follows. -We may add that the series on the right- 
hand side of (4.1—21) is uniformly convergent in any bounded and 
closed subset of 2 that does not contain zeros of F(z). 


4.2 — The factorization of integral functions 


4.2.1 — GENERALITIES . 
We already proved in section 2.6.2 that a polynomial 


f(z) = ¢oteyz+. ..+c,2", bce Oe Sse; (4.2-1) 


possesses ” zeros 4@,,..., 4, and can be expressed in the form 
f(z) = c,(z—a@,). . .(z—a,), (4.22) 
or, alternatively, 
(2) =a(1-=)... (i+), (4.2-3) 
a an 


provided cy 4 0. 

These matters can be generalized. We consider the problem: To 
find whether an integral function possesses zeros and to express 
the function as an infinite product. 

We observe first that there exist integral functions with no 
zeros, €.g., EXp 2, more generally exp p(z), where (z) designates 
an integral function. Conversely, 7 g(z) 7s an integral function with 
no zeros, it must be of the form exp y(z), where y(z) ts itself an integral 
function. 

In fact, under this assumption the function g’(z)/g(z) is an inte- 
gral function. Integrating it along a path from 0 to z we find that 


p(z) = log g(0) + J ‘oe dt (4.2-4) 


is also an integral function. The logarithmic derivative of the 
function (exp y(z))/g(z) is ~’(z)—g’(z)/g(z) = 0, whence 
exp y(z)__ exp 9(0) _ 
g (2) g (0) 

From this theorem we deduce that 7/ g(z) 1s an integral function 
with a finite number of zeros and if we denote by p(z) a polynomial 
which has the same zeros as g(z), each counted with the proper multi- 
plicity, then 


&(z) = p(2) exp y(2) (4.2-5) 


where p(z) 1s an integral function. 
This follows from the fact that g(z)/p(z) is an integral function 
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with no zeros. — Applying the same arguments we have: J} g(z) 
and h(z) are integral functions having the same zeros with the same 
order of multiplicity, then 

g(2) = A(z) exp y(z) (4.2-6) 
where p(z) is an integral function. 


4.2.2 — EXAMPLES 

The problem of the factorization of an integral function with 
pre-assigned zeros by means of an infinite product or, as commonly 
stated, the factorization of an integral function shall be illustrated 
in a few examples. 

A first example of the expansion of an integral function in an 
infinite product was provided by Euler who stated for sin zz the 
expression 


sin 7zZ = xT] (- *) . (4.2-7) 


v=] Vv 2 


At first sight the problem of constructing an integral function 
which vanishes at the points of a sequence 


Og Go (4.2-8) 


with the orders of multiplicity m,, m.,... respectively might be 
solved by taking for g(z) the infinite product 


a 2-8) 


but a product of this type is, in general, not convergent. The diffi- 
culties inherent to the problem of factorization were surmounted by 
Weierstrass, inspired by a formula which represents the reciprocal 
of Euler’s gamma function as an infinite product: 


I (+5) e(—) 
——~ = zexpyz: —}exp|—-—}, 
T(@) sale 8 al ei 6 ae 
y being a universal constant, the Euler constant (see section 4.6.1). 

Here the convergence arises from the coupling of the factor 
exp(—z/n) with the binomial 1+-z/n and, in general, as we shall see, 
the adjunction of exponential factors enabled Weierstrass to achieve 
his purpose. 


4.3 — Primary factors of Weierstrass 


4.3.1 — PRIMARY FACTORS 


According to Weierstrass we give the name primary factors to 
the integral functions 
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1 
E(z;0)=1—z, E(z;k)=(1—z) exp (24424. oe =#), (4.3-1) 
k being a positive integer. These functions vanish only at z = 1. 
The integral functions (4.3-1) can be expanded in a power series 
E(z; k) = 1—e,2*+1—c,2* 2, | ., (4.3—2) 
where ¢), Cy,... are positive rational numbers, provided k > 0. 
In fact the derivatives of the function 


exp (-+9e+. weft =) (4.3-3) 


are products of polynomials with positive integral coefficients and 
the function itself. This function and all its derivatives assume 
therefore integral and positive values at z = 0. As a consequence, 
the coefficients c,,c,,... in the Taylor expansion 


1 
exp (-+4et4. oof ;*) = (R+1)eqy+(R+2)cgz+... (4.34) 


are rational and positive. 
We have further 


E’ (z; k) = {—1+ (1—z) (l+-2+. ..+2*-1)} exp (-4424. waft +) 
= —2" exp (get. we ;*) (4.3-5) 


and according to (4.3—4) 

E’ (z; k) = —(R+1)c,2*— (R+2)e, 28H. . ., (4.3-6) 
and by integrating term-by-term, taking account of E(0;k) = 1, 
we find (4.3-2). Making z = 1 we find from (4.3-2) 


pe as (4.3-7) 
v=] 


4.3.2 — A FUNDAMENTAL INEQUALITY 
For subsequent applications we need the following theorem: 
The logarithm of a primary factor satisfies the inequality 

llog E(z; k)| S 2\2|/*41 (4.3-8) 


provided that |z| < . 
In fact, we have for |z| < +, & 2 I, 
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1 
log F(z; k)=log (l1—z)+-2+42?+...+ 3F 


— get1_ So Fie. se 
k+1 k+2 
whence 
1 
: =e leit = ae 
log Ete: #)| se (+ belt...) 


S |z[***(1+$+ (4)?+. . .) = 2/2/F4, 
the result being also true when k = 0. 


4.4 — Expansion of an integral function in an 
infinite product 


4.4.1 — THEOREM OF WEIERSTRASS 


In any bounded region the integral function g(z) possesses only 
a finite number of zeros, for there is no accumulation point of zeros 
at finite distance, unless g(z) is identically equal to zero (a case 
which we shall exclude). It is easily shown that the zeros of g(z) 
form an enumerable set and hence may be arranged in order such 
that the moduli do not decrease and that from two zeros having 
the same modulus the zero with the smallest principal argument 
precedes. Until further notice we exclude the case that z = 0 is 
among the zeros. We arrange the zeros in a sequence 


Bis Gays (4.4-1) 
such that 
Os [ay] Saal Se og (4.4-2) 


with a, —> oo when there are infinitely many zeros. 
We shall agree on repeating in the sequence (4.4-1) a zero as many 
times as is indicated by its order of multiplicity. 

We wish to consider the following problem: 

Given the sequence (4.4-1) which satisfies (4.4-2). To construct an 
integral function which vanishes at the points of this sequence and at 
these points only, agreeing that if a point is repeated yw times, then this 
point 1s a zero of order mu of the function. 

The solution is given by the following theorem of Weterstrass: 


If ky, ky, ... 1S a sequence of non-negative integers such that the 
series 
> |— (4.4-3) 
y=1| 4, | 


ts convergent for all values of z, then 
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owl +3 (3) +-+5(2)] 
A exp i tS a, RT Se ~ 5 


g(<) = exp (2) TT ( 


yl y v v 


(4.44) 


where p(z) is an integral function, the ultimate exponential factor being 
omitted when the corresponding k, = 0. 

Referring to the considerations of section 4.2.1 it is sufficient to 
prove that the factor of exp y(z) in (4.4.4) represents an integral 
function with the prescribed zeros. In view of (4.3-1) we can rep- 
resent this factor as 


(4.4-5) 


and according to (4.3-8) 


z 
] E(=;2,] 
Nae (PE 


n 


kyt+1 
» [a 


23 >2Qlz|, (4.46) 


nl = 


this being the case for sufficiently large values of m. Hence the series 
S log (=; 4.) 
y=] a, 
is absolutely convergent at every point z different from the points 
(4.4-1) and therefore the product (4.4-5) also converges absolutely. 
The product, moreover, converges uniformly in any bounded set 
and hence represents an integral function. According to the theorem 
of Hurwitz (section 3.11.1) the only zeros of f(z) are found from 


2 
E(=;4,) =o, Oe 12,606 
ay 
i.e., the zeros are precisely the numbers of the sequence (4.4-1). 
Since |z/a,| <1 for |a,| > |z| the series 
2 3 


z z Z 
SS) Seal ots ge 
ay as a3 
is convergent. On account of this fact it is always possible to find 
a sequence hy, ka, . . . having the property mentioned in Weierstrass’s 


theorem, for we can take k, = n—l. 

We wish to find the logarithmic derivative of the function (4.4-5) 
which will enable us in section 4.12.1 to understand how the solution 
of the factorization problem can be made to depend on the solution 
of the so-called problem of Mittag-Leffler. 

In view of (4.1-21) we have at once 
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: ibak 1 1 Zz z*v-1 
om ( ara ee dase ) (4.4-7) 


k, 
v=] —a a,” 


the series on the right hand side being uniformly convergent in any 
closed and bounded set that does not contain points of the sequence 
(4.4-1). 

In the solution of Weierstrass’s problem we assumed a, + 0. 
Whenever it is prescribed that the origin is a zero of order m of g(z) 
it is sufficient to replace (4.4-4) by the formula 


g(z) = 2"f(x) exp p(z). (4.4-8) 


4.4.2 — A THEOREM ABOUT MEROMORPHIC FUNCTIONS 


Every function meromorphic throughout the whole plane is the quo- 
tient of two integral functions. 

Let g(z) denote an integral function having the zeros of the given 
function as zeros, each with the proper multiplicity and let h(z) 
denote an integral function having the poles of the given function 
as zeros, of course also with the same multiplicity. If f(z) is the given 
function, the function /(z)/(z)/g(z) has no zeros and no poles and can 
be represented by exp g(z). Hence 

g (2) exp v(z) 
f(z) = TAay (4.4-9) 
the desired result. 

As a consequence the study of functions which are meromorphic 
throughout the z-plane can be based on the theory of integral func- 
tions. 


4.5 — Canonical products 


4.5.1 — RANK OF A CANONICAL PRODUCT 


A particularly noteworthy case of Weierstrass’s factorization 
theorem presents itself if there exists a non-negative integer k such 
that the series 

x Ok 
vat |a,|°* 


is convergent. Then the series (4.4-3) is also convergent if we take 
| See ae | a (eee SR 

It is not always possible to find such a number &. For instance the 
series 


(4.5-1) 


1 1 


Se is. = ek ee 4,5-2 
(log 2)#+1 7 (log 3)*+1 Wee ( ) 
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is divergent, however large k may be. In fact, it is easily deduced 
by means of (1.11—5) that always 
n 
and hence from a certain number upwards the terms of the series 
(4.5-2) Compete the corresponding terms of the (divergent) har- 
monic series Fort, 
v=1 
If there exist non-negative integers k for which the series (4.5-1) 
is convergent, the smallest of them is called the vank of the 
sequence 4, 4,..., and also of the vank of the corresponding 
canonical product, this being the function f(z) defined in (4.4-5), 
where all exponents k,, are equal to the smallest number & for which 
(4.5-1) is convergent. 
According to the results of section 4.4.1 we may state the follow- 
ing theorem: 
If an integral function g(z) has as zeros the numbers of the sequence 
(4.4—1) of rank k, then g(z) is expressed by 
ae et ia a ae 
ex iid i=) {2 =(=) +2(4)| 
&(z)=exp p(z )-2" TT ( oe die at a” rales 
(4.5-4) 


where ~(z) ts an integral function and, when m > 0, m designates the 
order of multiplicity of the zero z = 0 of g(z). 

The infinite product in (4.5-4) is absolutely convergent and 
uniformly convergent in any bounded set and vanishes only at the 


points z = 0, a, a),... (the zero z = 0 not being present if m = 0). 
Further 
g'(z) _ = =) 
6) +5 ,  (4.5-5 
g(2) yp’ (2) += 2 > =i. ee i, "TE oa a ( ) 


the series on the ea side being ee convergent in any 
closed and bounded set which does not contain zeros of g(2). 


4.5.2 — FACTORIZATION OF THE SINE 
As an example we consider the function 
sin 72. (4.5-6) 


This function is an integral function which vanishes at z = 0, +1, 
+2,... and since the series 


(4.5-7) 
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(the prime indicating that on the left-hand side » = 0 must be ex- 
cluded) is convergent, the rank of the sequence of the zeros is equal 
to 1. Hence we have 
va z z 
sin mz = exp y(z) 2 []’ (1 =) exp — (4.5-8) 
y==—00 v v 
and by re-arranging the factors, since the product is unconditionally 
convergent, 


sin 2z = exp ¢(z) eT (1-5). (4.5-9) 


The main difficulty is the determination of the function ¢(z). 
Taking the logarithmic derivative we find 


t ean en (4.5-10) 
cthzz = v4 — —————4 y 
ty * ? 2 yay 27? 


Comparing this result with (3.7-30) we conclude that g’(z) = 0 and 
hence that g(z) is a constant. As a consequence the factor exp ¢(z) 
in (4.5-9) is also a constant and since 


sin 72 
=] (4.5-11) 


lim 
z—>0 UZ 


we find that the constant is equal to z. We thus derived the famous 
Euler expansion 


(ore) g2 
sin 7z = az] jit *.). (4.5-12) 
v=1 v 


The Weierstrass formula for sin zz turns out to be 


: sa z z 
sin az = az [[’ (1- =) exp —. (4.5-13) 
v=—00 Vv; v 
4.5.3 — WALLIS’S FORMULA 
If we insert z = 4 in (4.5-12) we obtain the result 
ee! $9 (: 1 : 7, ae 
= $7 — —_] = 37 ee 
: i 4y? : v=1 4y? 
whence the important formula of Wallis 
oe 2y)? 2:24-46-6 
(2”) (4.5-14) 


= TN oy @pl) 133-57 


which may also be written in the form 
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(4.5-15) 


It is easy to give an independent proof of this result. In fact, if 
m is a positive integer then 


id ; ad ; 
‘| sin” x dx > J sin” tx da 
0 0 
and by integration by parts it is shown that 4 lies between the 
number 
2244 6 6 2n 2n 


and the number obtained by omitting from this product the last 
factor. 


4.6 — The gamma function 


4.6.1 — DEFINITION OF THE GAMMA FUNCTION 


The most general integral function which vanishes simply at the 
points z = 0, —1, —2,... only has the form 


g(2) = expote)-= TT (1+ =) exp(—=), 


where ¢(z) is an integral function. In fact, the sequence of the zeros 
is of rank 1, as already has been pointed out in the previous section 
in the case of the function sin zz. 

The case in which y(z) = yz, y being a constant selected in such a 
fashion that g(1) = 1, is of utmost importance. The reciprocal of this 
function is called the gammajunction and is denoted by the symbol 
I'(z); thus 
1 

(4.6—1) 
3 


net s)oo(—3) 


The gamma function 1s meromorphic in the entire plane, having only 
simple poles, viz., at the points 
as ae ee ee (4.6-2) 
Moreover, the gamma function vanishes nowhere. 
According to the definition we have 


| r(1)=1 (4.6-3) 


and as a consequence y is determined by 
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i f 2 3 4] n+1 (1+ ead 4 -)| 
has st ue eee | n n})’ 
; n+l 
and since log tends to zero as »-> co we have 
(4.6-5) 


The constant y is called the Euler constant. A crude estimate of 
this constant is obtained in the following way: 


From 
1 hs 1 
Sa —<— — 
#41 Se x nN 
we deduce 
] n+1 I 
lof = 4.6-6 
n+l S98 nN m n ( ) 
Since for” > 1 
\ 1 2 3 n = 2 , 3 7 n 
og n= Sea he OTT ie FT 08S eight os TS 


we also have 


1 1 
a le er 


=]— (log = —) — (tog 3 — =) 1... (Iog Z --| 
1 2 2 3 n—1 n 
= (1 toe) + (2 tog) 4.4 (tg 85) 42, 
1 1 2 Nn 
(4.6—7) 


whence, according to (4.6-6), 


1 1 1 
1— (og 2— 5) * a +...+——log  >1—log 2, 
n 


and this leads to 
Cara dt. 
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4.6.2 — FORMULA OF GAUSS 
From (4.6—1), taking account of (4.6-5), we deduce 


d ali (1 J : lo n) +2 ; (14 “) ex ( “) 
ig oo Aig Sept a g Il ; p oa 
=lim exp (—z log 1): z Il (4 =) 
n—>0oo v=1 d 
(1+ F)(r+$)..-(r44) 
z iy tg ears Py 
pe n* 


and finally the formula of Gauss 


’ n|n? 
D(z) = lim ——______., 


n>co 2(2-+1). . .(z-+2) (4.6-8) 


It is assumed, of course, that z 40, —1, —2,.... 


4.6.3 — FUNCTIONAL EQUATION 


It is easy to derive a functional equation for I'(z). In fact, from 
(4.6-8) we have 


i n| nth 
tery gs) ED eee) 


‘ n!n* ; nN 
= zlim ————————_ : lim ———_ 
n->co 2(2-+1)... (2+) nso ztntl 


and hence the first fundamental relation for I'(z), the functional 


equation 
D(z+1) =z T(z). (4.6—-9) 
In particular, when z is a positive integer m, we have 
DP(m4-1) = mT (mn) =... = mT (1) 
or 
T(m+1) = m!. (4.6—-10) 


Thus the gamma function coincides with the factorial when the varia- 
able takes positive integral values. 

It is an easy matter to evaluate the residues of I'(z) at its poles. 
Let m denote a non-negative integer. Then by (4.6-9) 


TD (z+m-+1) 
ib z(z+1)...(z+m—1) 


Letting z + —m we have 
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Pc es 2 eR Nass 

(—m)(—m-+1).. .(—1) m! 

this result being also valid for m = 0, for zI'(z) = ['(z+1) > [(1) 
= 1. Hence 


, (4.6-11) 


4.6.4 — FORMULA OF THE COMPLEMENTARY ARGUMENTS 
The formula (4.6-8) is equivalent to 


Poh n\n? 
ae) = gue el leo 
Further 
Pra=A=F nin\* - n'n-* 
Tn ea. obePi on ey aa 
Hence 
Be ti a oy ee 
(1-4). (3) 


In view of (4.5-12) we thus obtain the second fundamental relation, 
the formula of the complementary arguments 


| D(z) P(1—z) = mese mz. (4.6-18) 
In particular, since (x) > 0 whenever xz > 0, 


ge eee | (4.6-14) 


4.6.5 — EXPANSION OF THE LOGARITHM OF THE GAMMA FUNCTION 
Taking logarithms on both sides of (4.6-1) we get 


log ['(z)=—log z—yz— 3 log (14 =) _ 5 : (4.6-15) 


v=1 
The formula is valid in the principal region z+|z| 4 0. 
Expanding the logarithms occurring in the infinite series we get 
a Lf2\r 
log ['(z)=—log z—yz+ > > aie dar (=) » [al <1, z+]2| 49, 
v=1 u=2 


and hence, by Weierstrass’s double-series theorem of section 2.20.4 
and the functional relation (4.6-9), 
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log P'(z+-1)=—yz+ s a i 
u=2 ad 


with 


C(u), jz] <1, z+|z| 40, (4.6-16) 


S(m): = Sar. (4.6-17) 
v=] 
For real values of z this series could be used for numerical compu- 
tations, but the convergence is, however, rather bad. For large 
values of m the sums ¢(m) differ less from unity and we obtain a 
better result if we add the series for log (1+z). We then find, 
writing » instead of wu, 


{C(v)—1}. (4.6-18) 


A much better series is obtained as follows. First we replace 
z by —2, 

log '(1—z)=—log (1—z) —z(1—y)+ ee) )—l1}.. (4.6-19) 

u=2 V 
By the functional relation (4.6-9) and the theorem of the com- 
plementary arguments (4.6-13) we have 
log '(1+2)+log ['(l—z) = log (mz csc mz). (4.620) 

Adding corresponding members of (4.6-18) and (4.6-20) and sub- 
tracting from the resulting equation corresponding members of 
(4.6-19) we find after dividing by 2, 


log T'(1+2)= = (Iog (xz csc xz) — log =) 
[oe) 2v+1 
+2(1+y)— > {e(2v+1)—1}.  (4.6-21) 


pw=1 2y+ 1 
In particular, taking z = } and observing that ['(3) = 4I°(4), we 
have the following expansion of the Euler constant: 


3 co 
y= 1—bogs — 2 @p1 
A table giving the values of £(m) has been computed by Legendre. 
If we take the terms up to and including ¢(9) we find y in 16 places 
y = 0.57721 56649 01532 9. 


It is unknown whether y is rational or irrational. 


{€(2v+1)—1}. (4.6—22) 


4.6.6 — DUPLICATION FORMULA 


The functions I'(z)'(z+4) and I'(2z) have the same poles, viz. 
z= 0, —4, —1, —?, —2,.... Hence their ratio is an integral func- 
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tion with no zeros and is of the form exp (z) (see section 4.2.2). As 
a consequence the relation 


I'(z) C(z+4) = exp y(z) - I'(2z) (4.6—23) 
holds and from (4.6—-1) we conclude that y(z) must be a polynomial 
whose degree does not exceed unity. Hence we may write 

T(z) (z+4) = ae™*T'(2z). (4.6—24) 


Replacing z by z-+4 we obtain from (4.6-24), taking account of 
(4.6-9), 

2V\(2+4) T(z) = ae*+# 221 (2z). (4.6-25) 
Comparing this with (4.6-24) we infer that 2e#? = 1, or e? = }, 
Putting z = 0 in (4.6-25) we have on account of (4.6-13), since 
zI\(z) = I'(z+1) takes the value ['(1) = 1, 


a/n = 4a 


and we arrive at the result 
D(z) PD (z+4) = 21-**4/a T'(2z), (4.6-26) 
the third fundamental relation, the duplication formula of Legendre. 


4.6.7 — EULER’S FORMULA 


The previous result may be readily generalized. A generalization 
of (4.6-14) is Euler’s formula 


a (“) = (200) 8D 4-4, (4.6-27) 
u=l m 
m being an integer = 2. 
According to (4.6-13) the square of the expression on the left- 
hand side is 
m—1 Lu Lh oe 
dr (4) r (1 £) See ee ee AS,” IGOR) 
al m m 7 Te: . (m—1)x 
sin — sin —... sin 


In order to evaluate the denominator on the right-hand side of the 
latter equation we use the identity 


a™—] es ( =) 
=7™I4+,, 4+1= x—exp —— 
ioe 5 ae Il P= 


whence, taking x = 1, 
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p=1 
mt (m—1)2i ™=1 {ex p(-4 Mt) ex pil 
=exp —...exp ———__ 
Pin a: is m 

m—1 m—1 

=exp $(m—1)ai TT {exp e id ee oe sa a i | sin | 
u=1 u=1 m 

Hence 
1 Qa _(m—l)x om 
sin —+sin—-...+sin-———— = —_., (4.6—29) 
m m m ya 


and the desired result follows easily. 


4.6.8 — GAUSS’S MULTIPLICATION FORMULA 


By a method similar to that used in section 4.6.6 we may derive 
a very general result due to Gauss, the multiplication formula 


Tr (:+4 o). m*—™ (2a) 8™—DT (mz), (4.6-30) 


u=0 


where m is an integer => 2. For m = 2 the result reduces to the 
Legendre duplication formula. 
The function on the left-hand side has the same poles as I'(mz), 


1 2 

viz. 2 = 0, ——, ——.,..., and the quotient of these functions is, 
m m 

consequently, an integral function with no zeros. It is therefore of 


the form 

exp p(z) > D'(mz) 
and as in section 4.6.6 we conclude that y(z) is a polynomial of 
degree not exceeding unity. We may therefore write 


TT E (+4 “) = ae’*]"(mz). (4.6-31) 


u=0 
Replacing z by phew have 
m 


m—1 


II r(:+ £), I'\(z) = a@ exp (0-4 -) -mz0(mz) (4.6-32) 


u=1 
and comparing this equation with the previous one we deduce 
me? — 1, or e? = m-™, Putting z = 0 in (4.6-32) we have on ac- 
count of (4.6-27), since zI'(z) = I'(z+1) takes the value 1 for z = 0, 
(220) 8") yt = am, 


and the desired result follows easily. 
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4.6.9 — CHARACTERIZATION OF THE GAMMA FUNCTION 
On repeatedly applying (4.6-9) we have for any positive integer 
T(z+n) = 2(2+1).. .(z+n—1)T (2). 
Hence, taking account of (4.6-10), 
T(ztn) a2(z+1)...(2+n—1 
ae eee Me), 
and making  — co we obtain by virtue of 


z(z+1)...(z+n—1) 2(z+1)...(z+n) 1 


at Dict a Et AE «rs A ie ea ell eee se 
eee n\n?-1 Sane n\n? (z) 
the result 
T'\(z-+n) 


=1, (4.6-33) 
ence L(t) 

Now we shall establish the interesting fact that the equations 
(4.6-9), (4.6-33) together with (4.6-3) determine the gamma func- 
tion uniquely. We shall establish the theorem: 

There is one and only one function F(z) which satisfies the equations 


Py Se (4.6-34) 
F(z+1) = 2F(a), (4.6-35) 
Pie (4.6-36) 


n—>oo n* F(n) 

provided z is different from z = 0, —1, —2,.... 

We know that there exists at least one solution of these equations. 
If F(z) is such a solution then, according to (4.6-35), 

F (z+n) = 2(z+1).. .(z+n—1)F(z) 
and 
F(n) = (n—1)!, n= 1. 

Hence by (4.6-36) 
(z+1)...(2+n—1) F(z) 


zZ 
I= hi —f LE ee een 
oe n!|n?-1 (2) mud n\n?-1 T(z) p 


and the theorem is proved. 


4.7 — The Eulerian integrals 


4.7.1 — THE INTEGRAL OF THE SECOND KIND 


By the Eulerian integral of the second kind is understood the infi- 
nite integral 
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[Pet#od, Imi=0. (4.7-1) 
0 
We already discussed this integral in section 3.6.11, assuming z to 
be real. We shall prove that this integral exists and is a holomorphic 
function, provided Rez > 0. We may write instead of (4.7-1) 


frertetde + [Perteade (4.7-2) 
0 1 . 


and we shall prove that these integrals exist. 
Suppose that z lies in an arbitrary closed and bounded set. Then 
there is a constant A such that Rez =< A when z lies in the set, and 


so 
[i-4] a Re z—1 < {4-1 


when t > 1. Now e7#*#4— tends to zero as t > oo and, consequently, 
there exists a constant B (depending on A) such that f4-! < Be? 
when ¢ => 1. Hence we have 


le-*#-1| < Bet 
and so the second integral of (4.7—2) is uniformly and absolutely 


convergent in the closed set, (see section 1.5.5). 
In the first integral of (4.7-2) we replace ¢ by f+ and obtain 


[rePds 
1 
This integral is obviously not convergent when Rez <0. If, 
however, 2 lies in a closed and bounded set which lies to the right of 
the imaginary axis the inequality Rez => &, > 0, holds and hence 


| et? {-#-1 | <f¢-1 


when ¢ = 1, and so also the first integral is uniformly convergent. 
By virtue of the theorem of section 2.20.5 each of the integrals 
(4.7-2) represents a function holomorphic throughout the region 
Rez> 0. 

In (4.7-1) we take z = n, n being a positive integer. We find by 
integration by parts 


[Peten.dt = (n—1)! =P). (4.7-3) 
0 
This leads to the conjecture 


T(z) = J “e-t fl dt, Rez> 0. (4.7-4) 
0 
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For z = 4 this result reduces to 
Vn = T(h) =[oe te * dt = 2 [Me at, (4.7-5) 
0 0 
a formula we already encountered before. 


4.7.2 — PROOF OF THE FORMULA (4.7—4) 

In view of the identity principle (2.11.2) it is sufficient to verify 
(4.7-4) in the case that z is an arbitrary real number x between 
0 and 1. We proceed to show that the integral on the right-hand side 
satisfies the conditions mentioned in the last theorem of section 
4.6.9. Call the integral F(x). By integration by parts we find 


F(a+1) = « F(a) (4.7-6) 


and it remains to verify the last condition, since F(1) = 1 is trivial. 
Now 
F(e+n) =["e-tt+1dt 
0 
or, replacing ¢ by t, 


F(z+n) = gts |Cecntaras at 
0 
whence 


F(x-+n) a Me. Pe 2 2, pacts 
Fae said en nt petal dp. (4.7-7) 


In order to show that the expression on the right-hand side tends 
to the limit 1 as 7 — oo we proceed by a method due to A. Prings- 


heim. 
Transforming the integrals 


T(m) =["etetdt, = Pn $1) = [eterna 
0 0 
on replacing ¢ by nt, we find 
nD (n) =["e-mtam de, (4.7-8) 
0 
nT (n) =["e-nten dt (4.7-9) 
0 


Now we integrate the identity 


ent zgn—-1__e-—ntzn — i a (e-8 2%} 
n dt 


between the limits 0 and 1. We thus obtain 
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fe-tae— frenntendt = en. (4.7-10) 
0 0 
If we subtract corresponding members of this last equation and 
(4.7-8) we get 
[cesetoes dt-+ [emer dt =n-"D(n)—e-"n-_— (4.7-11) 
1 0 
and if we add corresponding members of (4.7-9) and (4.7—10) 


[ie dt+ [Pent dt = #-" TD (n)+e-" n-1, (4.7-12) 
0 1 
We assumed 0 < x < 1. Hence 
th < fete-l <— {*-1 when 0 <i < 1, 
while 
PP rer! ee when. 1:7. 

If everywhere in the integrands of (4.7—11) and (4.7—12) we replace 

t"-1 and ¢” respectively by ¢*+"-1 we obtain the inequalities 


n—" I'(n)—e-"n-} a Ne ah dt <n-"I'(n)+e-"n-1 
0 


or 
n"e-” mn” ©o n™e-” 
< ern gern-t apy ; 4.7-13 
n! raid * n! ( ) 
and since on account of (3.12—14) 
nee" 
lim ==) (4.7-14) 
n—>0o n! 


the truth of the assertion follows. 


4.7.3 — INDEPENDENT PROOF OF (4.7-14) 

It is worth-while to give a direct proof of (4.7-14) which provides 
some more information. From the logarithmic series (2.16-11) we 
deduce 

1+2a 


ag ete eet...), lel < 1, (4.7-15) 
—2Z 


log 


whence, if 0<2< 1, 


2a < log < 2u+ $07 (a+a3+...)= 24+ = 


or 


pies aedee eae x? 
22 oe Tae 
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Take x = 1/(2n+1), ” being a positive integer. Then an easy cal- 
culation yields 


1 1 
1< (n+4) log (1+ -) <1+ 1on(n-+l) .  (4.7-16) 
We may therefore write 
1 
(n-+4) log (14 -) = 1+", (4.7-17) 
with 
0 1 (- 1 ee 
<Ta S75 a AS (4.7-18) 


Replacing 1 in (4.7—17) successively by 1, 2, . . ., »—1 we obtain by 
adding the corresponding members of the equalities thus obtained 


2/3 2 n—1 93 n n—1 
1og = (5) on + $log 7 oo = n—1+ > es 


or 
n” n—1 
log — + tlogn=n—1+ Yy,, 
nN! v=] 
whence 
ies 
abo eee (4.7-19) 
nt 


By virtue of (4.7-18) we have 


n—1 1 ( 1 
ee fi ee 
2 js nN 12 
whence 
e"n! pes 
—> el y/n (4.7-20) 
nN 


and this inequality includes (4.7-14). 


4.7.4 — STIRLING’S THEOREM FOR THE FACTORIAL 


The considerations of section 4.7.3 permit to derive an estimate 
of the factorial which is of utmost importance in pure and applied 
mathematics. The results are preliminary to a discussion of a much 
more extensive analogous problem concerning the gamma function 
which shall be dealt with in section 4.9.2. 

In view of (4.7—19) it is plain that the expression on the left-hand 
side of (4.7—-19) is steadily decreasing as » + oo and consequently 
tends to a limit , this limit being positive (as may be seen from 
(4.7-20)). In order to evaluate k we write 
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n n 2n 
eee eg Sy Re RE 41) SPATE 
apes: WATT 445 O88 (20) 1 esc (28 14/R 
Comparing the last member with the expression (4.5-15) in the 
Wallis formula we infer that k = 1/2z and thus we have proved 


Stirling’s theorem 


li ud (£)’ tO 4.721 
1m —— |—] = l. Ry 
a0 4/ 270 \n ( ) 


This means that for large values of m the number (“) / 2an is 
e 


a good approximation for n!. 
Let us write 


ni = (“)' van h(n) (4.722) 
where u(m) is defined by 
u(n) = log n!—(n+4) log n+n— log +/2na.  (4.7-23) 
From (4.7-21) and (4.7—19) it follows that 


1- Dry eo 
e = = V2n 
and, consequently, 
pln) S95: (4.7-24) 
=n 


1 
0 — 4.7—25 
A) ST ( ) 
and this shows again that 
lim u(n) = 0. (4.7-26) 


4.7.5 — PRYM’S DECOMPOSITION 
The expression of the gamma function by means of an integral is 
only valid in the region Rez > 0. It is not difficult, however, to 
derive another expression involving the second integral of (4.7—2) 
and, as we already pointed out, this integral has a meaning through- 
out the entire z-plane. Let us denote the integrals in (4.7-2) by 

P(z) and Q(z) respectively. Hence 
P (2) = Pl) +O) (4.7-27) 


where 
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P(z) = f ‘e-t#1dt, Q(z) = { “e-tt##-1dt, (4.728) 
0 1 
the function Q(z) being an integral function. In the first integral 
(4.7-28) we replace e~* by its Taylor expansion and we then inte- 
grate term-by-term, as is obviously permissible when Rez > 0. 
The result is 


foe) (— 1 ig 
Pi) = > 4.7—29 
(2) > vi(zt+yr) ( ) 
This series is uniformly and absolutely convergent in any closed and 
bounded set that contains none of the points z = 0, —1, —2,..., 


and so it represents a meromorphic function throughout the entire 
plane. Since the function obtained by adding Q(z) to the series 
(4.7-29) coincides with I'(z) to the right of the imaginary axis, it 
represents I'(z) in the entire plane. We thus find Prym’s decompost- 
tion 


2 (=I 

Pia = +] e-*f-ldi, 4.730 

(2) > y!(z+y7) J ( ) 

_y)m 

and we see again that the residue of ['(z) at z = —mis ( : , 
m! 


Pe eT ohiae 


4.7.6 — HANKEL’S INTEGRAL 


A much more satisfactory solution of the problem of representing 
the gamma function by a single integral which is valid throughout 
the entire plane turns out to be possible when we take as a starting 
point the function 

e*z—8 

where s is a complex number. This function considered as a function 
of z is holomorphic in the principal region z+-|z| ~ 0. We integrate 
along a path L(a), that consists of the segment of the lower border 
of the cut in the z-plane from —n to —a, n being a positive integer 
and a a positive number, a circle of radius a around the origin 
and the segment of the upper border of the cut from —a to —n, 
(fig. 4.7-1). The integral under consideration is then 


F,(s) = J ett dit J ett-*dt+ J ““ett-*dt,  (4.7-81) 
= Cc —a 
the variable ¢ being complex. On the lower border we have 2 
= re, y > 0. On the upper border z = ve’. Hence, the right-hand 
member of (4.7-31) is equal to 
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Fig. 4.7-1. Hankel’s integral 


—ers | Roms r-§dr—e-7s J "etr-8 dr+- e't-dt 
n a Cc 
== (e*"—e-**) J "etrtdr+ [ett-*dt, 
a Cc 
or 
F,,(s) = 27 sin as J "etrtdr+ [ett*dt. (4.7-32) 
a Cc 


The function F,,(s) is holomorphic as regards s and the integral 
J e-"y~* dr is uniformly convergent in any bounded set. According 


a 

to the theorem of section 2.20.1 the sequence F,,(s) tends to a limit- 
ing function F(s) which is holomorphic throughout the entire s- 
plane. This function is equal to 


27 sin ns{"e-* i dr+ fet if * at 
a Cc 


and shall be denoted by 


F(s) = | ett-dt. (4.7-33) 
L(a) 
Now we shall prove that F(s) does not depend on a. In fact, the 
function 
G(s) = J et{-*dt— J ett"dt, a<b, 
L(b) Lia) 
is an integral along the boundary of a ringshaped region that is cut 
along a segment from —a to —b, this segment occurring two times 
in the path of integration and bearing different values of the inte- 
grand, (fig. 4.7-2). Although the integrand is holomorphic through- 
out this region it is not permissible to apply Cauchy’s integral 
theorem, since the path is not imbedded in a region where the in- 
tegrand is single-valued. The function G(s) is, however, equal to the 
integral obtained by replacing { by 2, 


— 
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Fig. 4.7-2. Independence of Hankel’s integral of the circular loop 
G(s) =2 J ef t-254 dt, (4.7-34) 
G" 


taken along a contour C’ consisting of two semi circles to the right 
of the imaginary axis joined by two segments, (fig. 4.7—3), and it is 


Fig. 4.7-3. Deformation of the path of fig. 4.7-2 


now obvious that G(s) vanishes since the contour C’ lies in a region 
where the integrand is holomorphic. Since 

| fetereae < 2nae*a~e™”, s=o+ta, 

C 


the left-hand member tends to zero as a +0, provided o = Re s<l. 
Hence we may infer that 


F(s) = 21 sin ms["e"r-*dr = 2:sinas ['(1—s), 
0 
and by the theorem of the complementary arguments (4.6—-13) 


(4.7-35) 
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this equation being valid throughout the entire plane, for the func- 
tions at both sides are holomorphic in the entire plane and coincide 
when Re s < 1. The integral on the right-hand side of (4.7—35) shall 
be referred to as Hankel’s integral. 


4.7.7 — THE INTEGRAL OF THE FIRST KIND 
By the Eulerian integral of the first kind is understood the integral 


feaa—aenat (4.7-36) 
0 


where # and g are complex quantities, the integration being per- 
formed along the real axis. It is easy to prove that this integral rep- 
resents a holomorphic function with respect to # as well as g, 
provided Ref > 0, Req> 0. 

With Binet we introduce the so-called beta function 


C(A)T 
Bip, g) = Teta) (4.7-37) 


l'(p+4) 


this function being meromorphic as regards each variable. 
We have 


B(p, q) =fer(—a—t, (4.7-38) 
0 


provided Ref > 0, Req> 0. 

On account of the identity principle it is sufficient to exhibit the 
connection in the case that # and q have real positive values but 
this has already been done in section 3.6.11. 

Since ¢ varies between 0 and 1 we may put sin? 6 = ¢, OS[@0< 42. 
Then (4.7-38) appears in the trigonometric form 


B(p,q) = 2 [siz 8 cos®*-16 do (4.7-39) 
0 
which is of frequent use in many applications. 


4.8 — The Gaussian psi function 


4.8.1 — DEFINITION 

A function of utmost importance, intimately connected with the 
gamma function, is the psi function, also called the digamma function, 
defined as the logarithmic derivative of the gamma function: 
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(4.8-1) 


Since I"(z) is a meromorphic function with no zeros, having simple 
poles, the psi function is also meromorphic throughout the entire plane, 
having simple poles with residues equal to —1 at the points z = 0, —1, 
—2,.... 

From the Weierstrass product (4.6—-1) we obtain 


b er 1 
so es eer 2 as — -) (4.82) 


the series being absolutely convergent and uniformly convergent in 
any closed and bounded set that does not contain the points z = 0, 


it follows that 
| Pa)+y=0. (4.8-3) 


4.8.2 — FUNCTIONAL EQUATIONS 
The functional equation (4.6—-9) yields at once 


1 
Y(z+1)—V(z) =_, (4.8-4) 
z 
while the theorem of the complementary arguments (4.6-13) leads 
to 
W(z)—W(1—z) = —actn zz. (4.8-5) 
According to (4.8-4) we have more generally 
nl ] 
P(z+n) = > — +¥%(z), (4.8-6) 
v=0) z+ 
whence 
1 1 a ae | 1 
W(zt+n)—WP(1+n)=———+ — --) + Y(z)—W(1). 
z nN va 2+ v 
On account of (4.8-2) and (4.8-3) we may infer that 
lim {¥(z+n)—W(1+n)} = 0, (4.8—7) 


n—>oo 
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uniformly as regards z in any bounded and closed set that does not 
contain the poles of ¥(z). 

The behaviour of W(z+-”) for large values of turns out to be 
very simple as we shall see presently. In the first place it is required 
to extend slightly the expression 


ae | 
y = lim ($= —togn). 


n—>co \p=l V 


Let s denote an arbitrary complex number. Then 


lim {log (s+-n)—log n} = lim log (14 “) =='0 
n—>0oo n 


n-—>Cco 


and, consequently, also 


; rae 
y = lim p> — —log (s+m)}. (4.88) 
n—>oo \y=1 V 
Actually the right-hand member does not depend on s. 
By (4.8-6) we have 


n 


Y(n+1)=> * way, 


y=1 V 


or, taking (4.8-3) into account, 


3 z = W(n+1)+y. (4.8-9) 


v=] V 


Inserting this in (4.8-8) we get 


lim {Y(n+1)—log (s+n)} = 0 (4.8-10) 
and comparing this result with (4.8-7) we finally have 
lim {¥(z+n)—log (s+n)} = 0. (4.8-11) 


Hence for large values of 7 the function ¥(z+7) behaves like the 
logarithm. 


4.8.3 — JENSEN’S SERIES 


It is now easy to obtain a series for ¥/(z) which is due to Jensen. 
Since 


n—1 1 
1 —] = ] (1 —) 4,8—-12 
0g (2-+n)—log 2 = ¥ log (1+ —— (4.8-12) 
we find from (4.8-6) 


n—1 1 1 
YW (z)=log z— 2 I —log (14 =) HP +1) —Iog (z-+n) 
(4.8-13) 
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and according to (4.8-11) we may infer that 


(4.8-14) 


oo l 1 
W(z) = log z— 2 or —log (14 —)| r 


the expansion being valid for all values of z save, of course, z = 0, 


—I, —2,.... 


4.8.4 — EXPRESSION OF THE LOGARITHM IN TERMS OF THE PSI- 
FUNCTION 


The previous considerations made it obvious that there is an inti- 
mate relation between the psi function and the logarithm. In the 
same direction we shall also establish another interesting result. 

The functional equation (4.8-4) may be put into the form 


1 1 
Jw (e+t)at— —=0 (4.8-15) 
0 
and the left-hand member is obviously the derivative of 


[PE+2)dt—log z (4.8-16) 
0 


whenever z+|z| ~ 0. Hence the latter function does not depend on 
z and we therefore have 


fC G48) log z}dt = ['{Y (e-+t+-)—log (z+-m)}dt.  (4.8-17) 
0 0 


On account of (4.8-11) we may infer that 


[we+nae == log 2, 
0 


4.8.5 — RAABE’S INTEGRAL 
The integral (4.8-18) is the derivative of 


Plog P(z-+e)dt,  z+|2| £0, (4.8-19) 
0 


z+|z| #0. (4.8-18) 


and hence this integral is equal to 
A-+z log z—z, (4.8-20) 


A being a constant. Letting z — 0, for instance along the positive 
real axis, we have in particular 


Plog P@)dt = A. (4.8-21) 


208 WEIERSTRASS'S FACTORIZATION OF INTEGRAL FUNCTIONS {4 


We may evaluate the constant A by applying the formula 
(4.6-13) of the complementary arguments of the gamma function, 
for, in addition to (4.8-21), 


flog P(l—t)dt = A (4.8-22) 
0 
is also valid, whence by adding corresponding members of (4.8-21) 


and (4.8-22) 
log x— flog sin xt dt = 2.4. (4.8-23) 
0 


Now by a simple substitution the equation (3.9-5) can be trans- 
formed into 


flog sin atdt = —log 2, (4.8-24) 
0 


whence by (4.8—23) 
A = log 4/2z, (4.8-25) 


and we thus find Raabe’s integral 


filcg I\(z+t)dt=z log z —2z+ log +/2z. (4.8-26) 
0 


4.8.6 — REPRESENTATION OF THE PSI FUNCTION AS AN INFINITE 
INTEGRAL 
It is not difficult to obtain in a purely formal way a representation 
of the psi function as an infinite integral. Assuming Re z > 0 we 
have on account of (4.8-2) 


Ple)+y=——— $(—--) 


& vol zty v 
co fo) co 
— zal e-"di— > | (e—f@+») _ e—#) gy, 
0 v=1 0 


whence by the formula of the sum of a geometric series (reversing 
the order of summation and integration) 


co co —t(2+1)__e@—t 
(2)-+y = —| edt f° —____* a, 
0 0 1—e— 
Or 
W(z)+y—[- Sy (4.8-27) 
z = See Es so 
? 5 Le 


Before justifying this result we wish to eliminate the constant y. 
In the first place we observe that 
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n j n cof n l—e- 
> = =>)" et dt = ( Se) dt = te a. (4.8-28) 
ae Sts . 0 1—e-* 


v=] 


Now we recall the expression (2.20-27) for log s as an infinite inte- 
gral. Taking s = m we may write 


cooe-t__e—nt 
log n = | —_——— dl. 
0 


Hence 


oof 1 1 of 1 1 
ee, ee eee oe 
3- Soe J (o “)e J aa ee 
(4.8-29) 


both integrals being convergent, for the first integrand may be 
written as 
1 e-* 1 1 e 1 


and since 


e’—l1 ¢ 
is continuous at ¢ = 0 the same is true for the integrand under con- 
sideration. The convergence at the upper limit needs no comment. 
In the second integral the factor of e~”* is bounded and, consequent- 
ly, letting ” > oo 


(4.8-30) 


(4.8-31) 


an integral due to Gauss. 


4.8.7 — CHARACTERIZATION OF THE PSI FUNCTION 

It remains to prove (4.8-27). This can be readily done by applying 
the following theorem which states that the relations (4.8-3), 
(4.8-4) and (4.8-7) determine the psi function uniquely: 

There exists one and only one function F(z) which satisfies the 


conditions: 
F(1)+y = 0, (4.8-32) 


F(z+1)—F(z) aa (4.8-33) 


lim {F (z-+n)—F(1+n)} = 0, (4.8-34) 
z being different from 0, —1, —2,.... 
In fact, we deduce from (4.8-33) 
n—1 |] 


Fe+n)=— + pene: + F(z), 


whence 


n—1 ] 


Filth) 3 34 1 FQ) 


and, on account of (4.8-32), 


F@-+n)—F(l+n) =—+'3(—---) —“ pF) 4y 


Making ” — oo we find from (4.8-34) 
1 al Ma 1 
revty= 1 -H(4 3 
@)+y Zz 2 zty ry 
and by virtue of (4.8-2) we have F(z) = ¥(z). 
Next we shall verify that the function 
fore) e-t_e-& 
F(z) = a a ——— dt (4.8-35) 
1—e-* 
satisfies the conditions se acas in the theorem. It is not difficult 
to prove that the integral has a meaning whenever Re z > 0, for 
the integrand can be written as 
1—e-*# 
1—e-* 
and turns out to be continuous at ¢ = 0. If ¢ => 1 we have 
e-t_ et e-tte—# 2e-t 
lane? | ae Te 
and the integral proves to be convergent at the upper limit. 
The relation (4.8-32) is trivially satisfied. Further 


es 


2= Rez >: 0; 


F(e+1)—F(z) =| edt =— 


0 
so that it remains to verify (4.8-34). Now 
co e—t(1+n)__e—t(z+n) 


F(z-+n)—F(1-+n2)=] ———————- dt 


att 
0 1—e 


7 edt, 
t—e= 


whence 
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oo M 
\F (2-+n)—F(1+n)| < MJ e-tat = ——>0 
0 


as n —> oo. Here M denotes an appropriate constant. This completes 
the proof. 


4.8.8 — REPRESENTATION OF BERNOULLI’S NUMBERS AS AN IN- 
FINITE INTEGRAL 
We wish to conclude our considerations with an interesting appli- 
cation of the integral for the psi function. In view of (4.8-5) we 
readily obtain 


co e—*t(1—2)_ e—tz co ef%__e—t(z—1) 
—a ctn.xz =| — dt=|] ——___-@t 
1—e* A e‘—] 
Ge ee 
=| ————dt— J e-at, 
= 0 
whence 
co e%__e—tz 1 co sinh zz 
notnaz=—— J Sere Gait: Shaeiieeenaan 3 at. 
Zz e'—1 2 +] 


Replacing zz by z and ¢ by 2xt we finally have a representation of 
the cotangent as an infinite caer 
ctn z= — — " a at. (4.8-36) 
z —l 
Now we may expand both alee of this equation in terms of 
powers of z. According to (2.17—20) the relation 


co B co sinh 2tz 
B Qv Q2v o2v—1 4] at (4.8-37) 
5 (20)! emt] 


holds. 

The integral on the right is holomorphic with respect to z in a 
neighbourhood of the origin. By differentiating 21—1 times within 
the sign of integration we readily find 


n=1,2,...,  (4.8-88) 


a representation of the Bernoulli numbers by an infinite integral. 
In section 7.7.3 we shall meet this expression again in connection 
with the zeta function of Riemann. 


4.9 — Binet’s function 
4.9.1 — DEFINITION 


Raabe’s integral (4.8-27) may be taken as a starting point for 
interesting and important developments. Upon integration by parts 
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we obtain 
log P(e-+1)—[eP(e+e)dt=z log z—z+ log 1/2n, (4.9-1) 


0 


log P(2-+1)—z log 2-+-2— log 1/8 =['tP(z-+1)dt. (4.9-2) 
0 


or 


In view of the definition (4.7-23) of (mn) it is natural to study the 
function 

u(2) = log P(z+1)—(z+4) log z+z— log 1/2, (4.9-3) 
which will be referred to as Binet’s function. Taking account of 
(4.8-18), we evidently have 


u(2) =f (4) ¥e+4) ae (4.9-4) 


0 


This integral can be thrown into a more convenient form if we 
introduce the function 
Pi (t) = t—[2]—3, (4.9-5) 
{¢] denoting, as usual, the greatest integer not exceeding ¢. This 
function is periodic, with period 1. It is continuous everywhere, 
except when #¢ is an integer, for then it presents a jump —l1, (fig. 
4.9-1). It has the pleasant property 


[Pat = 0 (4.9-6) 
where is any integer. 


Fig. 4.9-1. Graph of the function t—[#]—-} 


Now we might argue as follows. By virtue of the functional equa- 
tion pa , os function ¥(z) we have 


as =| P(e) P(z-+t+1)dt— [> P, (e) (2-4)at 
0 0 
= = *°P, (t)¥(z-+t) dt— (t) (2+) de 


0 


ar W(z+t)d 


4.9} BINET’S FUNCTION 


whence 
Pid), _ (eel —4 
Z+t 0 z+t 


y= =I" dt. (4.9-7) 


Unfortunately the uraorat | P,(¢)(z+2)dt is not convergent, 
0 


since for Jarge values of ¢ the function Y(z+?) behaves like log 
(z+t), as we pointed out in section 4.8.1. 
The following reasoning, however, is sound. First we have to 
prove that the integral occurring in (4.9-7) is convergent. To this 
t 


end we introduce the function Q(f) Jaf P,(z)dx, t > 0. By virtue 
0 


of (4.9-6) the function Q(¢) is bounded and its modulus remains 
below a certain constant A. By integration by parts we get 


pry 20", 20 


dt, 0OXa,<a,. (4.9-8) 


s, 2tt atti =, (2+2)? 
Since 
QZ) A 2 A 
(z+t)?| © |ztd|? ~ (w+)? 


we may conclude that the expression on the right of (4.9-8) tends 
to zero as w,—> oo, and the statement follows. 
Next, we have on account of (4.8-4) 


ie P, (¢) 


a P, (1) W(z-+t-+1)dt— |" P, (1) (z-+t) dt 


and it remains to prove that 
PPO e+Aae = ['P,()P(z+t+n)dt — 0, 
n 0 
as n> 0c. Now by (4.9-6) and (4.8-7) 
PPL OM e+t+m)de = [P(t (e+t+n)—P(1+n) }dt = 0, 
0 0 


as n> oo. This concludes the proof of (4.9-7). 
In section 7.9.5 we shall find the same result by another method. 


4.9.2 — STIRLING’S THEOREM FOR THE GAMMA FUNCTION 
The equation (4.9-7) yields information about the behaviour of 
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(z) for large values of |z|. Put z = re®. Then 
l¢-+-2|? = (¢--r cos 0)?-+-7? sin?@ = (t+-r)?—4¢r sin?40 > (¢-++7)? cos?40, 
since (¢t+7)? = 4tr. Hence 


|¢-+2| = (¢+7) cos 40 (4.9-9) 
and 
| 7° Pa (é) | © Q() 19 [°!Q(@) A 
me os <sactl i: 1 
\u-(z)| J eer dt J mad = sec 10] (roa < ; sec? 16. 


(4.9-10) 


It is obvious that the ultimate expression tends to zero as z > 0 
provided that 0 = arg z does not come arbitrarily near to +-z. This 
result may be stated as: 

Binet's function u(z) tends to zero when z goes to infinity, receding 
indefinitely from the negative real axis. This theorem is often referred 
to as Stirling’s theorem. It includes the results of section 4.7.4. 

The situation mentioned in the above theorem presents itself, for 
instance, when z moves in a set determined by 


larg z| Sa—6, é6> 0, (4.9-11) 


i.e., the set obtained by deleting from the z-plane an angular region 
that contains the negative real axis, (fig. 4.9-2). 


Fig. 4.9-2. Asymptotic behaviour of Binet’s function 


Since exp u(z) = 1+ 0(1), where o(1) denotes a function which 
tends to zero when z —> 00 in the described manner, we have accord- 
ing to (4.9-11) 


P(e41) = (2) s/ Sama (Ue Ott), (4.9-12) 
This is an alternative form of Stirling’s theorem. 


4.9.3 — GUDERMANN’S SERIES 
From (4.9-3) we derive the following difference equation for 


EE 
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Binet’s function 


we+})—nG@) = 1—(44) log (1+) (49-48) 


whence 
u(z+n)—pw(2) = > [1—(c-+9-+4)log (14 —)} (4.9-14) 
and letting 7 — o we have on account of (4.9-8) the Gudermann 
series 
wigs D3 [(cto+d)log (14 =) 1}, (4.9-15) 


the expression being valid in the region z+|z| 4 0. 


4.9.4 — BINET’S FIRST INTEGRAL 


There are various representations of w(z) as an infinite integral. 
In the first place we wish to deduce a classical representation due to 
Binet. The derivative of the function s(z) is 


1 
we (z) = W(z)— logz+ ae (4.9-16) 
Under the assumption Re z > 0 we have by (4.8-31) and (2.20-27) 
co —t —2t —t —2t 
n'(e) =] (— es =) el es gps J" e~*tdt, 
0 — 0 


“PG 


This result reduces to (4.8-30) if we take z = 1. Since 


or 


1 
a e-*'di, 4.9-17 
1 4 ( ) 


1 1 1 1 
2 te Bear 
we may also write 
a (- ee edt, (49-18) 
‘A 2 t e—l 


The proof of the uniform convergence of the integral in any closed 
and bounded set to the right of the imaginary axis affords no serious 
difficulty. Accordingly it is permissible to integrate inside the sign of 
integration (2.20.6) and an easy calculation yields | 


cof J 1 l\e~* cof ] L. ie 
ith ee] Pe eee eo Es eel Pa ae, 
u() J (= +3) i J (= +5) ; 


(4.9-19) 
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Letting z — oo such that z recedes indefinitely from the negative 
real axis, we readily find 


=| ( : S+5) Sa 4.9-20 
> \ef’—1 ¢ i4:8-20) 
and thus (4.9-19) implies 


Rez>0, (4.9-21) 


Binet’s first representation of u(z). 


4.9.5 — SCHAAR’S INTEGRAL AND BINET’S SECOND INTEGRAL 
In order to transform the integral (4.9-21) we may use a device 
due to Cauchy. Observing that 
1 1 1 1 ef+1 1 1 
ee ee ee etn hi — (4,922 
ca 42 Sa ae Py ee) 


we have by virtue of (3.7-30) 


( : : +. >> se 4,9-23 
a a Lara HO 
This result leads at once to the estimate 
iS +5) <2 1 2 x 1 — 
e'—1 ¢ | 2) t ~"f44n%? 4m? 6 12’ 
whence 
] 
z ’ Rez > 0, 49-24 
lu(z)|< Taser eh ( ) 
in accordance with (4.7—25). 
Instead of (4.9-21) we may write 
[oe oo et co i et 
a) 2> —— di =2 —— qf, 4,9-25 
ul) ° 2 121 4772 y2 2 9 (P+ 4n% 2 ( ) 


The reversal of the order of integration and summation may be 
justified as follows. The series 


foe) et 
2 (24+ 4772 y2 


is uniformly convergent in the interval 0 <¢<w. Hence 


et et 
i) Derry oe ae 2 2 a4 := =F #21 An2a2 34 
ya C° +4? t?+- 4772 y 


0 v=] 0 
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The series on the right is uniformly convergent as regards w, since 


—at 


co 
e—*tdt,x=Rez,n=1,2..... 


le en di ‘ie di 1 i} 
——_—_—_ ee <= —— 
9 2+4n°n? * > 44x? n? 4x? ny 


Hence we can make w —> oo, and the result follows. 


Now 


GE. R= Ty Dis 


co Je-*t --f 1 e—2nzzt 
5, +4? Pp anine +2 on 
and reversing the order of integration and summation again we find 


lro |] fore) e—2enzt 


or 


Rez>0, (4.9-26) 


a representation of 4(z) due to Schaar. On performing integration by 
parts we obtain Binet’s second representation of pu(z): 


ce arctan ¢ 
at, Rez> 0. (4.9-27) 


e2met__ 1 


By taking special values of z we find some interesting formulas. 
For instance, we may insert z = 1 into (4.9-27) and we get 


c arctan ¢ 
2 ee 1— log 4/22. (4.9-28) 
By virtue of (4.9-16) we have on differentiating both sides of 
(4.9-26) 
1 co ft 1 
W(z) = log z— — —2] —— ———- dt (4.9-29) 


Qz 4 1+é et] 
and by putting z= 1 
1 


y=5 +2] nee Per (4.9-30) 


an expression due to Poisson. 
4.10 — Cauchy’s method for the decomposition of mero- 


morphic functions into partial fractions 


4.10.1 — DESCRIPTION OF THE METHOD 


In section 3.4.2 we encountered a decomposition of a rational 
function into partial fractions. An example of a decomposition into 


GRAL FUNCTIONS a: 


partial fractions of a meromorphic function with infinitely many 
poles is provided by Prym’s decomposition of the gamma function 
(4.730). | 

It is our intention to extend these results to functions /(z) holo- 
morphic in the entire plane except for isolated singularities. 

Let a = 0, a, a, ..., denote these singular points. Since within 
any circle around the origin there can be only a finite number of 
singularities, we can arrange them in order of non-decreasing moduli, 
viz., 

Gg <= |G) SS ae) Sn ns (4.10-1) 


At every singular point a, there is a Laurent expansion. The part 
of this expansion involving the negative powers shall be designated 


by 


e.(—_). (4.10-2) 


Z—A, 


where g,,(z) 1s a power series (or a polynomial when a,, is a pole) with 
£,(0) = 0. If the function is regular at z = 0 then g,(z) = 0 iden- 


tically. 
In Cauchy’s method the integral 
1 ™ 
Bae pi (4.10-3) 


is taken as a starting point. C is a regular contour surrounding the 
origin but avoiding any of the singular points, s is an arbitrary 
regular point inside C and m is a positive integer. 

Since 
1—(s/z)™ 1—(s/z)™ 
besa Gag 


1 

—+—4...f—=— 

2 

the integral (4.10-3) may also be written in the form 


fies -4=..= 5S) ae, (4.10-4) 


We shall evaluate this integral by applying the residue theorem. 
To begin with we observe that s is a simple pole of the integrand, 
the residue being f(s). Let us write 


1 


Z—A, 


fle) = ee (——) +hale-a,) 


where /,(z) is an ordinary power series in z. Then 
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f(z) f(2) 


z—s 2z—a,—(s—a,) 
1 f(2) ea 
- v=] (s—a,)’ 


v=1 (z—a,)’ 


and it is easy to see that the coefficient of 1/(z—a,,) in this expansion 
is equal to —g,{1/(s—a,)}. Let h,(s) designate the coefficient of 
1/(z—a,,) in the expansion of 


—f(2z) a aeaas mee —) (4.10-5) 


in terms of powers of z—a,. Clearly h,(s) is a polynomial of degree 
not exceeding m—1. Hence the residue of the integrand at z = a, 


g 


4.10.2 — EXPANSION OF A MEROMORPHIC FUNCTION INTO PARTIAL 
FRACTIONS 


—h,(6)| (4.10-6) 


n 


Consider the sequence 
Ca Ga Ces (4.10-7) 


of regular contours around the origin, each containing the preceding 
one in its interior, and such that to a given number of singular points 
a,,..., @, there always exists a contour C, of the sequence (4.10—7) 
surrounding these points. 

If we make the assumption that 


Ea ee. (4.10-8) 


2nt co om C—s 


tends to zero for an appropriately chosen number m as p-—> © then f(s) 
can be expanded in partial fractions 


j(s) = 5 {e( 


v=0 


—h()}, (4.10—9) 
s—a, 
this series being uniformly convergent in any closed and bounded set 
which does not contain a singular point. 

This theorem is a direct consequence of the residue theorem. 
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4.10.3 — THE POLYNOMIALS h,,(s) 

We wish to characterize the polynomials /,,(s) in more detail. The 
cases 2 = 0 and 2 > 0 must be considered separately. The poly- 
nomial f(s) is the residue of the function (4.10—5) at the origin. 
From the expansion of f(z) in a neighbourhood of the origin we 
deduce at once that h,(s), being the coefficient of zt in the expan- 
sion of (4.10-5) in terms of powers of 2, 7s a polynomial consisting of 
the first m terms of the regular part of f(s). 

In order to be able to characterize h,,(s) in the case n > 0 we 
assume that s is sufficiently near to the origin. Then, if C(a,) is 
a small circle around the point a,, we have, according to the state- 
ment at the end of section 4.10.1, 


¢.( : Shier il, Sea. ete ay 
s—a, 271 Cia, 6" S—S 

and the expansion of the right-hand member as a power series of s 
begins with a term involving s”. Hence h,,(s) is a polynomial con- 
sisting of the first m terms of the expansion of g,{1/(s—a,)} as a power 
series in s, on account of the fact that the coefficients of a Cauchy- 
Taylor expansion are uniquely determined. 

If we assume that the contours of the sequence (4.10—-7) expand 
to infinity in such a way that the distance of the origin to C,, exceeds 
any prescribed number whenever # is sufficiently large, then finally 
\z/£| < e, the number « being arbitrarily chosen between 0 and 1 
while ¢ is on C,. As a consequence the modulus of the integral 
(4.10-8) does not exceed 


|dc|, 


l—e el, pa 


whenever # is large enough, and we may conclude that (4.10-9) 7s 
certainly valid when 


as p> c, m being an Hemel chosen integer. 


f(¢) 


L1e® +1 


\at| > (4.10-11) 


4.10.4 — ILLUSTRATIVE EXAMPLES 


We illustrate these results in some simple examples. In the first 
place we consider the function 


{\2) = wa etnne. (4.10—12) 


This function possesses simple poles at z = 0, +1, +2,..., and is 


_ 
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bounded on the circumference of a rectangle C, whose sides are on 
the lines 
= PTS)» = EP: 

’ being an arbitrarily large positive integer, as we already pointed 
out in section 3.7.3. It follows that (4.10—11) is satisfied if we take 
m = 1. 

The regular part of f(z) at z = 0 begins with the term 0, for the 
function /(2) is odd. The meromorphic part at z= m is 


—-(-,)- (142 ol ‘) 


and hence the associated polynomial /(z) is —1/n. According to the 
general theory we have 


1 I 1 
actn 2z = — a sy te - -) ; (4.10-13) 
Vv 


y=—co \S—Y 


the prime indicating that the term corresponding to vy = 0 is omitted. 
By combining terms in which y equals n, —n, (n = 1, 2,...), 
we may also write 


1 00) ee 
xctnaz=—+ >} —— 


: sere (4.10-14) 


in accordance with (3.7-30). 
As a second example we consider the function 
7(Z) = 90 cscinz: (4.10-15) 


By nearly the same arguments as previously used we find 


1 1 1 
7% CSC NZ ery 5” ( *{—_ + — (4.10-16) 
or, after combining terms in which v equals n, —n, (n= 1, 2,...), 
1 © 2z 
zw CSC RZ = — — ])”? ——_ 4.10-17 
a 2 ane rae ( ) 


Since it is legitimate to differentiate the series (4.10—13) term-by- 
term, we have in addition 
oe 1 
x cscP?nz = >} ——. (4.10-18) 


4.11 — Mittag-Leffler’s theorem 


4.11.1 — MITTAG-LEFFLER’S FORMULA 


We wish to occupy us with the following problem: How to con- 
struct a single-valued function which is regular at the points of a 
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certain open set except for a subset of isolated singularities within 
the given set where the function has prescribed singular parts. This 
is Mittag-Leffler’s problem. 

In the case that the subset consists only of a finite number of 
points the problem is trivial. For we can take the sum of all singular 
parts and add any function that is holomorphic throughout the 
given open set. 

In this section we shall study the case in which the set of the sin- 
gular points is infinite and admits only the point oo as an accumula- 
tion point. We already pointed out in section 4.4.1 that the singular 
points constitute an enumerable set and assuming first that the 
function is regular at z = 0 we may arrange them in a sequence 


a (4.11-1) 
in order of non-decreasing moduli 
0 < |a,| S |a.| Ss... (4.11-2) 
where by hypothesis 
lim a, = ©. (4.11-3) 


To each of these points let there correspond the singular parts 


(=). «(2,) 4 
a(—Z) el). (4.11-4) 


these expressions being integral functions with respect to their 
argument, with no constant term. 
Now we take a convergent series 


&te+... (4.115) 


with positive terms. The function 


(=) =e) 
A =. a es 1—z/a,,) ’ 
where 2 denotes a positive integer, is holomorphic in the interior of 


a circle around the origin with radius |a,| and therefore can be 
expanded in a power series 


Ln (—_) = y ony (= -) » KSYE on. (ee 


u=0 


Let # denote a positive number less than unity. Then to the 
number e, corresponds an integer m, such that within and on the 
boundary of the circle around the origin with radius #|a,| the in- 
equality 
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1 Mn Z\" 
-35,,(2) 
bn (—) 2 XG. 


holds. For the sake of clearness we shall write 


<€e, (4.11—7) 


Mm, fad 
Iin(2) = > Ong (2) a ot eee (4.11-8) 


Now we shall prove that the series 


= le (=) — (2) (4.11-9) 


converges absolutely and uniformly in any bounded and closed set 
© which does not contain a point of the sequence (4.11-1). 

In fact, let 9 denote a positive number such that the points of the 
set © are in a circle C around the origin with radius og. Let @,,, be 
the first point of the sequence (4.11-1) with #\a,,,| > o. We split 
the series (4.11-8) into two parts, as follows: 


Se (—)-a0}+ 3 [e(—)-a0}. e110 


5 v=k+1 

In this expression the first sum consists of a finite number of terms. 
The moduli of the terms of the second series are dominated by the 
numbers &;41, €:49, +--+, respectively, whenever |z| < 9, and there- 
fore this series is absolutely and uniformly convergent on ©. By the 
theorem of section 2.20.3 the series (4.11-9) represents a function 
which is holomorphic throughout the entire plane from which the 
points of the sequence (4.11—-1) are deleted. We thus proved: 

The function 


—i,(2)| (4.11-11) 


is regular at the points of the entire plane except for the points of the 
sequence (4.11-1). 

It is easily checked that this function solves Mittag-Leffler’s prob- 
lem in the case under consideration. For the difference 


g*(2) = fole)—e4(——] 


fo(z) = > , ( 


v=1 zZ— a, 


Z—A,, 
is holomorphic in a circular neighbourhood of z=a,, n being one of 
the numbers 1, 2,.... Within this neighbourhood 
a * 
foe) =n (——) +80 


and since g*(z) is regular at z = a, the singular part of /)(z) cor- 
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1 
responding to this point is exactly g, (_ : 
If the origin should also be a singular point with singular part 
1 
Lo (=) we have only to add this function to the right member of 
z 


(4.1111). 
It is clear that if g(z) designates an integral function the function 


{e (—) —i,(2)| 


is the most general solution of Mittag-Leffler’s problem in the case 
that the singular points admit only the point oo as an accumulation 
point. It is to be understood that gy vanishes identically whenever 
the function is regular at the origin. The expression (4.11—12) is 
referred to as Mittag-Leffler’s formula. 

In general the series 


+> 


v=1 


(4.11-12) 


j(e) = e(2) +e (=) 


> g, (+) (4.11-13) 


is divergent. But the preceding theorem states that convergence can 
be obtained by adding suitably chosen polynomials to the terms of 
the series separately. 

Finally we observe that z = oo is a non-isolated singularity of 
(4.11-12). 


4.11.2 — SUFFICIENT CONDITIONS FOR THE VALIDITY OF THE EX- 
PANSION 


In general it is a difficult task to determine the convergence 
producing polynomials in concrete examples. In the case that all 
singularities are simple poles we can give more information. In this 
case the meromorphic parts can be given as 


1 b,, ) 
8n = » WOLD 2 e065 (4.11-14) 
Z—4,, Z—a, 
with a) = 0. For » > 0 we may write 
b,, b,, z 
mee A 
Z—4,, an a, 


and we have, consequently, 


fo(e) = 2° + 3 ( +24 (2)+.+(2)"}}) (4.11-15) 


& v=1 e—A, a a 


v v v 
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a result that can also be written in the form 


fo(2) a <5 > (=)’ : (4.11-16) 


; ee z—a, 


There is some difficulty in determining the numbers k,. Let z 
denote a fixed number. The number 1—z/a, is as near to 1 as we 
wish, provided that n is sufficiently large. If ¢ is a positive number 
less than unity then for all numbers ” exceeding a fixed number we 
have 


zZ 
Ie <|1-4 
a 


n 


& J, b, 
<= —_ <= 
a,) %—Ay 


n 


< 1+e, 


(2 
a) es 


n n 


whence 
1 


l+e 


As a consequence the series (4.11-15) (or (4.11-16)) is absolutely 
convergent if and only if the series 


> (ee (4.11-17) 


v=1 a, 


1 


l—e 


SUES 
Ge} ap 


n 


is absolutely convergent. But if this condition is satisfied for every 
value of z the series representing f(z) is absolutely and uniformly 
convergent in every bounded and closed set which does not contain 
any of the prescribed singular points. In fact, let y denote the great- 
est upper bound of |z| in such a set. Then from a certain index up- 
wards the terms of the convergent series 


3G) ae 


rare (4.11-18) 
dominate the corresponding terms of the series (4.11-17). We have 
thus proved the theorem: 

When the integers k,,n = 1, 2,... can be chosen 1n such a way that 
the series (4.11-17) 1s absolutely convergent for every value of z, then 
(4.11-15) represents a meromorphic function with simple poles at the 
points of the sequence (4.11-1) (to which eventually the origin is added). 


4.11.3 — PARTICULAR CASES 


Some particular cases deserve special mention. 
When the upper limit 
lim sup 8,, (4.1119) 
nN >o 
is a finite number, we may take k, =n, n=1,2,.... 
This is true since the Cauchy-Hadamard test (1.6.5) shows that 
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the series (4.11-17) is convergent throughout the entire plane, be- 
cause a, — 00 when ” — oo. 

The following statement requires no further comment: 

We may take all numbers k,, equal to the same number k when the 
series 


— (4.11-20) 


1s absolutely convergent. 

This case occurs, for instance, when the modulus of the difference of 
any two numbers a,, a, of the sequence (4.11—1) remains greater than a 
certain fixed positive number o and when, at the same time, the numbers 
b,, form a bounded sequence. 

Then, as we shall prove presently, the series 

co] 
B9 ak (4.11-21) 


v=1 
is convergent and, as a consequence, we may take k = 2. 
It is possible to establish this fact by purely analytical means, 
but we prefer to give a more imaginative geometric reasoning. 


Let A,, m = 1, 2,... denote the number of points in the sequence 
which satisfy the condition 
nm S |a,| <n+1., (4.11-22) 


If eis a positive number < $¢ all circles around the points (4.11-1) 
of radius ¢ are mutually disjoint. The points which satisfy (4.1122) 
are contained in a circular ring bounded by the circles around the 
origin having radii n and n+-1 respectively. Suppose A, > 0, ice., 
there is at least one point in this ring. Then 2¢ < |a,| < +1, 
whence ¢ < $(n+1), n—e > 4(n—1) = O. All circles of radius « 
around these A,, points lie between two circumferences around the 
origin with radii — e and n+ 1-+e respectively and cover therefore 
an area which is less than the area of the ring bounded by these 
circumferences. This leads to the estimate 

A,e'a < (n+1+e)?a—(n—e)?x = (1422) (2n+1)x 
or 
1+ 2¢ 


n 
e2 


A 


(2n+1) Syn (4.11-23) 
with 
3(1+2¢) 
ae (4.11-24) 
It is clear that (4.11-23) holds also in the case that A, = 0. The 
contribution to the sum (4.11—21) by these points does not exceed 
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11 
Anas n 
and from the convergence of the series }'1~? follows the desired 
v=1 


result, for there is only a finite number of points in the sequence 
(4.11-1) whose distance from the origin is less than unity. 


4.11.4 — THE ZETA FUNCTION AND THE PE FUNCTION OF WEIER- 
STRASS 


A non-trivial example of a function with infinitely many poles is 
borrowed from the theory of elliptic functions. 
Consider all points which may be represented as 
2nw+2n' ow’, n,n’ = 0, +1, +2,..., (4.11-25) 
where w and w’ are two non-zero numbers whose ratio is not real. 
Geometrically speaking this means that the points w and w’ do not 
lie in a straight line through the origin. Let us now draw straight 
lines L and L’ joining the origin to the points w, w’ respectively, 
(fig. 4.11-1). We may mark the points 2nw on L and 2n’w’ on L) 


£ 
\7 


Fig. 4.11-1. The lattice-points (4.11-25) 


and through each of these points draw a straight line parallel to L’, 
L respectively. The points of intersection of these two families 
are precisely the points (4.11—-25). They are the /attice-points of a 
network of parallelograms. 

Obviously the mutual distances of the lattice points remain above 
a certain positive number. Hence, according to the last result of the 
previous part of this section, the series 


1 
i (4.11-26) 
ws 


(where w runs through all lattice-points, the prime indicating that 
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w = 0 does not occur) is convergent. It is assumed that the lattice 
points are arranged in a certain order, but it is immaterial in which 
manner the arrangement has been made. 

By virtue of Mittag-Leffler’s theorem the infinite series 


represents a meromorphic function having simple poles with residues 
equal to unity at the lattice points (4.11-25). This function is the 
Weierstrass zeta function. 

On account of the general results obtained before, term-by-term 
differentiation of the series (4.11—-27) is permitted. Effecting this 
process we get a function of utmost importance: 


the famous pe function of Weverstrass. 
This function possesses poles of order two at the lattice points, the 
residues being equal to zero. There are no other singular points in 


the finite plane. 
A remarkable property of this function is its double-periodicity, 
the periods being 2m, 2m’; otherwise stated, the relation 


@(z+2nw+2n'w') = (2), (4.11-29) 


where , n’ are integers, is valid. 
In order to prove this statement we consider the derivative 


2 i 1 
9'(z) = er oa Gwe ar 


(z—w)? 
Since w and w—2w run through the same lattice points we evidently 
have 


(4.11-30) 


@2' (z-+20) a, Se ae ay Spry 40) 
{z— (w—2w) }8 (z—w) 


and this leads to 
(z+2w) = g(z)-+c, (4.11-32) 
c being a constant. 
It is easy to see that g(z) is an even function, for 


e(-9 =54+3 (a -3)= atte = 
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because of the fact that w and —w run through the same lattice 
points. Hence 


9(—2) = (2). (4.11-33) 
If we now put z= —o in (4.11-32) we readily find c= 0 whence 
Q(z+2o) = Q(z). (4.11-34) 

In exactly the same way we find 
0(z+20') = @(z) (4.11-35) 


and the general result (4.11-29) follows at once. 
A more extensive study of this and allied functions is postponed 
to the next chapter. 


4.12 — The Weierstrass factorization of an integral function 
deduced from Mittag-Leffler’s theorem 


4.12.1 — DEDUCTION OF WEIERSTRASS’S FORMULA FROM MITTAG- 
LEFFLER’S FORMULA 


The special case of Mittag-Leffler’s problem treated in section 
4.11.3 affords a means for deriving the formula (4.4—4) which repre- 
sents an integral function as an infinite product which vanishes at 
the points of the sequence (4.11-1). We assume that each point in 
this sequence is repeated as many times as the order of multiplicity 
indicates. 

The logarithmic derivative /’(z)/f(z) possesses at each point of 
(4.11-1) a simple pole with meromorphic part 1/(z—a,,), the residue 
being b,, = 1. Hence by (4.11—19) there exist integers k,,, = 1, 2,..., 
such that the series 

cok, 

2a (4.12-1) 
is absolutely convergent for every value of z. As a consequence the 
function represented by 


Sette] ams 


v=] a a, a, v a, 


represents a meromorphic function with simple poles, having there 
residues equal to unity and, if g(z) denotes an integral function, we 
evidently have 


fe) _ P ~ 1 1 1 /z | ; 
Aa) 8! + 3{ +o... 42 (2) j- (412-3) 


Integrating along a regular path and putting 
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(2) = log f(0)+ | ¢(¢)ae 


we get , . 
wc) ~9er+ Sfue(t—2) +2426) 2) 
(4.12-4) 


the logarithms depending on the path of integration. By taking an- 
other path only a finite number of terms are modified by a multiple 
of 277. Hence the function 


fle) = expo) T1(1—=)exp[=+5(2) +..+¢(2)} airs 


v=] a, a, a, 


is unambiguously determined and we find the desired formula 
(4.44), 


4.12.2 — THE SIGMA FUNCTION OF WEIERSTRASS 


We may illustrate the previous result in the following example. 
Evidently the function 


(+=) 
ww! dye 


is an integral function with simple zeros at the lattice points 
(4.11-25), since, on account of the convergence of the series 
(4,11-26), we can take k, = 2,” =1,2,.... 

This function is intimately connected with the Weierstrass pe 
function. In fact, 


C(z) = (4.12-7) 
and 
4,12-8 
These latter expressions represent the meromorphic functions 
¢(z) and g(z) as quotients of integral functions. 


When it is desirable to exhibit the dependence on the periods 
2w, 2m’ we shall write £(z|w, w’), C(z|\w, w’) and a(z|a, w’). 


4.12.3 — DEGENERATE CASES 

The function o(z) is somewhat similar to the function sin z. The 
rank of its zeros is, however, equal to two. The functions ¢(z) and 
§9(z) correspond to the functions ctn z and csc*z respectively. 
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More precisely: assume that the second period 2m’ tends to in- 
finity. In the expansion (4.11—27) for ¢(z) only the terms involving 
2nw survive. The function degenerates into 


Zz = + = (— 2vw x =) ve Pr 2vm)? 


whence, oe to (4.10-13), taking account of (3.7—-24), 


7 ae LP ae 
C(zlo, oO) = oye 20 ae (2) Be (4.12-9) 
Since ¢(z) = —¢'(z), we have at once 
-(2) 2m aya 4.12-10 
9(z|@, 00) = bah oa lah (4.12-10) 


It is not difficult to derive this formula from the expansion (4.11-28) 
taking account of (4.10-18) and (3.7-24). 
Finally we obtain from (4.12-6), taking account of (4.5-13), 


2m . nz 1 (xz\? 
a(z|w, 00) = — sing ral Ire (4.12-11) 
MIA @ @ 


4.13 — The general Mittag-Leffler problem 
4.13.1 — STATEMENT OF THE PROBLEM 


The problem of constructing a single-valued function with pre- 
scribed singular points and corresponding singular parts has been 
solved in section 4.11.1 for the case that the set of prescribed singular 
points admits only the point at infinity as an accumulation point. 
We now turn to a more general problem by assuming that the set of 
prescribed singular points is an isolated set. A set © is said to be 
isolated when it has no points in common with its derivative 6’, i.e., 
the set of all its accumulation points. 

Our first aim will be the proof of the statement: 

An isolated set 1s always enumerable. In this statement the trivial 
case of a finite set is included. 

In the first place we may observe that to every point z = a of the 
set © corresponds a positive number o such that inside the circle 
around z = a and of radius o there are no other points of ©. For in 
the contrary case z = a should be an accumulation point of the set 
© and this contradicts the hypothesis. 

The circle |z—a| = 40 where o@ is defined as before shall be called 
a circle associated with a. When a and 0 are two distinct points of © 
then their respective associated circles are mutually external, for, 
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if |z—a| = $e and |z—6| = 3o are these circles, then we obviously 
have 
|b—a| = max (0, o) > 40+4e. 

It follows that within a circumference of radius 1 around the 
origin there is only a finite number of points with associated circles 
of radius exceeding 1, a finite number of points with associated 
circles of radius <1 and > }, a finite number of points with 
associated circles of radius < 4 and > }, etc. Hence all points of G 
at a distance from O less than unity constitute an enumerable set. 
Similarly the points of © at a distance > 1 and < 2 from O con- 
stitute an enumerable set, etc. Thus we see that the set © is built up 
by enumerably many enumerable sets and is therefore itself enu- 
merable. Hence it is possible to arrange the points of G as a sequence 


a 


It is important to observe that there are infinitely many points 
in the complex plane which do not belong to the union 6+ 6’ of © 
and its derivative ©’. Such are, for instance, the points within a 
circle |z—a| = 40 considered before, distinct from the centre a. 

Again, if a is a point not belonging to 6+ ©’, it iscentre of a circle 
which contains no points of ©’, because of the fact that G’ is closed. 
There are only a finite number of points of © within such a circle and 
hence there is a circle |z—a| = o that contains no point of 6, nor of 
©’. We now make the assumption that © is bounded. Then also the 
derivative ©’ is bounded. Assuming further that © is infinite then 6’ 
is not an empty set and since ©’ is a closed set every point a, of G 
has a positive distance o,, from ©’. 

The sequence g, tends to zero as n > oo. In fact, if there should 
exist infinitely many values 0@,,,0,,,..., greater than a given 
positive value e, the corresponding points An» 4y,,- ++ Should con- 
stitute a bounded infinite set of points having a distance > e to G’. 
By Bolzano’s principle this set should admit at Jeast one accumula- 
tion point not contained in 6’, which is absurd. 

We conclude these considerations by establishing the following 
fact: 

To each point a,, of the infinite isolated bounded set GS we can find 
a companion a} of GS’ such that 

lim |a,—a,| = 0. (4.13-1) 


In fact, given ¢ > 0 there exists a point a, of G’ such that 


E 
|a,—a,,| < O40 re Rose Be 2y 6.3525 
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o, being defined as before. Since g,, > 0 as m — oo the truth of the 
assertion follows at once. 


4.13.2 — THE MAIN THEOREM 


After these preliminaries we are in a position to establish the 
main theorem: 
Given an infinite isolated set © of points 


a ae (4.13-2) 
and corresponding to each point a, a function 
= 
; 4.13-3 
aM (= ( 


integral as regards its argument (and without constant term), it 1s pos- 
sible to construct a single-valued function f(z) which ts regular at each 
point distinct from the points of the set © and from the accumulation 
points of this set, and which behaves at z = an, n = 1, 2,..., like the 
function (4.13-3), that is, the function 


fe) (——] 


Z—, 


is regular at z = @,. 

It is to be understood that if the point oo is among the points 
of © the corresponding singular part is to be interpreted as an in- 
tegral function g(z). We may assume, however, that the set © is 
bounded. For, if z = ais a point not belonging to S we can introduce 
the new variable z* by 

=. (4.13-4) 

z—a 
The transformation (4.13—4) carries © into a set 6* which neither 
contains the point oo nor admits this point asan accumulation point. 
After performing the construction of a function of z* satisfying the 
conditions mentioned in the theorem for the set ©* the inverse 
transformation of (4.13—4) yields the desired function for the set ©. 

To every point a, of S we select from 6’ a companion a’, such that 
(4.13-1) is valid. Since (4.13-3) is an integral function as regards its 
argument it is certainly holomorphic as regards z outside the circum- 
ference around a}, of radius |a,,—a;,|. Hence in this region it can 
be expanded in terms of (z—a,,)-1, the expansion being 


en ( : = > Baal2—a")-". (4.13-5) 


z—G, p=1 


In this Laurent expansion only terms with u > 0 occur, since 
(4.13-3) is regular and zero at z = oo. 
As in section 4.11.1 we take a convergent series of positive terms 


&+&+.... (4.13-6) 


To the number «, there corresponds an integer m,, such that 


(=) (3) 
Sh ee Neal, 


n 


<8), (4.13-7) 


where for the sake of brevity we have put 


in (2) = ¥ Oy, 24, (4.13-8) 
u=1 
the estimate (4.13—7) being valid outside or on a circumference 


around a, of radius g|a,—a;,| with q> 1, i.e., for the points z satis- 
fying 


n 


/ 
a,—a 


2—a 


2=q>l. (4.13-9) 


n 


It remains to show that 


jte) = {e,( )—a,( : } (4.13-10) 


/ 
=1 z—a, Z—a, 


represents a function which is regular at every point z = z, not 
belonging to 6+ 6’. 

In fact, we already pointed out in section 4.13.1 that there exists 
a circle |z—2 |= @ which contains no point of 6 + G’. Let C denote 
the circle |z—Z | = $0. Then for all points z inside C we have 


|lz—a,| > to, (¢—a.|>40,° w= 1,2)... 


On account of (4.13-1) we can find a number m such that for all 
n > m we have 


eee 
ag 
and thus for all points z inside C the inequality (4.13-9) is valid. 
By virtue of (4.13-7) the series (4.13-10) is from a certain index up- 
wards dominated by the series (4.13-6). Hence the former series 
converges absolutely and uniformly in each closed subset within C. 
On the other hand each term of the series (4.13-10) is holomorphic 
throughout the interior of C and by the theorem of section 2.20.3 the 
function f(z) is holomorphic within C. This completes the proof of 
the theorem. 


CHAPTER 5 
ELLIPTIC FUNCTIONS 


5.1 — Periodic functions 


5.1.1 — THE BEHAVIOUR OF A PERIODIC FUNCTION AT INFINITY 


In this chapter we wish to discuss more thoroughly certain types 
of periodic functions. We consider only functions which are holo- 
morphic throughout the entire z-plane, save for isolated singularities. 

We recall that a function is said to be periodic if we can find a 
number w ~0 such that 


f(z+w) = f(z) 
for all points z at which the function is regular. 

A non-constant periodic function has an essential singularity at 
infinity. 

Let z, and z, be two points such that /(z,) f(z). In an arbitrary 
neighbourhood of z = oo there are infinitely many points z,+n”w 
and z,+nw, where m is an integer. Hence infinitely many times 
f(z) = f(z,) and f(z) = f(g) and so f(z) cannot tend to a finite or 
infinite limit as z > oo. In accordance with the considerations of 
section 3.2.2 the point z = oo is an essential singular point. 


5.1.2 — THE PERIODS 


A periodic function has always infinitely many periods. In fact, 
if w, and wy are periods then w,+-#, is either zero or is also a period. 
Now we state the theorem: 

The set of periods of a non-constant function has no finite accumu- 
lation point. 

Assume that w, is a finite accumulation point of the periods of a 
function f(z) and let z) be a regular point of the function. By hypoth- 
esis there are infinitely many points z)+w in an arbitrary neigh- 
bourhood of z)-+w». Hence the function f(z)—/(z) has infinitely 
many zeros which possess the accumulation point 2) + w9. According 
to section 2.11.1 the function f(z)—/(z) is identically zero, Le., 
/(z) is constant. 

A non-constant function cannot possess periods with arbitrarily small 
modulus. 

In fact, in the contrary case the set of periods would possess the 
origin as an accumulation point. 
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5.1.3 — SIMPLY- AND DOUBLY-PERIODIC FUNCTIONS 


The main result of this section may be stated as the theorem: 

The periods of a non-constant function are either integral multiples 
of one period or the sums of integral multiples of two periods whose 
ratio 1s not real. 

First it may happen that all periods are of the form Aw,, where 
Wy is a period and 4 real. In other words, it may happen that all 
periods are represented by points on a line through the origin. Since 
these periods have no accumulation point on the line, there is a 
period w, nearest to the origin. Any other period can be put in the 
form Aw, 4 being real. Now A = m-+«, where m is an integer and 
0 <a < 1. Since w—mw, = aw, is also a period if « 0 we con- 
clude that « = 0, for in the contrary case we should have found a 
period between the origin and w,. 

In this case the function is called simply-periodic, and w, is a 
primitive period. Of course —w, is also a primitive period. These are 
the only possible cases. Thus, for instance, the function sin z has 22 
as a primitive period, whereas tan z has a as a primitive period. 

Secondly we assume that not all periods are on the same line 
through the origin, that is to say, we can find two periods w, and w, 
such that 0, w, and w, are the vertices of a triangle. 

Since the periods have no finite accumulation point we conclude 
that within and on the boundary of this triangle are only a finite 
number of periods. Let w, be such a period not coinciding with w, 
or W,. The triangle with vertices 0, w,, ws contains less periods within 
or on its boundary than the above triangle. Thus we see that we can 
find a triangle containing no periods within or on its boundary 
except for its vertices different from 0. Let us suppose that the 
triangle with vertices 0, w, and wy, already satisfies this condition. 

Next we consider the parallelogram whose vertices are the points 
0, @, W,+We, W,. Let w denote a period within or on the boundary 


Fig. 5.1-l. wt+w = w+, 
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of this parallelogram. It is necessarily contained inside or on the 
boundary of the triangle with vertices w,, w,+W,, W,. Then also 
w’ = w,+w,—w is a period or zero, and since w+w’ = w,+w, the 
segments (w, w’) and (#4, #2) have acommon centre, (fig. 5.1-1). As 
w’ is within or on the boundary of the first triangle it must coincide 
with one of the vertices. Hence w is a vertex of the parallelogram. 

Next we consider an arbitrary period w. It is evident that a number 
a can be written as the sum of two numbers a, and a,, where 4, is rep- 
resented by a point on the line through 0 and w,, and a, by a point on 
the line through 0 and w,, (fig. 5.1-2). Hence w = 1,w,+A,w,, where 


Fig. 5.1-2. Decomposition of the number a 


A, and A, are real. Since A, = m,+0, A, = m™_+4, where m, and mg, 
are integers, while 0<a,<1, 0Sa,< 1, we conclude that 
OX, WOW, = W—M,W,—MzW, Is either zero or also a period. But 
all points of the form «,w,+a,w, belong to the parallelogram con- 
sidered above and do not coincide with any vertex except the origin. 
As a consequence we have a, = a = 0. 
It appears that an arbitrary period can be written in the form 
W = M,W1+My Wo, (5.1-1) 
m, and m, being integers, the ratio of w, and w, being a non-real 
number. 
The periods w, and w, are called primitive periods. They are not 
uniquely determined. It is easy to prove that 
Wi = aw,+bw,, 
Wy = CW, +d, 
are also primitive periods, when a, b, c and d are integers such that 
ad—bc = +1. Functions having two periods whose ratio is not real 
are called doubly-periodic. We encountered an example of such a func- 
tion in section 4.11.4, where we defined the pe-function of Weierstrass. 


5.1.4 — THE PERIOD-PARALLELOGRAM 


Suppose that w, and w, are primitive periods of a doubly-periodic 
function. The points 1, w,+7,W»; 2), % = 0, +1, +2,..., are called 


the Jattice-points in the plane (section 4.11.4). 

A parallelogram with vertices 2, 2+Wy, %+W1+We, %+W, is 
called a period-parallelogram connected with 2. It is clear that the 
z-plane may be covered by a network of equal and similarly situated 
period-parallelograms such that a given point belongs to the system 
of vertices. This system is obtained from the system of lattice-points 
by a translation which carries the origin to the point 2). 

We agree on taking w, and w, in such a way that Im (w,/w,) > 0. 
This does not mean any restriction, for when wy, is a primitive period, 
so is —w,. It results that the sense of description of the perimeter C 
of a period-parallelogram induced by the above order of vertices is 
always counter-clockwise. 

On opposite sides of a period-parallelogram the function /(z) 
assumes the same values. We agree on considering only the points 
Zp ay Wy, Z+%y_ We, 0 Sa < 1,0 Sa, <1, as belonging to the period- 
parallelogram connected with 2p. 

The period-parallelogram connected with the origin shall be re- 
ferred to as the fundamental period-parallelogram. 

Two points z, 2’ are said to be congruent modulo w,, w, when 


Z—2' = MW; +My Wy, (5.1-2) 
m, and m, being integers. We express this relation by the notation 
Z = 2’ (Wy, Wp). (5.1-3) 


This relation is evidently reflexive, symmetric and transitive. 

Any (finite) point in the z-plane is congruent to one and only one 
point in a given period-parallelogram. 

In fact, we can write 


Z = MAW +A, Wo, 


and since 4, = m-+a,, 4,=mtoe, 0S04,<1 0S5a,<1, m 
and m, being integers, we find that 

ZS toy Wy +My Wy (Wy, Wo). 
This proves the assertion. 

A set of points is said to be zrreducible if no two points of the set 
are congruent one to another. The points of an irreducible set are 
always congruent to the points of a set included in a period-parallelo- 
gram, no two points of this latter set being coincident. 

It is evident that the values of a doubly-periodic function are 
known when we know the values of the points of a period-parallelo- 
gram. The values at other points are a mere repetition of its values 
in a period-parallelogram. 
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5.2 — Elliptic functions 


5.2.1 — DEFINITION 

A doubly-periodic function which is meromorphic throughout the 
z-plane is called an elliptic function. The constant is a trivial example 
of an elliptic function. A non-trivial example is the Weierstrass 
pe function (4.11—28). 

It is evident that if /(z) and g(z) are elliptic functions having the 
same set of periods, so are {(z)+¢(z), f(z)g(z) and (when g(z) 4 0) 
}(z)/g(z). Hence the system of elliptic functions having the same set 
of periods is closed as regards rational operations. A system of this 
nature is called a freld. 

The simplest example of a field is the set of all rational functions. 
This field can be generated by the single function z, that is to say, 
we obtain all functions of the field by performing all possible rational 
operations on 2. 

A similar but not so simple theorem holds for a field of elliptic 
functions. In section 5.3.3 we shall prove that all elliptic functions 
of a field can be expressed rationally in terms of the pe function of 
Weierstrass and its derivative, having the same periods. 

The following statement is almost trivial. 

The derivative of an elliptic function is itself an elliptic function. 


5.2.2 — LIOUVILLE’S THEOREM 


Next we turn to more significant theorems. The following theo- 
rem, known as Liouville’s theorem, is of utmost importance in the 
theory of elliptic functions. It states: 

An elliptic function with no poles in a period-parallelogram 1s a 
constant. 

In fact, if an elliptic function f(z) has no poles in a period-parallel- 
ogram it has no poles on adjacent period-parallelograms and is, 
therefore, bounded throughout the parallelogram. From the periodic 
properties of /(z) it follows that the function is regular at every point 
of the z-plane and is bounded throughout the z-plane. From Liou- 
ville’s theorem of section 2.12.1 we conclude that f(z) is a constant. 

It is clear that there are only a finite number of poles in a period- 
parallelogram, for the set of poles in such a parallelogram has no 
accumulation point. 

Assume that z = a isa pole of order m of the function /(z), i.e., 


f(z) (z—a)" = g(2), 


where g(z) is regular at z = a. If w is a period we have 
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g(z) = f(z) (z—4@)" = f(e+w){z+w—(a+w)}" = gz+w). 

Hence /(z){z—(a+w)}” is regular at a+w, and so a+w is a pole of 
/(z), having the same order of multiplicity. 

Each pole of a period-parallelogram is congruent to a pole with the 
same order of multiplicity in a fundamental period-parallelogram. 
The sum of the multiplicities of the poles in a fundamental period- 
parallelogram is called the order of an elliptic function. 

Liouville’s theorem states that the order of an elliptic function is 
always positive. 


5.2.3 — THE SUM OF THE RESIDUES 


Another important theorem is the following: 

The sum of the residues of the poles in a period-parallelogram ts zero. 

Since there are only a finite number of poles in a period-parallelo- 
gram we may assume that none of them is on the boundary. For if 
this should be the case we shift it a little such that the perimeter is 
free from poles. Let C denote the perimeter of a period-parallelogram 
connected with z). Taking account of Cauchy’s residue theorem of 
section 3.5.1 we have only to prove that 


J f(¢)ao = 0. (5.2-1) 


The integral on the left may be written as the sum of four integrals 
taken along the sides 


(ne \dt+ Mela t)\de+ ‘cai f(C) c)dt+ [7 f 

2 Zt, Zgt+Wyt+W, ZotWe 
In the second and third integral we write €+w,, €+-wy, respectively. 
We find, after re-arranging the terms, 


[FC eo) HO) — [MF Ce) HC) a6, 

20 29 
and each of these integrals vanishes by virtue of the periodic prop- 
erties of /(z). 

As a corollary we have: 

The order of an elliptic function is never less than two. 

In fact, if a function would have a simple pole, the fess would 
not be zero. 

By a fundamental set of poles we understand an irreducible set 
(see section 5.1.4) of poles such that each pole is congruent to a pole 
included in the set. 

So far as singularities are concerned the simplest elliptic functions 


5.2] ELLIPTIC FUNCTIONS 


are those of order two. Such functions may be divided into two 
classes: 

(i) The functions having a fundamental system which consists 
of only one pole, this pole being double, and with residue zero at the 
pole. They are called the elliptic functions of Weverstrass. 

(ii) The functions having a fundamental system which consists of 
two simple poles, the residues being numerically equal, but opposite 
in sign. They are called the elliptic functions of Jacobi. 


5.2.4 — THE SUM OF THE ZEROS 


A fundamental system of zeros may be defined in exactly the 
same way as a fundamental system of poles. 

The sum of the multiplicities of the zeros of an elliptic function in a 
fundamental system 1s equal to the order of the function. 

We may assume that neither zeros nor poles are on the sides of a 
period-parallelogram, for the zeros are also isolated. The sum of the 
multiplicities of the zeros minus the sum of the multiplicities of the 
poles are given by the equation (3.8-8). Since the integrand is 
elliptic we find by the argument applied in section 5.2.3 that this 
integral is zero. 

If cis a constant then the functions f(z) and /(z)—c have the same 
poles. Hence: 

The sum of the multiplicities of the roots of the equation f(z) = cin 
a fundamental system is equal to the order of the function. 

As a consequence an elliptic function assumes every value. 


5.2.5 — THE SUM OF THE ZEROS IN RELATION TO THE SUM OF THE 
POLES 


Let a,,..., a, denote a fundamental system of zeros having cer- 
tain multiplicities. By the sum of the roots we understand the sum 
of these numbers, each multiplied by its proper multiplicity. If 1 
is the order we may also write the zeros as a sequence @,..., @,, 
where it is understood that a multiple zero is repeated. Similarly we 
define the sum of the poles in a fundamental system. 

Now we wish to establish the remarkable theorem: 

The sum of the zeros in a fundamental system is congruent to the 
sum of the poles in a fundamental system. Let also 6,,..., b,, denote 
the sequence of poles belonging to a fundamental system, multiple 
poles being repeated. In accordance with the formula (3.8-12), 
where we take g(z) = z, we have, on performing the same substitu- 
tion as in section 5.2.3: 
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- Qoxi ‘ ae gi ae : f(¢) ae 
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Since /(z) assumes the same values at 29, 2)-+-w, and 2)+wW», the point 

f(z) describes a closed curve C, when z varies from 2, to z+w,, anda 
closed curve C, when 2, varies from 2 to z+. 

According to the considerations of section 3.10.1 we may infer that 


a 
211 mal 


and since the ue ae are integers, we actually have 


ac. 


Q¢ (0) —w, Qe (0), 


> ‘= . b, (Wy, 2). (5.2-2) 


v=1 v=1 


5.3 — The pe function of Weierstrass 


5.3.1 — FUNDAMENTAL PROPERTIES 


We are now in a position to study more closely the elliptic function 
(2) introduced in section 4.11.4. We recall that ”(z) is a doubly- 
periodic function having periods 2m, 2m’, where Im (w’/w) > 0. The 
function is defined by the expansion 


+ >’ ( : 2 5.3-1 
(2) = 22 (z—w)? we ( ae ) 
where w runs through the periods 2nw-+2nw’, the prime denoting 
that in the sum the term involving w = 0 does not occur. 

It follows at once that 


OC = 2s (5.3-2) 
the prime now being superfluous. 

We already know that ¢(z) is an even function and from (5.3-2) 
we easily deduce that g’(z) is an odd function: 
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e(—z) = (2), '(-2) = —@'(2). | (5.3-3) 


The function ¢(z) assumes a double pole and the function ¢’(z) 
assumes a triple pole at each lattice-point, the residues being zero. 
At all other points the functions are regular. 

In a sufficiently small neighbourhood of the origin the function ts 
represented by the Laurent serves 


1 ror) 
(2) ==+ D2, (5.3-4) 
2 v=1 
where 
, l 
Con = (2n-+-1) > entre’ n= 1; 2. atelee (5.3—-5) 


In order to prove this statement we start with the zeta function 
(4.11-27) 


He) =++3'(—4+—+4). (5.3-6) 


Expanding each term occurring in the sum on the right, we have by 
virtue of Weierstrass’s double series theorem (2.20.4) 


1 1 

C(z) = = gc ee —8)’— _.... (5.3-7) 

Now the terms involving even powers of z vanish. In fact, since 

w and —w run through the same set of lattice-points, we have 
1 1 

» So 2 pea ~ Se 
Accordingly we may write the series (5.3-7) in the form 
1 Lae 


ee) =—-— S—™ eH, (5.3-8) 


Cy, being defined in (5.3-5). 
We see that ¢(z) 1s an odd function: 
| ¢(—z) = —C(z). (5.3-9) 
Moreover 


¢(z)— = == O("), as z—> 0, (5.3-10) 


that is to say, the function ¢(z)—1/z has a zero of order three at the 
origin. 
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Taking account of g(z) = —’(z) the formula (5.3—4) follows at 
once from (5.3-8). Additionally we have 
Ps co 
0" (2) = —{Zt D 2ey, 2-1. »  (5.3-11) 
& v=1 


Finally we wish to remark that 2w and 2w' are primitive periods of 
g(z) and '(z). If not, there would exist a network of period- 
parallelograms, each having smaller area than those formed by the 
lattice-points 2nw-+2n'w’. Some of them would evidently contain 
no singularity and this is impossible. Thus it appears that ¢’(z) ts 
of order three, while §a(z) ts of order two. 


5.38.2 — THE ZEROS OF THE DERIVATIVE 


The problem of evaluating the zeros of the function ¢’(z) is very 
easy. Since go’(z) is odd we have 


§0'(w—z) = 9'(—2) = — @"(z) 


where w stands for 2w, 2m+2w’ or 2w’. It is assumed, of course, 
that z is a regular point. Inserting z = 4w we find 


0' (zw) = — @' (gw). 

Since the order is three the sum of the multiplicities of the zeros 
in the fundamental period-parallelogram must be three. Since we 
have found three different zeros, viz.,w, w-+w’ and w’, the zeros 
are necessarily simple. 

In the fundamental period-parallelogram the function ¢0'(z) has the 
zeros w,w+u',w’, each being simple. 

Since the order of 9(z) is two and the sum of the multiplicities of 
the zeros in a period-parallelogram is equal to the order, the equation 


(2) = (4), (5.3-12) 
where a is not a period, has two sets of solutions, viz., the numbers 
congruent to a and those congruent to —a. When a and —a are not 
congruent they form an irreducible set of roots of (5.3-12). It may 
happen, however, that a and —a are congruent. That means that 
2a = 0, or a = nw-+n’'o’, where not both numbers u, n’ are even. 
Hence a is congruent to one of the zeros of ¢’(z) in the fundamental 
period-parallelogram, in accordance with the fact that in this case 
a is a double root of (5.3-12). 

The values of (z) at these points are finite. They play an im- 
portant role in the theory of the pe-function. They are denoted as 


ey = O(a), & = (w+o’), eg = ~(w'). (5.3-13) 


The previous result can also be stated in the form: 
The equation 


(2) =c (5.3-14) 


has then and only then double roots if c 1s one of the numbers eé,, ey, eg. 


Fig. 5.3-1. Location of the half-periods of £0(z) 


For the sake of symmetry it is often convenient to denote the 
numbers w, @-+@’ and w’ by @,, @s, ws; respectively, (fig. 5.3-1), Le., 
O, =o, W, = w+o’, W3 = w’. (5.3-15) 

We then have 
P(w,) = e, ties. (5.3-16) 
It is easy to see that no two of the numbers ¢,, é,, é, are equal. 
For if ¢, should be equal to eg, « Af, then the equation (5.3-14) 
would have the doubly counted root z = w, and also the doubly 


counted root z = w,. The sum of the multiplicities would be equal 
to 4 which is impossible. 


5.3.3 — EXPRESSION OF AN ELLIPTIC FUNCTION IN TERMS OF THE 
PE FUNCTION 


We conclude our introductory considerations by establishing the 
following remarkable theorem: 


Any elliptic function f(z) can be expressed in terms of the functions 
9o(z) and ¢o'(z) with the same periods, the expression being rational in 
99(z) and linear in @'(z). 

First we assume that /(z) is an even function and is regular and 
non-zero at the lattice-points. If a, is a zero of f(z) in the funda- 
mental period-parallelogram then a point in this parallelogram 
congruent to —a, is also a zero. We can, therefore, choose ” zeros 
a,,...,@, 1m the fundamental parallelogram, each multiple zero 
being repeated according to its multiplicity, in such a way that they, 
together with the points in the parallelogram congruent to —q,.. 


°) 


—4,, are all zeros in the parallelogram. Similarly we can choose 
poles },,..., 6, such that they, together with the points congruent 


to —d,,..., —b, in the parallelogram, are all poles in the funda- 
mental parallelogram. The function 
* @(2)— @(a,) 
Nal |i 


r=1 (2) — @(8,) 


where ¢0(z) has the same primitive periods as /(z), is an elliptic 
function having the same zeros and poles as f(z). Hence the ratio 
}(z)/F(z) is an elliptic function with no poles in the fundamental 
period-parallelogram and so is a constant by Liouville’s theorem 
of section 5.2.2. Thus 

te) — AT LOO). 
v=1 9 (2) 7 9(0,) 


If f(z) has a pole or a zero at the origin (and hence at all lattice 
points) such a pole or zero must be of even order. By choosing the 
integer m suitably the function /(z) ”(z) is an even elliptic function 
which is regular and non-zero at all lattice-points and is, therefore, 
expressible in the form (5.3-17). 

If /(z) is an odd function then /(z)/%’(z) is even and therefore 
rationally expressible in terms of ((z). 

Finally we observe that any function can be written in the form 


= #f(2)+f(—2)} +3) -f(—2)}- (5.3-18) 


The first term on the ei ee side of this equation is even, the 
second term is odd. Hence f(z) can be put into the form 


2) = Ri e(2)}+ @' (2) Rel O(2)}, (5.3-19) 


where R, and R, are rational functions of their argument ¢(z). 
This is the result stated above. 


(5.3-17) 


5.4 — The differential equation of the pe function 


5.4.1 — FIRST FORM OF THE DIFFERENTIAL EQUATION 


The points z = w,w+w’,w’ are double zeros of the functions 
(2(z)—e,, (%)—€,, §0(z)—é, respectively and, at the same time, 
simple zeros of ¢9’(z). On the other hand the three above functions 
have poles of ordertwo at the lattice-points, while ¢’ (z) has there poles 
of order three. Hence the ratio of the functions ¢’*(z) and ( (z)—e¢,) 
-( §9(z) —é) (9 (z)—eg) is an elliptic function with no poles and so is a 
constant. Multiplying denominator and numerator in this ratio by 
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2 and letting z — 0 we see on account of (5.3-4) and (5.3-11) that 
this constant is 4. Thus: 
The function go(z) satisfies the differential equation 


(0 (2) = 4( @(z) — 41) (@ (2) —e2) ( @(z) es). (5.4-1) 


5.4.2 — SECOND FORM OF THE DIFFERENTIAL EQUATION 


An alternative method to derive the differential equation starts 
with the series (5.3-4) and (5.3-11). Cubing and squaring those 
respectively, we get 


@(e) = [+P +3e4+0(2"), 


where O(z?) denotes a function having a zero at z = 0 of order two 
at least. Again 


4 8c 
(2) = — F160, 0(¢"), 
whence 
20c¢. 
0'*(2)—4 @%(2) = — —* 284+ (24) 
and finally 


(0' (2) —4 3 (z) + 20cy (0(z) +28c, = O(2?). 


The function on the left-hand side is regular at z = 0 and hence 
at all lattice-points. But these are the only possible singularities and 
so it is an elliptic function with no poles. Hence it is a constant, 
which must be zero since the expression on the right-hand side is 
zero at z= 0. 

It is customary to write 


1 1 
b2 = 20 = 60 3’ 5, fe = 284 = 140 D’ =. (6.4-2) 


The numbers g, and g, are called the invariants of the function ¢(z). 
It follows that the function £(z) satisfies the differential equation 


07(z) = 49° (2) —g2 @ (2) —8s- (5.4-3) 


5.4.3 — THE DISCRIMINANT 


Comparing (5.4-1) and (5.4-3) and observing that ¢(z) assumes 
any value, we easily find the following relations for ¢, é9, é3: 
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&y+eot+e, = 0, (5.44) 
€ lg + Cg + ln lg = —48>, (5.4-5) 
€1€€3 = E85. (5.4-6) 


By the discriminant of the function ”(z) one means the ex- 
pression 
A = 16(¢,—ég)°(¢,—ég) (¢2—és)?. (5.47) 
We wish to express A in terms of g, and g,. Differentiating the pro- 
duct 
4(2—e,) (2—eg) (2—e3) = 42°—goz7—gs 
and inserting in the result so obtained z = ¢j, é, ég respectively, 


we find 
(€;—€g) (¢:—€) = 3e[—2g., 
(€2—€1) (¢@.—€) = 3e3—4es, 
(€g—€1) (€g—€2) = 3e5— 280, 
whence 
(5.4-8) 


— (€;—€y)® (1 — eg)? (€g— es)? = (3ei— 3g.) (3e5— 429) (3e3;— 280) 
= 27 (€, &y¢3)*—4 3 (ef eg tel ef +65 3) Sat a5 (C7 + es-+ 43) es Saks: 


Squaring (5.4-4) we have on account of (5.4-5) 


4 eted = dep (5.4-9) 
Squaring (5.4-5) we easily find 
Bb Peht chek — Seo (5.4-10) 


Inserting these results into (5.4-8) we finally have 


5.4.4 — DEGENERATED PE FUNCTIONS 
The case of degeneration (see section 4.12.3) is of some interest. 
From (3.7-20) we obtain, inserting the numerical values of the 
Bernoullinumbers listed in section 2.17.4, 
me oe 1 m8 ot 
90 <4,’ 945 408 
Hence, according to (5.4-2), letting w’ > oo, 


&2(w, 00) = = Fey, £3(w, 00) = = (2). (5.4-12) 


From (4.12-10) we deduce at once 


Je) ive 
i= me (5.4-13) 
Inserting z = w’ or z = w+’ into the expansion (5.3-1) and letting 
w’ — co we find 


ee 1 
CS Ce =" a 2) 4 
- e w? 2 (2m)? 
whence 
: ( ua) (5.4-14) 
fo = & = ——\|—}]- 
oe 3 sal 
Expressed in terms of the invariants we have 
3 3 
8: 282 


Finally we observe that in the degenerated case the discriminant 
WS 2eYO. 


5.5 — Addition theorems 


5.5.1 — THE ADDITION THEOREM OF THE PE FUNCTION 
Let a and 6b be two numbers not periods of (z). The equations 
('(a)=AQe(a)+B,  @'(bt) = AW)+B (6.5-1) 


determine A and B unambiguously, unless a=-+b(2, 2w’), Le., 
unless (a) = (b). The roots of the equation 


0'(z) = A(z) +B (5.5-2) 
are congruent to one of the points a, b, —(a+-b), for the sum of the 
poles in the fundamental period-parallelogram is zero. Hence, in 
accordance with (5.2-2), the sum of the roots in the fundamental 
parallelogram must be congruent to zero. 

Taking account of (5.4-3) the roots must satisfy the equation 
(4 @(2) +B)? = 403 (z)—g2 @(2)—83, 
= 4(e(2)—@(2))(@(@) —@0))(@@)—e(@+4)) 
and, comparing equal powers of go(z), we find that 
o(a+b)+ (a)+ @(b) = $4. 
Solving for A in (5.5-1) we find the addition theorem 


6(a-+b)+ (a) +0) =—( 


We may remove the restriction that a 4 b(2w, 2m’). Letting 
b-—>a in (5.5-3) we find the duplication formula 


tp *@) 
2a)+2 5.54 
@(22)+2@() = 7a (5.5-4) 
provided that not a = —a, i.e., that a is not a zero of @’(z). 


5.5.2 — ADDITION OF A HALF PERIOD 
Putting 6 = w in the addition theorem (5.5-3) we get, writing 
z instead of a, 


(e+0)-+ e(2)-+ Pw) = ao 


4 {9(2)— e(w)}”’ 
or, taking account of (5.3-13) and (5.4-1), 


6-0-8) 


Pe-+a)+ eG) +4 = 


By simple algebra it follows that 
(z+) = A+ 
9 


B 


(2)—4 
where A and B are constants. Referring to (5.4-4) and observing 
that z = Oisa pole of (z) we find by taking z = 0 that A = e, and 
by taking z= w’ that B = (e,—e,) (es—e,). Hence 


(5.5-5) 


and 


(5.5-7) 


5.5.8 — THE ADDITION THEOREM OF THE ZETA FUNCTION 


An alternative method for deriving the addition theorem makes 
use of some properties of the Weierstrass zeta function. Since 


o"(z) = — (2) (5.5-8) 


we have 
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6’ (z+2w,) = C'(z), a=1,2,3 (5.5-9) 
and by integration 


€(z+2,) = €(z)+2n,, a= 1,2, 3, (5.5-10) 


where 7, are constants. 
Inserting z = —a@, we have 


O(@_) = S(—@g) + 2M = —S (Wa) 2 Mas 


Or 


£(@,).= He, G => 1, 2,5. (5.5-11) 


The property expressed by (5.5-10) is often called the quasi- 
periodicity of the zeta function and the numbers 7, are the guast- 
periods. Those corresponding to a, = w and w, = w’ are also de- 
noted by 7 and 7’ respectively. 

Since @, = w,+@ 3, we have on account of (5.5-10) 


C(z) +2 = C(z4+2m_) = ¢(2-+2a,+ 20) 
= C(2+2a,)+2y3 = C(z)+ 2, +2m5, 


whence 
Ne = m+n = n+7’. (5.5-12) 
It is clear that the function 
p(z) = C(z—a)+¢(z+a)—2€(z), (5.5-13) 


where a is not a lattice-point, is an elliptic function of periods 2m, 
2w'. The expansion (5.3-8) exhibits that z = 0 is a pole of ¢(z), the 
residue at this pole being 1. Hence y(z) has poles at z = a, z = —a, 
z = 0, the residues there being 1, 1, —2 respectively. This function 
has the same poles as the function 


(Ka, 
0(z)— @(a) 

the orders of multiplicity and the residues being the same. The dif- 
ference /(z)—g(z) is therefore a constant (by Liouville’s theorem) 
and since the function is odd, the constant is zero. Hence 


' (2) 
2 (2)— (4) 
Putting z = 6 and interchanging a and b we get by adding 


(5.5-14) 


¢(z—a)+¢(z+a)—2C(z) = (5.5-15) 


(5.5-16) 
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the so-called addition theorem for the zeta-function. 
Differentiation with respect to a yields 


1 0 ( @'(4)— @'(6) 
a+)— (a) = - > (LEE), 
i ~~ 33a \ G@)— 0) 
It is not difficult to show that (5.5-17) and (5.5-3) are identical. 
In fact, (5.5-17) can be written as 


1 g(a) 1 @'(a){@'(a)— @'(b)} 
Aja ee 
Oe OO) =~ Ga)—08) 2 {e@)— OF 
By differentiating both sides of (5.4-3) we get 
90" (a) = 6 (a) — 380. (5.5-18) 
Inserting this into the previous equation, interchanging a and 6 
and adding we easily find the desired result (5.5-3). 


(5.5-17) 


5.5.4 — LEGENDRE’S RELATION 


There is a narrow connection between the periods of the pe 
function and the quasi-periods of the allied zeta function. Since 
¢(z) has a simple pole with residue one inside a suitably chosen period- 
parallelogram, we have by the residue theorem of Cauchy 


54 ted 


271 C 


Proceeding as in section 5.2.3 we get 


1 teal a aie, yd 
see 2 tates = 
oni, {C(z+2w) —C(z)}dz Ini, €(z+2w')—f(z)}dz = 


whence, by virtue of (5.5-10), 


| no'—n'w = 401. (5.5-19) 


From this relation, Legendre’s relation, we easily deduce the more 
general relations 


Na Op—NpWy, = 3, a2<f, a f= 1, 2,3. (5.5-20) 


Of course the expression on the left is zero for « = f. 


5.6 — The sigma functions of Weierstrass 


5.6.1 — THE SIGMA FUNCTION 


In this section we wish to study in more detail the sigma function 
introduced in section 4.12.2. It will appear that this function has 
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remarkable properties and that it plays an important part in the 
theory of elliptic functions. 

The sigma function is not an elliptic function but satisfies a 
functional equation of rather simple type which might also be called 
a relation of quasi-periodicity. This relation is readily obtained from 
(5.5-11), taking account of the fact that the zeta function is the 
logarithmic derivative of the sigma function. Hence 


o(z+2w,) = o(z) exp (2n, z-+c) (5.6-1) 

where c is a constant. Now o(z) is an odd function 
o(—z) = —a(z). (5.6—2) 
Inserting z = —w, into (5.6-1) we find 
0 (,) ae — 0 (@,) exp (—2n, ©, +¢) 
whence 
exp (— 27, @.+C¢) =—l 
or 
exp c = —exp 27, ,. 


And so we finally have 
o(z+2w,) = —a(z) exp 2n,(z+@,). (5.6-3) 


The factor — exp 2n,(z-++-@,) is called the periodicity-factor of the 
function. 

From the representation (4.12-6) of o(z) as an infinite product it 
follows immediately that 


o(0)=0, o(0)=1.] (5.6-4) 


This is in accordance with the fact that all lattice-points are simple 
zeros of a(z). 


5.6.2 — EXPRESSION OF AN ELLIPTIC FUNCTION IN TERMS OF THE 
SIGMA FUNCTION 


The importance of the sigma function is based on the fact that any 
elliptic function /(z) can be expressed in terms of the sigma function. 

Let a,,...,a, denote the system of zeros in the fundamental 
period-parallelogram, and 0,,..., 6, the system of poles in the same 
parallelogram, multiple zeros and poles being repeated. By virtue 
of the theorem of section 5.2.5 the sum of the zeros is congruent 
to the sum of the poles. By adding an appropriate period to b,, we 
may even suppose that 


ie ee oe Ae ere ae (5.6-5) 
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where 8,, need not lie in the fundamental period-parallelogram. Now 
consider the function 
" o(z—a,) 


| eeray (5.6-6) 


It has the same zeros and poles as f(z). The effect of increasing z by 
2w, is to multiply the function by 
"exp 2nq(2—4,) ( n 8 ) | 
——_—_—_—_§_—— = ex 2x = a,+ b, = J; 
piney NR S 
Hence the quotient of f(z) and the function (5.6—6) is an elliptic 
function with no zeros and no poles. Accordingly we have by Liou- 
ville’s theorem of section 5.2.2 


f(z) =ATT 


TT Gay (5.6-7) 


Thus we see: 

An elliptic function 1s determinate save for a multiplicative constant, 
when its period and a set of zeros and poles in a period-parallelogram 
are known. 


5.6.3 — EXPRESSION OF THE PE FUNCTION IN TERMS OF THE SIGMA 
FUNCTION 
According to the previous result it must be possible to express the 
pe function in terms of the sigma function. 
Assuming that a is not a period the function ¢(z)— g(a) has 
zeros at z = aandz = —a. If we take the (double) pole at the origin 
then (5.6—-5) is satisfied and we conclude that 


o(z-+a)oa(z—a) 

gz) 
A being a constant. Multiplying both members by z? and letting 
z—> 0 we find, since z2(z) > 1 and o(z)/z > o’(0) = 1, that 


1 = Ao(a)o(—a) = —Ao*(a). 


@(2)— (a) =A 


Thus 


pt) — g(a) = — Se (56-8) 


Differentiating logarithmically we find again the equation 
(5.5-15). 
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5.6.4 — THE ASSOCIATE SIGMA FUNCTIONS 
Let us take w, for a in (5.6-8). We get 
o(z+a@,)0(z—a,) 


e(z)-¢, = — o(z) o%(o,) (5.6-9) 
In (5.6-3) we replace z by z—a,: 
o(z+a,) = —o(z—w,) exp 2n, 2. (5.6—10) 
Hence (5.6-9) may be written as 
o?(z+a,) 
90 (z)—é, = o8(2)0%(,) = (—2n,,2). (5.6—-11) 
We may simplify the above result by introducing the functions 
a (2) = oF.) exp (—7,2), at ERR (5.6-12) 
o(w,) 
Then (5.6-11) appears in the simple form 
(2) oa(2) 1, 2,3 (5.6-13) 
2)—@, = i eT 2s ; 
2 a o?(z) am 


It is at once clear that the function o,(z) possesses simple zeros 
at the points congruent with z = w,, « = 1, 2, 3: 
0,,(@,) = 0, gr 1 2S. (5.6-14) 
whereas 
o,(0)=1, a=1,2,3. (5.6-15) 
In contrast with the function o(z) the functions o,(z) are even 
functions 


o,(—z) = o,(z). (5.6-16) 
In fact (5.6-10) can be written as 
o(z+a,) = o(—z+m,) exp 2n, 2 (5.6-17) 
and so 
04,(—2) = Siem) €XP 4% EXP (—2n,2) 0,,(2). 
o (4) 


The relations of quasi-periodicity of the functions o,(z) are rea- 
dily found: 


Oy (2+ 2m.) = sere ee exp (—7, (2+2a,)) 
+o, 
nee “ere exp (—7,(2+2m,%)) exp 273(z+-a,+ ag) 
a(z+a,) 


a Naas 2ng(2+ wg) EXP( —Ng2) EXP (294 — 2714p). 


| ELLIPTIC FUNCTIONS [5 


Taking account of the relations (5.5-20) we find 
0,,(2-+2,) = —o,(z) exp 2n,(z+a,), (5.6—-18) 
0, (2+ 2g) = 04(z) exp 2ng(z+,), % APB. (5.6-19) 


5.6.5 — RELATIONS BETWEEN THE SIGMA FUNCTIONS 


There are a large number of relations between the sigma functions. 
We shall list some of them. 
In the first place it easily follows from (5.6-13) that 


04 (2) + €, 07(2) = 03 (2) +, 07(z) = 0§(z) +5 0°(z), (5.6-20) 
and on eliminating o7(z): 
(€.—g) 07 (2) + (es —€1) 09 (2) + (€:—2) 03(2) = 0. (5.621) 
The equation (5.4-1) may be written in the form 


ra) —. 4 212) 99(2) 98 (2) 
(0 Cee aa = 


Hence 

0; (2) 02(2) 03 (2) 
o° (2) 

for multiplying both members by 2° and letting z ~ 0 the left hand- 

side tends to —2 and the factor of —2 of the right hand side to +1. 

This formula is another illustration of the theorem of section 5.6.2. 


Differentiating (5.6-13) and comparing the result with (5.6—22) 
we obtain the curious relations 


Q'(z) = — (5.6-22) 


(5.6-23) 
(2) 288 03 (2) (Ais) oars (ae) eae 
o(2) oz) ’No(2) (2) ’\o(2) oz) 
From these relations we easily deduce 
(5.6-24) 
(et [eee [ee ) ee 
0; (z) o3(z) ” \op(z) o3(2) * \og(z) o3(z) | 


Finally we consider the integral function 


f(z) = o(2) 04 (2) o2(z) og(2). 
It obviously has simple zeros at the points z = mw+nw’, m, 
n= 0, +1, +2,.... From the relations of quasi-periodicity it 
follows that 


f(2+20,) = f(2) exp 894 (21,4). 
On applying (5.6-3) repeatedly, we find 
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o(2z+4w,)=— (224 2,) exp 2, (22+ 20, +4) 

=o (22) exp 2g (22-+20,-+,) EXP 2ng(22-+0,) 

=o (2z) exp 8n,(z-+@,). 
Since o(2z) has the same zeros as /(z) the quotient o(2z)/f(z) is an 
elliptic function with no poles, that is to say, a constant. Letting 
z—> 0 and observing that o(2z)/o(z) — 20’(0)/o’(0) = 2 we obtain 
the duplication formula 


o(2z) = 20(z2)0, (2) 02(2)03(2). (5.6-25) 


5.6.6 — THE SIGMA QUOTIENTS 


Combining the formulas for the quasi-periodicity of the sigma 
function we find the sigma quotients 
Oy(Z+2@%) 9a (2) 
o(z+20,)  ~ a(z)’ 
where the upper sign has to be taken only when « = #. Hence the 
functions are elliptic. One of the primitive periods of the function 
corresponding to a given index « is 2m,, the other is 4w,, where f is 
one of the numbers 1, 2, 3 different from «. The poles are the zeros of 
o(z) and they are, therefore, simple. It is easy to verify that in any 
period-parallelogram there are two zeros of o(z). Hence the func- 
tions (5.6—26) represent elliptic functions of the Jacobian type 
(5.2.3). As we shall see they are of importance in the theory of the 
Jacobian functions which we shall introduce in section 5.8.3. 


a,B=1,2,3, (5.626) 


5.7 — The bisection formula of the pe function 


5.7.1 — PRELIMINARY FORM 
According to the previous section the function 
6,(2) o0(2) , o(2) o5(2) , o9(2) o4(2) rain 
o*(z) o* (2) o* (2) 
is an elliptic function with primitive periods 4m, 4m’. By virtue of 
(5.6-23) this function is the opposite of the derivative of 
07 (2) 02 (z) 03 (z) : (5.7-2) 
a(z) a(z) a(z) 
which is also an elliptic function with primitive periods 4, 4m’. In 


the period-parallelogram with vertices 0, 4a, 4w-+4m’, 4m’ the poles 
are at the points 0, 2w, 2w+2w’, 2m’, (fig. 5.7-1). 
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oO 
Fig. 5.7-1. Location of the poles of the function (5.7—2) 


Now 0,(z)/o(z) has primitive periods 2, 4m’. The sum of the resi- 
dues at the poles in the parallelogram with vertices 0, 20, 20+4w’, 
4wm' must be zero (5.2.3). Hence the residues at the above points 
are +1, +1, —1, —1 respectively. The function o,(z)/o(z) has 
the primitive periods 4w, 2w-++2w’ and it follows that the residues 
at the above poles are +1, —1, +1, —1 respectively. Finally 
o3(z)/o(z) has the primitive periods 4m, 2m’ and it follows that the 
residues at the above poles are +1, —1, —1, +1 respectively. 
By adding we find that the residues of the function (5.7—2) at the 
poles in its primitive period-parallelogram are 3, —1, —1, —1 re- 
spectively. 

Now it is easy to verify on account of the quasi-periodicity of the 
zeta function expressed by (5.5-10) that the function 


2¢ (22) —¢ (2) 


is elliptic with primitive periods 4w, 4’, having the same poles and 
residues as the function (5.7—2). Hence it differs from this function 
by a constant. 

Differentiating we have the bisection formula 


01(2)o2(2) | o(2)o3(2) | o2(2) o9(2) 


o2(z) o2(z) o2(z) (Bi-8) 


(32) = @(z)+ 
5.7.2 — INTRODUCTION OF THE SQUARE ROOTS 


In (5.6-13) the functions ¢(z)—e, appear as the squares of the 
functions o,(z)/o(z), « = 1, 2,3. It is convenient to define the 
square root of (z)—e, by the formula 


a= 1,2,3. (5.7—4) 


(5.7-5) 


Since also 


we easily find, taking account of Legendre’s relation, 
(5.7-6) 
Ve,—€ =iVe,—6,, VWe,—ls = iVeg—&,, V Cy — ls = iV 3—€5. 


Inserting the expression (5.44) into (5.7-3) we obtain the bi- 
section formula in the form 


eH) =90)+V00)—4V90—44 | gan 


+V @(2)—4 V @(2)—e +V @(z)—e V @ (2) — 65. 


It is not difficult to obtain a similar formula for (4z+-@,). In fact, 
by virtue of (5.6-26) we have 


V @(2+20,)—e, = +V @(2)—e, z)—é, 


when the upper sign has to be taken only when « = f. Thus we see 
that ”o(4z+@,) has the same expression on the right as ¢(4z), 
save that the sign of the terms involving V ¢(z)—e, is changed. 

Finally we wish to observe that the relations (5.5-5), (5.5-6) and 
(5.5-7) can be represented in the stronger form 


(5.7-8) 
V ey—Cy Ve,—€y 
V 9(2)— 


In fact, there can only be ambiguity in sign. But inserting for 
instance z = wg we find that the theorem is correctly stated. Similar- 
ly, we may write (5.4-1) in the stronger form 


V £(2+0,)—€, = , oF Baty, BPAy. 


02) = —2V E)—a4VE)—aVO)—ey, (5-7-9) 
this being the equation (5.6—22). 


———_ a Bi ee i a a: | ee 


5.8 — The theta functions of Jacobi 


5.8.1 — INTRODUCTORY REMARKS 

The Weierstrassian sigma functions are closely related to a certain 
class of rapidly converging series, discovered by Jacobi. These 
series are important from a theoretical point of view, but they are 
also of great value for numerical work. 

The effect of increasing the argument z in a sigma function by a 
period is the multiplication by a periodicity-factor. This can be 
removed by multiplying the functions by the factor 


ei, ) ’ 
exp ( z 
In fact, 


exp (- x (:+-20)2) = exp e sa) exp (—2n(z+a)). 


It is therefore natural to consider the functions 9, Y, ~3, 9, defined 
as 


Px (2%) = Gy-1(z) exp (- = 2) , 245 2,354,  {6.8-1) 
@ 
where o,(z) stands for o(z). From the relations of quasi-periodicity 
of the sigma functions we get 


Q(2+20) = —9,(2), %2(2+20) = —¢,(2), 

P3(Z+2m) = 93 (2), Pa(2+20) = 9,(2), (5.8-2) 
that is to say, the functions gy, and g, are periodic with periods 4w 
and the functions gy, and g, are periodic with period 2m. 

The effect of increasing z by 2m’ is expressed by 


/ 


pale-+20") = Leste) exp(—2n +27!) (eto 
(5.8-3) 


taking account of Legendre’s relation. The upper sign has to be 
taken when « = 2,3, the lower when « = l, 4. 
A further simplification may be acquired when we introduce the 


functions 
fx(z) = eq, (202), fa(2) = e™*y(202), fy(2) = 95202), fa(2) = p4(2002). 
(5.8—4) 
These functions are simply-periodic, the period being 1: 
fele-F = fete), a = 1, 2,3, 4. (5.8-5) 
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= 5.8- 
“ 
= (5.8-6) 


and agree on taking w and o’ in such a way that 


Imt> 0. (5.8-7) 


| g = exp zit | (5.8-8) 


is numerically less than unity. 
From (5.8-3) we easily deduce that 
A(z+t) = —f(2) exp (—2m1z), — fal2+t) = fa(z) exp (—2zz2), 
falz-+t) = q-fa(2) exp (—2niz), f4lz-+2) = 74 f4(2) exp (—2272). 
(5.8-9) 


Hence the number 


5.8.2 — EXPANSIONS IN FOURIER SERIES OF THE MODIFIED 
SIGMA FUNCTIONS 


Since the functions /,(z) are integral functions of period 1, we may 
expand them in a Fourier series (2.23-11), that is to say we can 
put 


i.(2) = > A, exp 2vmiz. (5.8-10) 


y=—CO 


We wish to evaluate the coefficients A, in the various cases 
a= l, 2, 3, 4. 
(i) « = 1. By virtue of (5.8-9) we have 


> A,” exp 2vniz = f,(z-+1) = — > A, exp 2(y—1)aiz. 


v=—O0O v=—CoO 


Observing that the coefficients in a Fourier expansion are uniquely 
determined we find for all integral values of n 


Auge? =z —Ansr, 
or, taking account of (n+4)?—(n—$)? = 2n, 
(—1)"A,g-(-" = (—1)"41 A, gt", (5.8—11) 


The expression on the right-hand side arises from the expression 
on the left if we replace by n+1. Hence its value is independent of 
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nm and is therefore a constant C,: 
co 
f(z) = Cy > (—1)'¢°-* exp 2vaiz. (5.8-12) 
v=—00 


By d’Alembert’s test it is easily seen that the series on the right 
is absolutely convergent for every value of z and uniformly con- 
vergent in any bounded set of the z-plane. 

(ii) « = 2. In a similar way as in the previous case we now find 


Ay sl Soe Any 
or 
Agee = Aug (5.8-13) 
Both members are therefore independent of and may be re- 


presented by a constant C,. Hence 


te(z) = Cy > g*” exp 2vaiz. (5.814) 


v=—CO 


(iii) « = 3. In this case we have 
i qn 3 Any i 
or, observing that (7+ 1)*—n? = 2n+1, 


Ag = A,ag (5.8-15) 

The common value of both members will be designated by C, 
and so 

fs(z2) = Cg > Q” exp 2vaiz. (5.8-16) 


(iv) « = 4. We now have 


Ang" = —Aqyq" 
or 
(—1)*A,g-™ = (—1)"F Ayy gO", (5.8-17) 
and so 
fy(z) = Cy ¥ (—1)"@" exp Qvaiz. (5.8-18) 


v=—00 


5.8.3 — DEFINITION OF THE THETA FUNCTIONS 


The functions /,(z) exp (—z7iz) and f,(z) exp (—ziz) assume the 
same periodicity factor as /,(z) and /,(z). It is therefore more con- 
venient for the sake of uniformity to consider the expansions of 
these modified functions. 

Jacobi introduced the series 
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0,(z) =t > (—1)'¢"*" exp (2»—1)niz 


v=—0O 


= 29" sin mz—2q"*sin 8uz + 2q"/*sin 5az +..., 


8,(2) = > g’4¥ exp (2v—1)ziz 
= 29'*cos mz+2q"!*cos 8nz+2q""*cos 5uz+ ..., 
: (5.8-19) 
85(z) = > gq” exp 2vniz 
= 1+ 29 cos 2az-+-2¢*cos 42z-+-29° cos 62z-+..., 
8,(z) = > (—1)"Q” exp 2vniz 


v=—00 


= 1—2q cos 2mz+ 2¢* cos 4z — 29°cos 6uz + .... 


These function are called the Jacobian theta functions. The factor 7 
in the first expression is added by obvious reasons. We are now able 
to express the functions /,(z) in terms of the theta functions. The 
constants C, are in the cases a = 2, 3, 4 found by putting z = 0, 
whereas in the case « = 1 we first divide by z and observe that 
f,(z)/z > 20 as z+ 0. We thus obtain 
f(z) exp (—21z) = 20 at f.(z) exp (—21z) = P22) 

1 
tule) ay _ Pale oe 
35(0)’ “* B4(0) 


The functions #,(z) depend also on the variable t. If it is desirable to 
exhibit this dependence we shall write #,(z|r). 

It should be noticed that the function #(¢) considered in section 
2.23.5 is the special series #,(0|7¢) where ¢ > 0. 

It is also easy to express the sigma functions in terms of the theta 
function. We successively have 


f(z) = 


0, (2) 9, (2) 
o(2wz) = 2w —-—— exp 2nwz*, 0,;(2wz) = exp 2nwz?, 
0; (0) 3, (0) 


8, (z) 


ble (5.8-21) 
z 
Oo (2wz) = na (0) exp 2nwz", 03(2wz) = 3,(0) exp 2nwz?, 

3 ae 


and so, according to (5.7-4), 


a tPA ee: ; 
V @ (202) —e, = 5 So a ee (5.8-22) 
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5.8.4 — GENERAL PROPERTIES 


We wish to list some general properties of the theta functions. 
First we observe that #,(z) 7s odd, whereas all the other theta func- 


tions are even: 
(5.8-23) 
8, (—2) = —8,(2), O4(—2) = 9(2), B4(—2) = 95(2), O4(—z) = 84 (2). 
The effect of increasing the argument by 1 is expressed by 
8,(2+1) = —0,(2), A(z+1) = —A(2), | 
Bs(2+1) = Og(2), 4 (2+1) = (2), (5.8-24) 
whereas the effect of increasing z by t is expressed by 
8, (2z+1) = —AB,(z), 8(z+7) = Ad,(z), 
8,(z+7) = Ad,(z), O,(z+7) = —AV,(z), (5.8-25) 
where A is the periodicity factor 
A = q- exp (—2z7z). (5.8-26) 
The effect of increasing z by 4 or by 4t is also expressed by simple 


formulas. From the series expansions of the theta functions we find 
by a simple computation 


O,(2+2) = A(z), A(z+3) = —d(2), 


Os(2-+2) = O4(z), Py(2+3) = Bg (z) (5.8-27) 
and, introducing the conversion factor 
B = q* exp (—ziz), (5.8-28) 


8,(2-+3t) = 1Bd,(z), %(z+}7) = Bd(2), 
83(z+47) = Bd(z), O(z+4r) =7Bd,(z). (5.8-29) 


The formulas will be referred to as the conversion formulas of the 
theta functions. 

The functions 0, (2), 8,(z), 83(z), 84(z) have simple zeros at the points 
congruent to 0, 4, 4-+-41, 40 respectively with respect to the lattice-points 
m+nt, m, n=0,+1,+2,..., (fig. 5.8-1). 

Hence the zeros are the vertices of a parallelogram whose measure 
is the half of the parallelogram of the network defined by the lattice- 
points. 


5.8.5 — THE DIFFERENTIAL EQUATION 


Considered as functions of the two variables z and r the theta 
functions satisfy a simple partial differential equation. Since the 
series are also uniformly convergent as regards t, when rt varies in 
a closed and bounded set in the region Imzt> 0, we may dif- 
ferentiate term-by-term with respect to this variable t. Now the 
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Fig. 5.8-1. Zeros of the theta functions 


general term in each of the series is of the type 
gy = exp (aita?-+ 2n1a2). 


From 


e? ee 0 
— = 2n1ayg, exes — 47° a? y = 4n1(r1a* ¢p), are 1a p 
dz 02" Ot 


we conclude that the theta functions satisfy the partial differential 
equation 


(5.8-30) 


5.9 — The expression for the theta functions as infinite 
products 


5.9.1 — THE INFINITE PRODUCTS 


The zeros of #,(z) are at the points m+nt+4r where exp 2m2 
takes the values g2"*1 respectively. According to the general theory 
of section 4.1.2 the products 


TI (i—g?1 exp 2aiz), = [[ (1g? exp (—2z12)) 
v=1 v=1 


are absolutely and uniformly convergent in any finite set of values 
of z, for the series 
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2X7 
v=1 
is absolutely convergent. Hence the function 
co co 
f(z) = TI (l—q”"1 exp 2aiz) [J (l—g”-1 exp (—2z7z)) 
v=1 y=] 


00 (5.9-1) 
= [|] (1—2q" cos 2z-++-¢*”-*) 
v=1 


is an integral function, being periodic of period 1. On the other hand 


fe-+t) = TI (1—g*** exp 2aiz) T] (1—g?-* exp (—222)) 
v=1 v=1 


1—q-1 exp (—2za17z) ; 

— ee aS i en ee = —Jg- =, = . 

Ig exp Saiz 12) = Tt exp (2x2) fle) = AFC) 

In accordance with (5.8-25) we may conclude that #,(z)/f(z) is a 

doubly-periodic function with no poles, and therefore a constant. 
And so we find 

6,(2) = C f(z), (5.9-2) 


where /(z) is the expression (5.9-1). 

The expression for the other theta functions as infinite products 
may be obtained by applying the conversion formulas (5.8—-27) and 
(5.8-29). Taking z+4 instead of z in (5.9-2) we get 


8,(2) = Cfle-+4) (5.9-3) 
where 
f(z+4) = Ul (1-+29?-1 cos 2az-+-q*"-*), (5.94) 


while by taking z+ 47 and observing that 
0,(z) = —ig?d,(z+4r) exp aiz, 


we find 
8,(z) = —Cigt}(z+4r) exp aiz = Cq*g(z) (5.9-5) 
where 
g(z) = —7f(z+4r) exp iz 
= —i]][ (l—g” exp 2aiz) [J (1—q?-? exp (—2miz)) + exp niz 
v=1 v=1 
= —i][[ (1—q® exp 2ziz) [TJ (l—q? exp (—2z7z)) 
v=1 v=1 
- (1 — exp (—2a7z)) exp zz, 
or 
g(z) = 2 sin xz [[ (1—2q” cos 2az+q*”). (5.9-6) 


v=1 


Finally we find from #,(z) = 0,(z+4), 


,(z) = Cg*g(z+4), (5.9-7) 
where 


g(z+4) = 2 cos xz Tl (1+ 29?" cos 2nz+-q*). (5.9-8) 
v=1 


It should be noticed that in these formulas the quantity C has the 
same value. It is constant as regards z, but it depends on tr. The 
evaluation of C is not so easy and demands some further considera- 
tions. 


5.9.2 — THE FUNDAMENTAL RELATION 


We wish to establish a remarkable simple relation between the 
values of %,(0), 03(0), #,(0) and #,(0). Inserting the expressions 
(5.8-21) of the sigma functions in terms of the theta functions into 
(5.6-25) we get 


8, (22) By(0) 9g (0) By (0) = 20, (2) Dy(z) Bg(z) A(z). (5.9-9) 
Logarithmic differentiation yields 


Hil) HC) _ Ae) HE) HO gg ay) 
O,(2z) A(z) A(z) Is(z) H(z) 

Since the functions on the right have each a simple zero at z = 0 
it is natural to divide by z and to let z + 0. The right-hand side does 
not present any difficulty, but the expression on the left requires 
closer examination. 

First we observe that the function #,(z) is odd and as a con- 
sequence all derivatives of even order vanish at z = 0. Expanding 
the function in a Taylor series we have 

Oi(z) (0) +4229" (0) +O(e4) 1 Fz 8"(0) + O(2) 


Bi(z) — 28{(0) + $22 8/'(0)+O(5) zz" HO) +0) ” 


whence 


= (" Vex -| eis, (5.9-11) 
SNES). 2 3 3,(0) 
as z-> 0. Similarly 
1 ( i 2 9,’ (0) 
z \0,(2z) _2z 3 3,(0) 
and so 
1 (2%) vi) #1'"(0) 
— Za — ed r 
z\ &(2z) A(z) a) 


Thus we find 


8," (0) _ 890), 850) | M4 (0) 

8,(0) (0) 95(0)——-94(0) 
Now we lay stress upon the fact that the theta functions also depend 
on t, that is to say, the equality (5.9-9) is actually a functional 
relation. This equation may be simplified by applying the differen- 
tial equation (5.8-30) and the equality (5.9-12). We get 


1 09,(0) 1-8, (0) 1 095(0) 1 00,(0) 
(0) ar 8,(0) Or (0) ar 8,(0) ar’ 
whence by integration 
B (0) = Ad, (0) 9,(0) 9,(0). (5.9-13) 
The constant A may be found by observing that 
B, (0)g-# —> 27, 8,(0)q-4 >2, #(0)>1, 8 (0)>1 


as qg->0, that is, as t—> +700. We thus find that A = 2 and we 
have derived the important relation 


(5.9-12) 


B (0) = 29,(0) (0) A (0). (5.9-14) 


5.9.3 — EVALUATION OF A MULTIPLICATIVE CONSTANT 


We are now sufficiently prepared to evaluate the factor C con- 
sidered in section 5.9.1. First we shall list again the theta functions 
as infinite products. 


8,(z) = 2Cq* sin xz T] (1—2g” cos 2uz+-9"’), 


v=1 


3,(z) = 2Cq* cosaz TJ (1429? cos 2az+9*), 
v=1 

0,(z) = C TJ (14+29¢”-1 cos 2az+¢*"-*), 
v=1 

2.(2)-= C TJ (1—2g”-1 cos 2nz+q*-?). 


v=1 


(5.9-15) 


Dividing both members of the equation for 3,(z) by z and letting 
z—>0 we obtain 
8,(0) = 2nCq* TT (1—g”)?. 
v=1 
The equality (5.9-14) now leads to 


TI (1—q’)? = C2 TI ( (1+q”) iG IL @ get 
v=1 v=] v=] 


But 
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co 


(LG TT (—¢") TT G—9*) 


v=1 v=1 v=1 


for the products are absolutely and therefore also unconditionally 
convergent. It follows that 


CTT (+g)? = TT 0-9")? = TT ta) (+94, 
v=1 v=1 v=1 
whence 
C=TI (1—9”) (5.9-16) 
v=1 


In fact, there is no ambiguity in sign, for C > 1 as g + 0. This 
may be shown by applying the representation for #3(z) since #,(0)—>1 
as g > 0. 


5.9.4 — EXPRESSION FOR THE QUASI-PERIOD OF THE ZETA FUNC- 
TION 


The result (5.9-11) enables us to express the quasi-period 7 of 
Weierstrass’s zeta function in terms of w and g. Differentiating both 
members of the first equation (5.8—21) logarithmically we find 


8; (2) 
D(z)’ 


(eo) = tee 2 


Taking account of (5.3-10), we find after dividing by z and letting 
z—>0 


2wl(2wz) = 4nwz+ (5.9-17) 


Or 


1 3," (0) 
4nw = — we (0) (5.9-18) 
1 
An easy computation leads to the result 
a PCE 
= 5, eT (5.9-19) 
® > (—1) (+1) ge 
v=0 


5.10 — Jacobi’s imaginary transformation 


5.10.1 — DEFINITION OF THE TRANSFORMATION 


In an elliptic function constructed with periods 2, 2m’ such that 
Im w’/w = Imt > 0 it might be convenient to regard the periods 


as being 2m’, —2w. In the case of the pe function and also in the 
case of the associated sigma function the periods appear in a sym- 
metrical manner and nothing is gained by this point of view. The 
situation is quite different in the case of the theta functions, for 
the parameter t changes into —1/t,1.e., the replacement of 2w, 2w’ 


by 2m’, —2w induces the transformation 
1 
PS: (5.10-1) 
T ‘ 


This is Jacobi’s imaginary transformation and we wish to study the 
effect of this on the theta functions. 


5.10.2 — SOME FUNDAMENTAL EXPRESSIONS 


First we shall list some useful expressions. From (5.8-22) we 
deduce, when we take account of (5.8-27) and (5.8-28), 


Jem — 1 00) (8) 1 (0) (0) 

* 8 2@ 5(0) O,(4) 2m 93 (0) 9,(0)’ 
Jace — 1 910) MB+42) 1 H(0) 800) 

pe ee D4(0) A(Z+3t) 2H B,(0) 5 (0) 
Jez — 1 (0) Auld) _ 1 %(0) 95(0) 

* * 2a 84(0) 8,(4) 2a B4(0) 8, (0) ’ 


whence, by inserting the values of #(0) given by (5.9-14), 
(5.10-2) 


Ve,—e, =—-92(0), Ves—c, =—-02(0), Ve,—e, =—- 82/0). 
2n * Da * 2n 3 


An easy consequence is the formula of the fourth powers 


| 9§ (0) = 0§ (0) + 64 (0). (5.10-3) 


In particular we find that the discriminant is equal to 


Lee Te we gts 
This may also be written in the form 
Vw VA = 5 %(0), (5.10-4) 
@ 


where {/4 is an appropriately chosen eighth root of A. 


5.10] JACOBI'S IMAGINARY TRANSFORMATION 


5.10.3 — EFFECT OF THE TRANSFORMATION ON THE THETA FUNC- 
TIONS 
In accordance with (5.10-4) we may write the first formula of 
(5.8-21) in the form 


8, (z\t) = (2 WA o (2wz)exp (—2nm2*). (5.10-5) 


Now it is easy to see that Jacobi’s transformation leaves A invariant, 
whereas o(2wz) is changed into o(2w’z) and 7 into 7’. Since is 
replaced by w’ = tw we conclude that if z is replaced by 2/t the 
expression (5.10—5) is transformed into 


z 
O, fe 
T 


where ¢ is a number such that e* = 1. 
Comparing (5.10—-5) and (5.10-6) we may infer that 


1 
0, (2 — -) = €4/T9,(2|T) exp (290—2n/ °) 2%, 
Tt T ie 
But by virtue of (5.5-19) 


@ 2nw'—2n'’o x21 
oo = OS rig 
T. 


T T 
z 
0, (2 
e 
It remains to evaluate the exact value of ¢. Dividing both mem- 
bers of (5.10-7) by z and letting z—> 0 we get 


1 1 F 
— 8, (0 | — -} = 61/7 8, (0|7), 
T T 


whence by taking t = 7 


2 


“| = a4/t yo £8/A o(2w2) exp (—2r'e =) ,  (5.10-6) 


T 


and so 


= -} = 64/t0,(z|7) exp ne (5.10-7) 
tr T 


] 
in/t 

We thus obtain one of the famous transformation formulas for the 
theta functions 


z 

a, (2 

e 

In a similar way we may derive transformation formulas for the 


other theta functions. But it is much easier to apply the conversion 
formulas (5.8-27) and (5.8-29). We thus easily deduce 


é& = 


L\ Diy 22 
— -) =— yz 3, (z|T) exp ; (5.10-8) 
T > “9 T 


92(z) = 0 (2+4), 

3(2) = gtd, (2+4+4r)e™, 

O,(z) = —igt 0, (z+4r)e"*. 
An easy computation yields the following formulas, where for the 
sake of completeness we have also reproduced (5.10-8): 


(5.10-9) 


It should be noticed that the third equation is identical with 
(2.23-29) when we take z = 0, t = 21. 


5.11 — The logarithmic derivative of the theta functions 


5.11.1 — THE EXPANSION IN SERIES OF THE LOGARITHMIC DE- 
RIVATIVES 


On applying the formula (4.1-22) we readily obtain expansions 
in series of the logarithmic derivative of the theta functions. 
First we consider the function #,(z). From (5.9-15) we deduce 


a, fore) Qv at D) 
i eee z+ 47 Sy ee ? (5.11-1) 
3, (2) r= 1—2q” cos 2az + g” 


Next we wish to represent the series on the right as a Fourier series. 
Putting w = exp 2ziz, this series can be written as 


12 gq?” (w—w-1) 1 2 gq” w ” bad wt 
2% (1—g?w) (Ig wt) 2S Fae ie apo) | 
When w ranges in the region 
|og?| <1 
we may apply Weierstrass’s double-series theorem of section 2.20.4 


to the series 
foe) ww 
Pe aa (5.11-2) 


In fact, this series is uniformly convergent on the closed set 
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jwq?| Sr <1, 
for, whenever x is sufficiently large, we have 
Ign S |gl?"rigl? <4 
on account of the fact that |g| < 1. Hence, from a certain term up- 
wards the series (5.11—2) is dominated by the convergent geometric 
series 


2, 2\g|?’r\g|-*. 


This proves the assertion. 
Expanding each term of (5.11—2) in a geometric series we readily 
find by reversing the order of summation 


0 gy < 2 ay — > x Qv1t ayylt — © gH eaane 
21-0 l—qg?w => : u=1 2 : p> l—g™ ( 
In the same way we find by assuming 
jw-2g2] <1 
the equality 
co gq? wl 0° gq?! w-# 
per 1—g”w-1 Po 1—g? : 
Hence, if w satisfies the condition 
Ig"] < |wl < |g“, 
i.e., when z ranges in the open strip 
=< Sime <I oe Tim 3; (5.11-4) 


we readily find 
co Qv ad ros 2 
gq” sin 22z gue 
[LOM RAR oe ee ee. | (CS 
v= 1— 2g?" cos 2xz-+-9” 2 1—g™ SIN <uUmz (5.11-5) 


The function #(z) gives rise to 


o, sin 2 
Hs hie 4 > ee ea (5.11-6) 
0, (z) y= 1+ 29” cos 2az-+q* 


Replacing z by z+4 in (5.11-5) we have 
ee q” sin 2xz oo (—1)4 9 
a? 


ae 2 1-+-2g”" cos 2az-+-q* = ya_-~-1—q 


The situation in the case of #,(z) and #,(z) is a little different. We 
now have 


sin 2uzz. 


x oS es 9 
3(2) = ae See (5.11-7) 
0, (z) vai 1+ 29-1 cos 2az+q¥-2 


and 


fii: ak he gq?’ sin 2nz 


B.(z) > ge ar peer vam (5.11-8) 

The series on the right of (5.11-8) may be written as 
1° gq? (w—w-1) =~ ie ( gq? w gw 
20. (l—g?-1w)(1—g? wv) iG \l—-g® 4 w 1 —g? 1 yt ; 


Under the assumption 


lal < |w| < |¢7I, 


LG:; 
—$Imt<Imz< }4Imrz, (5.11-9) 
we find, proceeding as in the case for # 
eS g”-! sin 2nz 60 
2 1— 29? cos 2az-+gh2 le 7, Sin 2uUmz (5.11-10) 
whence, by replacing z by z+4, 
= ol sin 272 a 
—> de a sis "4 sin 2uaz. (5.11-11) 


y=1 1+ 29”-1 cos Qazt+gv-2 pai. 1—q 


We thus obtain the following expansions for the logarithmic deriva- 
tive of the theta functions 


fo 2) 


actnaz+4a0 > 


sin 2rzz, 
(5.11-12) 
sin 2vzz, 


the first two expansions being valid in the strip |Im z| < Imr, the 
last two being valid in the strip |Im z| < 4 Imr. 


5.11.2 — APPLICATIONS 


We wish to make some interesting applications of the formulas 
(5.11-12). Differentiating both members of (5.9-17) we have 


d 0,(z) 


4~" 9 (2wz) = —4yo— Bae (5.11-13) 


On account of the uniform convergence of the series occurring in 


(5.11-12) in any closed and bounded set within the strip of conver- 
gence we may differentiate the series term-by-term. We thus obtain 


Qu 


9, COS 2mmz. (5.11-14) 


4m? £0 (2wz) = —4nw+a? csc? az—8n? he 


w=1i-— 
Now we expand in a neighbourhood of the origin in terms of powers 
of z. By virtue of (5.3-4) we have 
co 
de® (9 (2e0z) = > + DC, 27°47 p?r 2 22, 
& v=1 


Differentiating the series for ctn z, represented by (2.17-21), we 
easily deduce 


I Bigs: 
nm? csc? az = — ar > (2y-- 1) ——=—_ 2.29 +2 7729 +2 22, 


(29 +9) 
Taking account of (1.10-8) we may write the last term of (5.11-14) 
as 
— 8x? COS 2umz = — 220 +8 gp2rt2 (1)? 
Pe . > me >> 1—g™ (2)! 


Inserting ae series into (5.11—-14) we find by comparing equal 
powers of z 


co vq?” 
4no = 47?—8x? > oi (5.11-15) 
v=1 race . 


atid: for so Ly 2.58; «<6: 


2n+2 B Q(—])" © yantl 2v 
Co, = (7) {(2n-+1) ean eeee St hae nee a (5.11-16) 
w (2n+2)! (2m)! ,=3 1—q™® 


In particular, by virtue of (5.4-2), 
(5.11-17) 


1 4 l co a (2 ‘| 1 7 © yg 
ey ae i ee 9 oe eee 
. (=) tat ae ae 2 =| 216 3% 1—q?’ J" 


5.11.38 — EXPRESSIONS FOR ¢1, é, 


We wish to conclude our considerations by deriving expressions 
for €,, &, €, in terms of g. Consulting the conversion formulas 
(5.8-27) and (5.8-28) we readily find 

d 8,41(2) 


Ae? (0 (Qeoz ae cia A ett SS 
BEC Mal SNE ats Age 


whence, on performing the differentiation 
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nan oat id i 
4m? £9 (2wz-+w) = —4nw+2? sec? nz—8x? S$ —_—_—_. 


cos 2r7z, 
v=] : A 


4m? 0(2wz+aw+o') = —4nw—8x" oe — ———.,— cos 2vnz, (5.11-18) 


Jat p(202+0') = —4yo—Sat $ Ea 


y=] + 


COS 272. 
29 


Inserting z = 0, we successively have 


co (—1)* yg 
4we, = —4yw—z?+8n? > ee ; 
ius 1—q” 
co (__])* pq 
4w%e, = —4nw — 8x? > ane ; (5.11-19) 
ysl 1—q* 
co vg” 
4m*e, = —4nw — 8x? 2 i= 


5.12 — The pe function with real invariants 


5.12.1 — THE POSSIBLE CASES 


In practical applications frequently occur pe functions whose 
invariants g, and g, are real. We wish to show that then all coef- 
ficients in the expansion (5.3—4) are real. This may be done by deriv- 
ing a recurrence relation between these coefficients. 

Differentiating both members of (5.4-3) we get 


0" (2) = 69 (2) 38, = 6/7 (z) —10¢,. 


Hence 


© 1 fore) 2 
+ > 2y(2v—1)cy, 2-2 = —10c,+6 ( +> ed 
=1 & v=1 


1 oo fore) fore) 
= —10c,+6 ( +2 Dey zPAt > D> Gc, zac) 
a vy=1 A=1 yw=1 


Equating coefficients of z2"-2, supposing ” > 2, we readily find 
2n(2n—1)Co, = 12c,,+6 > Co, Cons 


Atu=n-1 
whence 
(n—2)(2n+3)co,=3 D CayCy,. (5.12-1) 
Atp=n—-1 
By virtue of this relation we can successively express Cg, Cg, .. . 
rationally in terms of ¢, cy, and hence also in terms of gp, gz. 
A function of this nature assumes real values for real values of z. 
More generally 


(2) = @(2). (5.12-2) 


An easy consequence is: 

If w is a period then also tts conjugate complex value W is a period. 

It follows that the lattice-points determine a network of rectangles 
whose sides are parallel to the real and imaginary axes respectively. 

Since the sum of two conjugate periods is real and the difference 
is purely imaginary, we see that in the case under consideration the 
pe functions have real and purely imaginary periods. 

Now two cases occur: 

(i) One of the primitive periods is real, the other is purely im- 
aginary. In this case the fundamental period-parallelogram is a 
rectangle whose sides are parallel to the real and imaginary axis 
respectively, (fig. 5.12-1). 


Fig. 5.12-1. Periods of #9(z) in case (i) 


(ii) A set of primitive periods is made up of a pair of conjugate 
complex numbers. The fundamental period-parallelogram is a 
rhomb, whose diagonals are parallel to the real and imaginary axis, 
(fig. 5.12-2). 


Fig. 5.12-2. Periods of f9(z) in case (ii) 


Conversely, when the primitive periods are of the type described 
in (i) and (ii) then the coefficients in the expansion (5.3-4) of (z) 
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are necessarily real. In fact, since the set of lattice-points is symme- 
tric with respect to the real axis and the terms of the sums (5.3-5) 
defining these coefficients assume conjugate complex values in lat- 
tice-points which are situated symmetrically with respect to the 
real axis, we can combine the terms in pairs, contributing real 
values. 

Examples of particular interest are the following. Let w’ = iw, 
w being positive, ie., the fundamental period-parallelogram is a 
square. Then g, = 0. In fact 


1 Je a Qi 
x (n-ne —2 ~2 (n-+n'i)® 


for the numbers ”’, —m run through the same pairs as n, n’. 
Another example is provided by 2m = ao-!, 2m’ = ag where 
a> 0 and @ = exp ee In this case g, = 0. In fact 


3 34 


Wem ,  (6.12-8) 


1 Baia <4 
(ne*-+-n'o)4 = 2° Geohenio) a et oe 2 (ne-+n’)* 
1 1 
a, * {(n—n')o—n'o?}4 
1 1 1 1 
ee >. Dy 


@ ~ {—n'e+ (n—n')o}# 9 * (not+n'o)*” 
since the numbers —n’, n—n’ run through the same pairs of values 
as n,n’. 


(5.12-4) 


5.12.2 — THE SIGN OF THE DISCRIMINANT 


The two cases discussed above are also characterized by the sign 
of the discriminant (5.4-11): 

(i) If w is real and w’ purely imaginary then e, = ~(w) and 
és = §9(w’) are real. Hence e, = —(e,+¢s). 

The discriminant is positive when a pair of primitive periods 
consists of a real and a purely imaginary number. 

(iu) If w and w’ are conjugate complex, then w+’ is real and so 
€g = 0(w+oa’). Since e, and ¢, are different and conjugate complex 
they are not real. 

The discriminant is negative when a pair of primitive periods 
consists of two conjugate complex numbers. 


5.12.3 — THE POINTS WHERE THE PE FUNCTION IS REAL 


Next we wish to determine all points in the complex plane where 
§o(z) assumes real values. It is, of course, sufficient to study the 
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behaviour in a fundamental period-parallelogram. 

(i) When the discriminant is positive we shall prove that /(z) 
assumes real values along the perimeter of the rectangle 0, w, a+’, 
w’. As a consequence of the periodicity and the property to be even 
the function is real on the boundary and two median lines of the 
fundamental period-parallelogram. 

It is plain that ¢(z) is real between 0 and w. When z > Oalong the 
real axis then (z) > +00, while 9(z) =e, for z =a. Hence 
@(z) =c with c > e has a solution between 0 and w and, on 
account of the periodicity and the property to be even, also between 
wm and 2m. Since ”o(z) is of order two there is therefore only one 
solution between 0 and w. Thus we see that the function is mono- 
tonously decreasing from +00 to e,, when z varies from 0 to w. 
An important consequence is: 

The number e, ts the largest root of the equation 

42°—goz—gy = 0. (5.12-5) 

On the other hand g(z) is also real on the imaginary axis and 
(2) > —oo as z-> 0 along this axis. By the same argument as 
used above we see that (z) is monotonously increasing from — oo 
to ¢, when z varies from 0 to w’ along the imaginary axis. Hence: 

Ihe number e, 1s the smallest root of the equation (5.12-5). 
Taking account of (5.4-4) we have 


6, > bt > ey; é, > 0, és < 0. (5.12-6) 


The values of g(z) at the points of the remaining sides of the 
rectangle under consideration are also real, for on the right vertical 
side we have z+Z = 2m. Hence @(z) = (2) = @(—z) = @/(z). 

On the upper horizontal side we have 7+2w’ = z, hence 0(z) 
= (2) = (z). It is easily seen that on the right vertical side ¢(z) 
assumes all real values between e, and é,, each only once, and on the 
upper horizontal side each value between ¢, and ¢,. 

The equation #9(z) = c, where c is real, cannot have a solution in 
the interior of the parallelogram, for then the equation would have 
more than two roots in the fundamental period-parallelogram. 

Summing up we see that, if we traverse the rectangle 0, w, w-+w’, 
w’ in the counter-clockwise sense, the function §o(z) decreases mono- 
tonously from +-0o to —oo, (fig. 5.12-3). 

(ii) A similar situation occurs in the case of a negative discrimi- 
nant. It is convenient to introduce the numbers, (fig. 5.12-2), 


o=otw’, 0 = —aw+o’. (5.12-7) 


By a similar reasoning as that above we find, when z traverses 
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q 
mi 
iow 


Fig. 5.12-3. Values of £2(z) on the sides of the period-parallelogram in case (i) 


the rectangle 0, @, w+’, w’ in the counter-clockwise sense, the 
function ”(z) decreases monotonously from + 00 to ¢, when z varies 
from 0 to w and from e, to —oo when z varies from @ to @+0’ 
along the vertical line. Then it starts again with the value + oo and 
arrives with the value e, at w’, while it tends to — co when z varies 
from w’ to 0 along the vertical line, (fig. 5.12-4). Inside the rectangle 
the values of (z) are complex. 
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Fig. 5.12-4. Values of £9 (z) on the sides of the rectangle 0, @, @+ @’, @’ in the case (ii) 


In both cases we can say that ¢(z) assumes real values at the 
points of a set of equidistant horizontal and vertical lines. In the 
first case these are the lines through the lattice points and the lines 
midway between them. In the second case they are the lines through 
the lattice-points only. 


5.12.4 — THE SIGN OF Ime, AND Im é, WHEN J IS NEGATIVE 


Finally we wish to discuss the sign of Im e, in the case (ii). It is 
evident that Im es = — Im 4. 
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We insert a = 4a, b = —}o’ into the addition theorem (5.5-3) 

written in the form 
9? (a) + 8 (b)—2@' (a) @' (0) 
p(a-+2) = —9(@)— 90) ay 

Now a is real and 0 is purely imaginary. Since ¢(z) is decreasing 
between 0 and w we have ¢’(a) < 0. Further it follows from the 
expansion (5.3-11) of g’(z) that @’(b) is purely imaginary. Hence 
the sign of Im e, = Im ~(a+4) is the sign of —@'(a)@'(d)/2. 

When z is near to zero on the imaginary axis 7’ (z) is negative and 
since there are no zeros of ’(z) between 0 and w’ we conclude that 
also 10'(b) is negative. Thus we proved: 

The sign of Im e, ts positive, the sign of Im eg 1s negative, provided 
the discriminant is negative. 


5.13 — The periods represented as integrals 


5.13.1 — WEIERSTRASS’S ELLIPTIC INTEGRAL 


Suppose that the real variable x varies in the interval0 < x Sa, 
when A > 0, and in the interval 0 < x < mw when A < 0. In these 
intervals £o(x%) is monotonously decreasing, i.e., ’(z) < 0. On the 
other hand 43(x)—g, 9(")—g, > 0. Hence the differential equa- 
tion (5.4-3) may be written as 


(o' (a) = —V 4 6 (x) —go @ (x) —gs. (5.13-1) 
Accordingly, supposing u =e, when 4 > 0, u 2] e, when 4 < 0, 
the equation 


u = £9(x) (5.13-2) 
defines the variable x as a function of u, 
ess ie) (5.13-3) 
which vanishes for “-—> oo. The derivative is 
dx —1 
(5.13-4) 


du /4u®—g, u— 8 
and so we see that the inverse function of §o(x) in the given intervals 1s 
represented by Weierstrass’s integral , 

oo at 


u V48—g,t—gy ( 


where “4 = ¢, when 4 > 0, u =e when A < 0. 
Next we suppose that iz varies along the imaginary axis from 
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0 to w’, or from 0 to w’, according as J > 0 or 4 < 0. 
From the definition of the pe function we easily deduce 
0 (z|w, w’) =— —(—1z|—iw’, iw) =— — (2 —10’, —io) .  (5.13-6) 
a 
Hence the function (0(iz|w,’) behaves like the function 
— (%|—tw’, —tw). The invariants of this function are evidently 
£0, —&3, and —e,, —é,, —és are the roots of the equation 


423 9,z+2, = 0 (5.13-7) 
where now —é, is the largest root when A > 0. 
By virtue of the previous result the equation 


u = £9(12x) (5.13-8) 
defines the inverse function 
oo at 


H a EY 
“4 V48—g,t+g5 
5.13.2 — EXPRESSIONS FOR THE PERIODS 


The results obtained above enable us to write down the expression 
for the periods as definite integrals. 
(i) When A > 0 we evidently have for the semi-periods 


o= —-= 5.13-9 

wee Tyee | oh 
(ii) We similarly have when 4 < 0 

o = = 5.13-10 

| aR Ti ’ = TE atte 


5.13.3 — LEGENDRE’S COMPLETE ELLIPTIC INTEGRAL OF THE FIRST 
KIND 
For the discussion of the integrals representing the half-periods 
it will be convenient to bring them into another form. We have to 
consider the cases 4 > 0 and A < 0 separately. 
(i) 4 > 0. Writing the first integral (5.13-9) as 
at 


| 2V'(t t—é,) (¢—ég) (¢—eg) 


we find by putting 
t= eter 
and omitting afterwards the prime 
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pres at 

oO = a a a eee enh 4 

0 / €1 — &3 €g— &3 

: (1 e e)(1 a) 
Now let 
—eé 
g= 4-6, k= a, g>0, k>0O.  (5.13-12) 

€y— &3 


Then we get the following expression 


5.13-13 
ar peers (1—#) (1— #22) ( ) 


This integral is known as Legendre’s complete elliptic integral of 
the first kind. The number g is called the multiplicator and k is the 
modulus. According to (5.12-6) the number #? satisfies the in- 
equality 

Oi :R* <<. 4, 

In a similar way we can transform the second integral (5.13-9) 

writing it in the form 


ol OS. 
Now we perform the substitution 

t= —e+¢2/t" 
and we find after omitting the prime 


(5.13-14) 
1 


a eV (12520) (528s) 
z g? 


2 = cme pts kh! 13- 
g° = 4—6, , g>o0, k’>0. ~~ (5.13-15) 


w’ ty Verney dt 


Again let 


We then find 


(5.13-16) 


The number g has the same value as in (5.13-13). But & has been 
replaced by k’. The moduli & and ’ are said to be complementary. 
The relation between & and k’ is expressed by 


R2+k’? = 1. (5.13-17) 
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By taking ¢= sin 6 the integrals appear in the trigonometric form 
in dé w'g da dé 

‘ip = eer as |) ree, GECIS 

Vi—ksin?6 7 J V1—k'? sin26 


(ii) Writing the first integral (5.13-10) in a form exhibiting the 
numbers ¢,, é, é3 like (5.13-11), where now e, and ¢é, are conjugate 
complex, we find by the substitution 


v3 = t—e, 
and omitting afterwards the prime 
00 at 
0 Vv (#+e,—4) (P+¢—es) 


Since e,—e, and e,—e¢, are conjugate complex and Im (¢,—e;) > 0 
as has been proved in section 5.12.4, we may wrijte 


oO = 


€g—l, = r(cosy+7siny), 
€.—€, = r(cosy — sin y), 
where ry > 0 and 0 < y <a. The polynomial in the denominator 
becomes 
4+42¢7 cos y+tr? = (t-+7)?— 4x sin® dy. 
Now we introduce a new variable u by u1/r = ¢ and a number k 
being equal to 
k = sin Fy. (5.13-19) 
We then have 
2 oo du 
0 V (u?+ 1)2?—4k? 4? 
The second integral (5.13—-10) may be treated in a similar manner. 
Next we perform the substitution 


t’2 — t+é, 
and introduce the number 
kh’ = cos Fy. (5.13-21) 
We get 
@'s/7 oo du 
2 0 V (u2+1)2?—4k'2 0? 


Writing KP as fey we see by taking u’ = 1/u in the second 
0 0 1 


term that is = ips . Hence 
0 1 
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ti acpi 
al yeppcape 2 77] eee 
Finally we put 
, 2u 
sin 6 = 
u?+1 
and so we obtain the trigonometric forms 
37 Daf? (ie 


/1—R? sin20 2 /1—k’2 sin26 


5.13.4 — EXISTENCE OF A PE FUNCTION WITH PRESCRIBED 
INVARIANTS 


The previous results enable us to solve a fundamental problem in 
the theory of the pe function. Representing the right-hand sides 
of (5.4-2) by go(w, w’), g3(w, w’) we may ask whether it is possible 
to determine the numbers w and w’ in such a way that 


82(@, w') = ge, &3(@, w') = 85, 
where g, and g, have prescribed real values. A necessary condition is 
that the discriminant g3—27g? should be different from zero. This 
condition is, however, also sufficient. 
mae First we consider the case 4 > 0. The ratio 


oe a0 in do 
a 0 V1—k” sin? 6 0 V1—h? sin?6 


is monotonously and continuously decreasing from + 00 to 0 when 
k? varies from 0 to 1. In fact, the integral 
0 dé 6 dé 
0 Vi—sin?@ 9 cos 
is divergent as 6 - 42. Hence to a given value of t corresponds a 
uniquely determined value of k?. 

Now 4, é, és are uniquely determined by g?, k? and the relation 
€;+é,+ es = 0. Given g, and g, we can find ¢, é, é, as roots of the 
equation (5.12-5). Then we calculate g?, k? and k’2 by (5.13-12), 
(5.13-15). Next we determine w and w’ by (5.13-18) and construct 
a pe function associated with the periods 2w, 2w’. Since k? is uniquely 
determined by w’/w g is also fixed by (5.13-18). This means that 
the numbers ¢;, é:, é, associated with the pe function are precisely the 
roots of (5.12—5) and hence the invariants of the pe function are the 


(5.13-25) 


= log tan (40+ 42) 


ELLIPTIC FUNCTIONS [5 


given numbers », gs. It is plain that the argument fails when 4 = 0, 
for then either g = 0 or one of the numbers k?, k’? is zero. 

(ii) In the case 4 < 0 we proceed in a similar way. From the 
given numbers g, and g, we calculate w, w’ and as in (i) we verify that 
k is uniquely determined by the ratio w’/@. Conversely &, é, és are 
determined by 7 and y, hence by 7 and & on account of 

cos yp = k’2—f?, sin p = 2kk’, O<yp<a. 
Thus we have established the important result: 

It is always possible to construct a pe function having prescribed real 
invariants, provided the discriminant is different from zero. 

The case where the discriminant is zero does not cause any 
difficulty, for then the pe function is degenerated, as we pointed out 
in section 5.4.4. 

The general problem, where g, and g, have complex values, is 
more difficult and will be deferred to vol. II. 


5.14 — The Jacobian elliptic functions 


5.14.1 — LEGENDRE’S ELLIPTIC INTEGRAL OF THE FIRST KIND 
When 0 < k? < 1 the integral 
| * ao 
0 1—R? sin?0 
is a monotonously and continuously increasing differentiable func- 
tion of y. In fact, the integrand is always = 1. Denoting this in- 


tegral, which is called Legendre’s elliptic integral of the first kind, by 
F(k, p), the equation 


(5.14-1) 


z= Fi(k, 9) (5.14-2) 
where zis assumed to be real, defines m as a function of z. This func- 
tion has been called by Jacobi the amplitude of z and is denoted by 

y = am (2, R). (5.143) 
The value of F(R, y) which corresponds to gy = 4a is denoted by 
K. Hence K is the complete integral 


k= Phin, ee (5.144) 
0 V1—k*sin?6 
When it is not necessary to exhibit the dependence on k we briefly 


write am z instead of am (z, 2). 
The function am z is quasi-periodic. This is expressed by 


am (z+2K) = am z+-2. (5.14-5) 
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In fact, it is easily verified that 
F(k, x) = 2F(k, 40) 
and so 
F(k, p+x) = F(k,x)+F(k, y) = 2K+ F(R, ¢). 
For k > 0 the function am z degenerates into z. In fig. 5.14-la 
graph is reproduced of the function am z. 


Fig. 5.14-1. The function am # (k? = 0,75, k = 2,157) 


Since 
d eee Se 
~ — V1—? sin? (5.14-6) 
Zz 


the function am z is convex upwards in the interval OS z<K 
and convex downwards in the interval K = z S 2K. 


5.14.2 — ELEMENTARY DEFINITION OF THE JACOBIAN FUNCTIONS 


Jacobi introduced further the functions sinus amplitudinis and 
cosinus amplitudinis 


snz=sinamz, cnz=cosamz. (5.14-7) 


These functions are evidently periodic, the period being 4K. The 
zeros of sn z are at the points 2K, the zeros of cn z at the points 
(2n+1)K, » = 0, +1, +2,.... Since am z is an odd function, the 
function sn z is also odd, whereas cn z is even. 

The Jacobian functions satisfy the functional relation 


| cn?z-+sn?z= 1. | (5.14-8) 


The derivative of am z is denoted by dn z (delta amplitudinis z) 


| dnz=am’z. | (5.149) 


ae i) 
This function is always positive, for am z is a strictly increasing 
function. From (5.14-6) we easily deduce the functional relation 


| dn?z + k? sn?z = 1. | (5.14-10) 


The function dn z being equal to 
dn z= V1—k? sn?z (5.14-11) 


is also periodic, its period being, however, 2K. Graphs of the func- 
tions are reproduced in fig. 5.14-2. 


Fig. 5.14-2. The elliptic functions of Jacobi with real period 


The derivatives are easily found. We successively have 


on’ 2). "ene. diz; 
cn’ z = —snzdnz, (5.14-12) 
dn’ z= —k* sn zn 2. 


The last formula may be obtained by differentiating both members 
of (5.14-10), 
5.14.3 — DEGENERATIONS 


We wish to investigate the degenerations as k > 0 and k > 1. 
In the first case we have for k = 0 


amz= 2, she=—sinz, chz=—cosz, dnz—1, K= 4d. 


In the second case the relation between z and @ is expressed by 
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y ao 
= —logt ie ; 
J cos 8 on (42 2?) 
Hence 
tan $ acelamer ft? 
an 4g = Pe anh 32, 
2 tan 1 — tan? 1 
sin pg = Rolla J SMe COS p = See ae 
1+ tan?4 1+ tan*4p coshz 
or, when k = l, 
1 
sis = tanh z, cae =dn7z=— ' 
cosh z 


The periodicity has disappeared, since K > o as k—> 1. 


5.14.4 — GENERAL DEFINITION OF THE JACOBIAN FUNCTIONS 


Next we shall try to define the Jacobian functions for complex 
values of z. This may be done by using the Weierstrassian pe function. 
We know that it is always possible to find a pe function such that 
k and g, defined in section 5.13.3, have prescribed values, provided 
O< R< 1, A> 0. 

Performing the substitution 


fed s° 
i sin? 6 
we find as in section 5.13.3 
00 ‘sede a6 
de) SU) eee: (B18) 
“ aa — 25 — & 5 VI—BR* sin?6 
with 
2 
u = €g+ ELE . (5.14-14) 
sin? p 
Now 
y = am gz 
and (5.14-14) may be read as 
g 
= —- 5.14-15 
(2) = e+ sn® gz ( ) 
and in the interval 0 Sz SX 2K we have 
sn gz = is ee (5.14-16) 


V ((2)—eg 


In the same interval we have on account of (5.14-8) and (5.14-10) 
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cn gz = “,O0)—4 : (5.14-17) 
V @(z)—es 
V @(2)—e 
d = ; 
n gz eae (5.14-18) 


In section 5.7.2. we saw that the expressions on the right also have 
a meaning for complex values of z. Given a set of periods 2, 
2w’ such that t = w’/w has a positive imaginary component we 
may introduce the Jacobian functions as 


(5.14~19) 


An alternative representation is 


_ boltie) (2/8) | ae pce CUED (5.1420) 


z= , 
03 (2/g) 03(2/g) o3(2/g) 
5.14.5 — RELATIONS OF HOMOGENEITY 
It might seem that the Jacobian functions depend on w and w’ 
separately. Actually they depend only on the ratio t = w'/w. This 


follows from the relations of homogeneity which may easily be 
derived from the defining expansions 


(Az|Aw, Aw’) = 1 —(z|o, w’), (5.14-21) 
C(Az|Aw, Aw’) = AC (z|w, w’). (5.14-22) 
Hence 
(Aw, Aw’) = A-1n,(w, w'), « = 1, 2,3. (5.1423) 
Further 
a(Az|Aw, Aw’) = dAo(z|o, w’), (5.14-24) 


but, according to (5.14-22), 


6,,(Az|Aw, Aw’) = o,(z|@, w’), Gs 1273; (5.14-25) 

and so 
g(Aw, Aw’) = A g(a, w’) (5.1426) 

whence 
g(Aw, Aw’) o(Az|Aw, Aw’) = g(w, w’) o(2z|@, w’). (5.1427) 
All functions occurring in the numerator and the denominator of 
the expressions defining the Jacobian functions have therefore the 
fundamental property of being homogeneous of degree 0, expressed 

by 

f(Az|Aw, Aw’) = f(z|o, w’). (5.14-28) 


As a consequence we have 
z 


i (aaah ho, ro» fj (“5 | to, ') =/ (“- @) 


and this proves the assertion. 


0), 


5.14.6 — THE PERIODS 
Introducing the numbers 
K = go, aK’ = por’ (5.14-29) 


which actually depend on t only, we deduce from the quasi-periodic 
properties of the sigma functions 


sn (2+2K) = —snz,cn (z+2K)= —cnz, dn(z+2K) = dng, 
sn (z+2iK’) = snz, cn (¢+27K’) = —cnz, dn (2+27K’) = —dnz. 
(5.14-30) 


The function sn z is an odd function. Its zeros are congruent to 
z= 0 and z = 2K. The function cn z is an even function. Its zeros 
are congruent to z = K and z = 3K. The function dn z 1s also an 
even function. Its zeros are congruent to z = K+-7K’ and K+ 37K’. 

All functions have the same poles represented by 
2nK-+ (2n’+1)iK’, (fig. 5.14-3). The poles are simple and the order 
of all functions is two. 


Fig. 5.14-3. Poles (black dots) and zeros of the elliptic functions of Jacobi 


Taking account of (5.14-30) it is now clear that sn z is doubly- 
periodic with periods 4K, 27K’, that dn z is doubly-periodic with 


periods 2K, 47K’, while cn zis doubly-periodic with periods 4K, 
2K+ 27K’. 
5.15 — Fourier expansions of the Jacobian functions 


5.15.1 — THE EFFECT OF JACOBI’S IMAGINARY TRANSFORMATION 


It is evident that the transformation 


induces the transformation 
B=, Co=G, = 4) (5.15-1) 


for w is replaced by w’ and w’ by —w. Hence, according to (5.7-6) 


/ / 1 
ge = Ve—& = Veg—e, = — Veq— by =y (5.15-2) 
a a 


and 
V @(z/e')—e1 = V @(iz/2)—65, 
V @(z/e')—€ = V @(iz/2)—@, (5.15-3) 
V @(z/g)—& = V@liz/g)—4. 
Now we introduce the modulus k and complementary modulus k’ 
by 


_ Veq—es , VV eg— 3 Vee 
Ve—e Ve—e Va—ey 
The moduli k, k’ are uniquely determined by t. It is customary to 

exhibit the dependence of the Jacobian functions on t by writing 

sn (z, k), cn (z, R), dn (z, k), 

but that does not mean that k can assume any preassigned value. 

On account of (5.15-2) and (5.15-3) it is now very easy to verify 


the following formulas expressing Jacobi’s imaginary transforma- 
tion of his functions: 


k 


(5.154) 


(5.15-5) 
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5.15.2 — THE JACOBIAN FUNCTIONS AS THETA QUOTIENTS 


The same formulas can also directly be obtained from the trans- 
formation formulas for the theta functions (5.10—-9). First we have 
to express the Jacobian functions in terms of the theta functions. 

By virtue of (5.10-2) we evidently have 


83 (0 87 (0 
= ot hoe on (5.15-6) 
Hence the relation (5.10-3) is equivalent to 
Re+k’? = 1, (5.15-7) 
Now we define 
0, (0 3, (0 
Vk= ot Jk! = hs (5.15-8) 
Finally we observe that, according to (5.10-2), 
K = wg = 4083 (0) (5.15-9) 


while K’ appears from K by applying Jacobi’s transformation. 
From (5.8-22) and (5.14-19) we now easily deduce, taking 
account of (5.10-2) arid (5.9-14), 


1 &(z/2K) 
~n/k 8, (2/2K)’ 
Vk! 94(z/2K) 
Vk 8,(z/2K)’ 
, Ba(2/2K) 
~ VF 52K) 


cn z= (5.15-10) 


It is now immediately seen how the transformation formulas 
(5.15-5) follow from (5.10-9). 

The expansions (5.15-10) are important from a theoretical as 
well as from a practical point of view, for the theta functions are 
rapidly convergent and they can serve for numerical computations. 

It is possible to determine from the first principles the properties 
of the four theta functions and thence to deduce the whole theory of 
Jacobi’s elliptic functions independent of the theory of the pe func- 
tion, when we define them as quotients of the theta functions. 


5.15.3 — EVALUATION OF THE RESIDUES 


It is now easy to determine the residue of the Jacobian functions 
at the poles. First we list some particular values. 
The definition (5.14-19) yields at once 
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sn (K,k) = 1, cn(K,&)=0, dn (K,&) =k’. = (5.15-11) 
Hence also 
sn (K’, 2’) = 1, cn (K’, 2’) = 0, dn (K’,R’) = &. (5.15-12) 
Next we verify that the equations (5.14-8), (5.14-10) and (5.14 
12) hold also in the complex case. 
Indeed, the functional equations are a direct consequence of 
(5.6-20). By virtue of the third formula of (5.6-24) we have 
4 gole/g) (2/8) 2 (z/g) 
dzo3(z/g) a3 (z/g) 93 (2/g) 
Hence the first formula (5.14-12) is proved and by differentiating 
the functional equations we obtain the remaining formulas of 


(5.14-12). 
The residue of sn (z,k) at z = 17K’ is 


lim (z—7K’) sn (z, &) = 7 lim (z—K’) sn (zz, k) 


z—>iK’ z—>K’ 
ee Ke 1 1 
= iim ey AY RAY 
zk! cn (z, k’) cn’ (K’,k’) dn (Kk) 


The residue of the function sn z at the pole z = 1K’ is 1/k. In a similar 
way we find: 

The residue of the function cnz at the pole z = 1K’ ts —1t/k. 

The residue of the function dnz at the pole z = 1K' is —1. 

These residues are the same at all poles congruent to 7K’, whereas 
they have the opposite values at the other poles. 


5.15.4 — FOURIER EXPANSIONS 


As an application of the results obtained in section 5.15.3 we shall 
determine Fourier expansions for the Jacobian functions. 
The function sn 2Kz is periodic with period 2. It is holomorphic 
in the region 
[Im z| < 4Imr, (5.15-13) 


for its poles are congruent to z = 41, z = —1+4t. According to 
the remark at the end of section 2.23.2 we may expand sn 2Kz as 
sn 2Kz = ) A, exp rmiz (5.15—-14) 


where the coefficients are given by the formula 


n 


A, =4[ sn2Kkzx exp (—uaix)dax. 5.15-15 
2 
4 


To evaluate this integral consider the integral 
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[sn 2K¢ exp (—nmit)d£, (5.15-16) 


v 


Cc 
taken around the parallelogram whose vertices are +1, —1, 1, 
—2-+T. 
The poles of the integrand inside the contour are at z = 41 and 
z= —1+4t with residues 
ae * abe) hy 4 (be : 
— — —tnint), — — —exp (— : 
Ps aK OP (—4niat b OK p (—4mat+niz) 
where the factor 1/2K has to be inserted because we are dealing with 
the function sn 2Kz, instead of sn z. Hence the integral (5.15-16) 
is equal to 
a an (= 1)9) 5.15-17 
KR q ‘: ( . ) 
From the periodic properties of sn 2Kz and exp (—w7z) we see 
that the integrals along the left and right side of the parallelogram 
cancel. Hence (5.15-16) is equal to 
(* sn 2K¢ exp (—uail)dt — [* sn 2K¢ exp (—nail)d€. 
i 241 
Writing ¢—1-+t for ¢ in the second integral, we get 


{1+ (—1)"q-*} {| sn 2Kx exp (—naix)dx = 2 gt (1—(—1)"} 


Hence, when 1 is even, the integral vanishes. But when 1 is odd, 
we find, writing 2”+-1 for n, 


PY ee am rr ie es 
onth KR 1—g-@"t) KR 1— 9? 
and 
mi gn tt 


A_ (anda) = Kk 1—g@ent i 
Thus we obtain 


1m © gt? 


sn 2Kz = — sin (2v-+1)z2z. (5.15-18) 


Kk ,<% 1—g?+2 


In exactly the same way we may find 


In © vth 
cn 2Kz = Kh, 14+ gen cos (2y-+ 1)xz (5.15-19) 


and 
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22% 2 
dn 2Kz = — te nas Cos 2vaz. (5.15—20) 


v= ieee - 


The last formula enables us to obtain an expansion of the function 


am z defined as 
0 


This function is holomorphic in the strip |Im z/2K| < 4Imr. 
Hence the function am 2Kz is holomorphic in the strip (5.15-13). 
By performing integration term-by-term, which is legitimate in our 
case, we obtain 


92 v 
am 2Kz = az+ y ! sin Que, 


————_—_ 5.15-—22 
= = 7(1+4 a) ( ) 


It is possible to define sinamz and cosamz throughout the 
entire z-plane. In fact, since the residues of dn z at the poles are +7, 
the integrals 


[dn tdt and fan t at, 


where C, and C, are two curves connecting 0 and z, differ by a 
multiple of 27 and hence they give the same value to the functions 
mentioned above, which coincide with sn z and cn z respectively. 


5.16 — Addition theorems 


5.16.1 — ADDITION THEOREMS OF THE JACOBIAN FUNCTIONS 

The circumstance that the Jacobian functions have the same poles 
makes it easy to derive addition theorems. 

The functions 

(5.16-1) 
f(z) =snzsn (z+b), g(z) =cnzecn (z+), h(z) = dnzdn (z+0) 
where 0 is a given number are elliptic functions with periods 2K, 
27K’ and of order two. Their poles are congruent to7K’ and —b+7K’. 
Hence the functions 
g(z)+Af(z), A(z) + Bf (ez) 

are constants, when we determine A and B in such a fashion that 
they have no pole at z = 7K’. By inserting z = 0 we see that these 
constant values are cn } and dn b respectively. Hence we have the 
relations 
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cn zcn (z+6)+A snzsn (z+0) = cnd, 
dn z dn (z+0)+B snzsn (z+6) = dnb. 
Differentiating these equations and putting z = 0 we easily find 
A=dnb, B=k?cnb. Thus 
cen zcn (z+b)+ snzsn (2+b)dnb=cnb, (5.16-2) 
dn z dn (z+0)+A? snzsn (z+6)cnb=dnb. (5.16-3) 
Now we take z = —a, whereas a+ is written instead of b. Putting 
also z = a in (5.16-2), we obtain the following preliminary addition 


theorems: 
cn (a+b) = cnacnb — snasnb6dn (a+b), (5.16—4 


) 

dn (a+b) = dnadnb — k*snasnbcn (a+), (5.16-5) 

cnb =cnacn (a+b) + snasn (a+b) dnb. (5.16-6) 

Solving the equations (5.16—4) and (5.15-5) for cn (a+b), dn (a+) 

and inserting the expression thus obtained for cn (a+b) into (5.16-6) 
we finally have 


snacndOdnb+snbcnadna 


ae Pe 1—k?2sn2a sn2b i 
cnacnd’—snasnbdnadnb 

ES agape 

aucueerais dn adn b — k? snasnb cnacnb 


1—k? sn?a sn2b 


5.16.2 — ADDITION OF A HALF PERIOD 


Making use of the values (5.15-11) we find on applying the addi- 
tion theorems 
cn z sn 2 k’ 
= — eae d K —= 
dnz dnz es dn 


Further it follows easily from the definition of the Jacobian func- 
tions 


sn (z+ K) , en (z+K) = —’ 


_- (5.16-8) 


if 


1 
sn (K-+iK’) = —, en (K-+iK’) = =i”, dn (KEK) SO, (616-9) 
Fs 5 ( ( 


Hence 
; 1 dnz : 
sn (z+K-+7K’) = ——., cn (z+ K-+7K’) 
k cnz 
soe (5.16-10) 
tk’ 1 SA 


= — —— ,, dn (2+ K-+17K’) = tk’ —., 
k cnz cn Zz 
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From (5.16-8) and (5.16—-10) we now easily deduce 


1 
sn (z+7K’) = are cn (z-+7K’) “at 
—t dn z cn z eh GaD) 
= — , dn (2+7K’') = —1 —. 
k snz sn z 


5.16.3 — ADDITION THEOREM FOR LEGENDRE’S INTEGRAL OF THE 
FIRST KIND ‘ 


The first formula (5.16—7) solves a famous problem due to Euler. 
It is well known that if z is chosen in such a fashion that 


« dt vat z dt 
Pe oe 
0 Vl-#@ 0 VI-#& 0 V1-# 
then z can be expressed algebraically in terms of 2 and y: 


z= £V1—y+tyV 1—2, (5.16-13) 


(5.1612) 


where x,y and z are assumed to be real. This is actually the 
addition theorem for the function arcsine. 
The proof is simple. In fact, if we write ¢ = sin @ we have 


ig aey do = |* dd, 


0 
or 


CREE 
where 
= Sin ip, y=siny, 2 == Sui (5.16-14) 
The addition theorem for the sine yields at once the relation (5.6—13). 
By a bold generalization Euler solved the analogous problem for 
Legendre’s integrals of the first kind. The result is 
If 
x at y 
J ee ae =!"s TSE TS 
0 V(1—#)(1—R22) 0 TiS 1—R2) 9 V(1—#)(1—R2)’ 
a 


then 


2 2 2 2 2 
2 VOPR) siieae) 
1— hay? 
This might be called the addition theorem of Legendre’s integral of 
the first kind. 
We assume 2, y, z to be real and 0 < &? < 1. Let ¢= sin. 
Then, if again 


5.16 ADDITION THEOREMS —eeeeeE 

x= sing, y= sin y, z= sin x, 
the relation (5.6-15) is equivalent to 

| F(k, 9) + F(R, y) = F(R! y). | (5.16-17) 
By putting 
a= 

J Tm 1— k???) = oe sin? @ 
= F(k,v), b= F(k,y), c= F(R, x) 


we evidently have 


atb=c 
and 
¢ = Sha, y= sn 0, a= Snie: (5.16-18) 


The desired formula (5.16—16) now follows at once from the first 
formula (5.16—7). 
Another result is due to Legendre. It is customary to write 
AO = V1—R? sin? 6. (5.16-19) 
Now (5.16—-4) may be written in the form 


cos ¥ = cos py cos yp — Sing sin yp Ax | (5.16-20) 


and (5.16—-5) appears as 


| Az—Ag Ay = —F’ sin ¢ sin y cos x. (5.16-21) 


These relations hold, provided (5.16—17) is satisfied. 


5.16.4 — AN ELEMENTARY APPROACH TO THE ADDITION THEOREMS 
A very simple relation may be obtained when we write (5.16-6) as 
cos y = cosmcos xy + singsiny Ay 

and insert the value (5.16—20) for cos y. An easy computation leads to 

sin y cosy + cosgysiny Ay = siny Ay 

and, interchanging g and y, 

sin y cos y + cos ysing Ay = sing Ag. 

Hence by adding and subtracting corresponding members 
AgtAy _Axtl Agy—Ay _ Ax—! 
sin(y+yp)  siny ’ sin(p—y) sing — 

Now we observe that these equations can also be obtained in an 


(5.16-22) 
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elementary way. Assuming x constant and the variables » and yp 
connected by (5.16-17) we find by differentiation 


a d 
pe en (5.16-23) 
Ag Ay 

By a straightforward computation it may be verified that then 


also 
7d Apr Ay ee Ay—AY es 
sin (p+) sin (p—y) 
Hence the functions on the left of the equations (5.16-22) are 
constant and this constant may be determined by taking » = y, 
y= 0. 

The equations (5.16—22) are interesting in themselves, for they 
provide a means to obtain the addition theorems in a purely ele- 
mentary way, provided we consider only the real functions defined 
in section 5.14.2. In fact, (5.16-22) is equivalent to 


0. 


dna-+ dnb dn (a+b)+1 
snacnb+cnasnb sn (a+b) ’ 

dna— dnb dn (a+6)—1 
snacnb—cnasnb sn (a+b) — 


We may solve for sn (a+b) and dn (a+d). A rather lengthy com- 
putation yields the first and the third formula (5.16—7). The second 
may be found by observing that 


cn?(a+b) = 1—sn? (a+b). 


5.16.5 — GEOMETRIC INTERPRETATION 


We conclude our considerations by showing how (5.16-20) and 
(5.16-21) may be interpreted geometrically. 

The study of the elliptic functions, or more correctly the elliptic 
integrals, arose from the problem of rectifying the arc of an ellips. 
This is the reason why the functions studied in this chapter are called 
elliptic, for they are intimately related to the integrals occurring 
in this problem. 

An ellipse with semi-axis a and b may be represented in a system 
of rectangular co-ordinates by the equation 

2 2 
aes eee (5.16-24) 
ar. oF 


and parametrically by 
z= asin 6, = bcos 6 (5.16—25) 
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where 6 denotes the angle between the positive y-axis and the line 
through (z, y) issuing from the origin, (fig. 5.16-1), reckoned posi- 
tively in the clockwise sense. 


Fig. 5.16—-1. The ellipse (5.16—24) 


If P corresponds to an angle y, we find, B denoting the upper 
vertex of the ellipse: 


arc BP = {” Va? cos*) + 8? sin?0 do = a |” V1—F sin*6 48, 
0 0 
where 
Va?—b? 
a 


k= 
represents the excentricity of the ellipse. The integral 


E(k, g) = {" A0 a6 (5.16-26) 
0 


is Legendre’s elliptic integral of the second kind. Hence 


arc BP = aE(k, 9). (5.16—27) 
The quarter of the perimeter of the ellipse is given by 
aE =a" Ao db (5.16-28) 
0 
where 
E= E(k, 4x) 


is Legendre’s complete elliptic integral of the second kind. 
Now we turn to the relation (5.16-21). Since (5.16-17) may also 
be written in the form 


F(k, —4)+F (k, py) = F(A, —¢) 
we have besides (5.16-21) 
Ag—Ay Ax = k* sin y cos @ sin x, (5.16—29) 
and, interchanging and y, 
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Ay—A¢ Ax = k? sin p cos y sin x. (5.16-30) 


Multiplying the first equation by dp and the second by dy, we 
find by adding corresponding members, assuming x constant, and 
gy and y related by (5.16-17), 
dy *) 

— + —] = k?d(sin ¢ sin y sin x). 
he” fe (sin y sin y sin 7) 


Taking account of (5.16-23) and integrating we get 
E(k, py) +£(k, yp) = C+? sin ¢ sin y sin x, 


Agdgp+Ay 4dy—A¢ Ay Ax ( 


where C is a constant. This constant may be evaluated by taking 
op = 7, y= 0. Hence C = E(k, x) and thus 


| E(k, 7) =E(k, 9) +E(k, y)—B? sin g sin psiny. | (5.16-31) 


This relation is often called the addition theorem for the integral 
of the second kind. Geometrically it expresses a statement about 
arcs of an ellipse. In particular we may take x = $2. Then (5,16—20) 
yields 

ctngyctn y = A(sz) = V1—R?, 
or 


b 
ctn gy ctn p= —. (5.16-32) 
a 


Under this condition we find from (5.16-20), when P corresponds 
to gy and Q to py and A denotes the right vertex of the ellipse, 


arc BP + arc BQ — arc BA = ak* sing siny. (5.16-33) 


This result is known as Fagnano’s theorem. It states that the sum of 
the two arcs BP and BQ minus a quadrant of the ellips can be recti- 
fied algebraically in terms of the semi-axes of the ellipse. 

Finally we observe that P and Q may coincide in Fagnano’s point 
F characterized by 


b 
ctn?g = —, 
a 
or 
«9 a 
sin?» = ——. 
* a+b 


Then (5.16-32) becomes 
arc BF — arc AF = a—b. (5. 16-34) 
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5.17 — Legendre’s elliptic integral of the second kind 


5.17.1 — DEFINITION 


If we make the substitution sn ¢ = sin @ in Legendre’s integral 
of the second kind (5.16—26) we find that it becomes 


E(k,ama) = iN dn? ¢ dt. (5.17-1) 
0 
It is customary to write E(k, x) in place of E(k, am 2). 
The expression on the right of (5.17-1) also has, however, a 
meaning in the complex domain. We may, therefore, introduce the 


function 
E(k, z) = i dn2tdt, (5.17-2) 
0 


it being supposed that the path of integration does not pass through 
any pole of the integrand. When it is unnecessary to exhibit the 
dependence on the modulus k we shall denote the function more 
briefly by E(z). 

The function E(z) is meromorphic throughout the entire z-plane, its 
poles being at the poles of dn z, and the residues are always +-1. 

To prove this we observe that the meromorphic part of dn z ata 
pole a is +7/(z—a), as has been proved in section 5.15.3. Hence 
dn?2z is an elliptic function with periods 2K, 27K’ and the residues at 
its poles are zero. As a consequence from Cauchy’s residue theorem 
the integral on the right of (5.17—2) is independent of the path of 
integration and is evidently regular at every point which is not a 
pole of the integrand. The meromorphic part of E(z) at any pole 
z = a is found to be 1/(z—a), for the meromorphic part of dn?z is 
1/(z—a)?. This proves the assertion. 
From the definition follows at once: 

The function E(z) ts an odd function 


E(—z) = —E(2). (5.17-3) 


Since the sum of the residues at any set of poles can never be 
zero the function F(z) is not elliptic. 

It should be noticed that the above substitution applied to Le- 
gendre’s integral of the first kind leads to the trivial result 


Pik, anya) = 2, (5.17-4) 


i.e., the function z is the natural extension into the complex domain. 
The function am z has already been defined in (5.15-21). 
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5.17.2 — LEGENDRE’S RELATION 


It is convenient to express dn??¢ in terms of the pe function. Then 
E(z) may be written as 


0 (t/g)—& (t/g)— z lg — es, 
a: ae er 
whence, by virtue of (5.5-7), 

E (2) | ee) 


1 zig 
tt ==!" (tte) 
0 


Performing the integration we find 
E(z) = ae is f & +0) —t(o') ; (5.17-5) 

ax | eee De 
Inserting in this equation z= K= gw and observing that 

C(w') = 7', C(wt+o') = n +1" we get 
_ak 


oe Sais (5.17-6) 
g° g 


where E = E(k, K). Now we apply Jacobi’s imaginary transforma- 
tion. Introducing the number E’ = E(k’, K’), we readily find 


—é,K’ n't 
le a 

Multiplying both members of the first equation by K’ = —zgw’ and 

those of (5.17-7) by K = wg, we find by adding, taking account of 


(5.5-19), 
| KE’/-+K’E = KK’+ 4a. | (5.17-8) 


This is the original relation of Legendre which historically preceded 
(5.5-19). 


EX 


(5.17-7) 


5.17.3 — QUASI-PERIODICITY 


From the property (5.5-10) of quasi-periodicity of the zeta func- 
tion we readily obtain from (5.17—5) 


K’ p K / 
E(2+2iK’) = E(z)+2i tee —i7) = E(z)+2i (< -i7) 424K’ 
g g g g 
and so, by virtue of (5.17-6) and (5.17-7), 
E(z+2K) = E(z)-+2E, E(z+2iK’) = E(z)+2i(K’—E’). (5.17-9) 
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5.17.4 — EFFECT OF JACOBI’S IMAGINARY TRANSFORMATION 


We already made use of Jacobi’s imaginary transformation in a 
special case. To find the effect of this transformation on the function 
E(z), we write 
«dn? (z, k’) 

n®(, k’) 
where we have applied the third formula aged Hence 


E(k, iz) =!" dn® (t, A)at = 3 dn® (it, B)dt — i | 


ual ieretys ax gf peta ‘ ) 
E(k, iz) +iE (R’, i2) =i (ee, 4-dn?(t, k’)) dt. (5.17-10) 


In order to guess the value of the integral on the right we observe 
that for k’ = 0 it degenerates into 


{" (sec?¢+-1)dt = tan z + z. 
0 


On the other hand the integrand has poles at the poles of dn z and 
at the zeros of cn z. Since, moreover, the integral vanishes at z = 0, 
it is natural to presume 


dn2z d 
(c es 4dn *i)dt = ental (5.17-11) 
cn z 


By formal differentiation it is easily verified that this answer is 
correct. Hence, (5.17-10) leads to the formula 


E(k, iz) = i(= (z, k’) dn (z, k’) 


cn (z, k’) te ER, ‘) . (517-12) 


5.17.5 — ADDITION THEOREM 


The addition theorem for the function E(z) may be derived by 
observing that the function 


f(z) = E(z)+E(b)—E (z+) 


is an elliptic function with periods 2K, 27K’. Its poles are congruent 
to 2K’, —b+72K’, and its zeros to z= 0, z = —b. The function 
sn zsn (z+) has, however, exactly the same zeros and poles. By 
the wellknown arguments we conclude that 


f(z) = Csnzsn (z+), 
where C is a constant. By differentiation we have 
dn?z — dn?(z+6) = C{cnzdn zsn (z+0) + snzcn (z+6) dn (z+ )} 


whence, by inserting z = 0, 
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C = k? snb. 
This leads to the formula 


E(a+b) = E(a)+ E(b)—*? sn asnbsn (a+b), | (5.17-18) 


which is evidently the extension of (5.16-30) to the complex domain. 


5.17.6 — THE JACOBIAN ZETA FUNCTION 


For some purposes it is desirable to have a function which is of 
the same general character as F(z), but is simply-periodic. Such a 
function is Jacobi’s zeta function zn z defined by the equation 


E 
2 = E@)—— ¥: (5.17—14) 


It is easily verified from (5.17—-9) and (5.17-8) that 


t 
zn (z2+2K) = znz, zn (z-+22K’) =znz— = (5.17—15) 


On the other hand the function 
54 (2) 

Dy (2) 

possesses the same property of quasi-periodicity as 2K zn 2Kz. In- 


deed, by differentiating logarithmically the last equation of (5.8—25) 
we find 


(5.17-16) 


O(e+t) _ O4(2) 


= —— — 201 
Dy(z+t) 04 (z) 

Since the zeros of #,(z) are simple, the residues at the poles of 

9, (z)/84(z) are unity. As a consequence the function 


3, (2) 
B,(z) 


is doubly-periodic with no poles, for the zeros of #4(z) are just the 
poles of zn 2Kz. Hence the function is a constant, this constant 
being zero, for the function vanishes at z = 0. In fact zn0 = 0, 
8,(0) = 0. We thus established the equality 


2K zn 2Kz— 


1 8,(2) 
2Kz = — 
eure 2K 3,4 (z 


(5.17-17) 


~~ 


The expansion (5.11-12) yields at once the Fourier expansion of 
the Jacobian zeta function 
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2% & : 
zn 2Kz = a >. sin 2vnz, (5.17-18) 
=1 


aS 
1—¢ 
valid throughout the strip |Im z| < 4Imr. 
Writing Legendre’s relation (5.17-8) in the form 
e 4 E 14 Tt 
Ree Se PS 
we may conclude that the effect of Jacobi’s imaginary transforma- 
tion on his zeta function is expressed by 
sn (z, k’) d xe z 
sn te) a fea oc 
cn (z, R’) 2KK’ 
The addition theorem of zn z has the same form as that of E(z), 
viz. 


— 2n (z, 2) . (5,17-19) 


zn (a+b) = zna + zn b — k? snasnbsn (a+). (5.17-20) 


CHAPTER 6 
INTEGRAL FUNCTIONS OF FINITE ORDER 


6.1 — The genus of an integral function 


6.1.1 — THE FACTORIZATION OF AN INTEGRAL FUNCTION 


Weierstrass’s factorization theorem considered in section 4.4.1 

states that every integral function can be represented as 

f(z) = 2" P(z) exp Q(z) (6.1-1) 
where m is an integer = 0, P(z) a canonical product and Q(z) an 
integral function. 

The class of integral functions is very extensive and more precise 
statements can only be made when we introduce suitable restric- 
tions. 

In the first place we shall assume that the canonical product P(z) 
is of rank k. We recall the definition: k is the smallest non-negative 
integer for which the series 


ime 


Go (6.1-2) 
is convergent; as usual the numbers 7, 7,,... denote the moduli 
of the zeros of the function not coinciding with z = 0, arranged in 
order of non-decreasing values, 0<747,<5.... 


6.1.2 — EXPONENT OF CONVERGENCE 


When P(z) is of finite rank k, the set of non-negative numbers 
such that the series 


> rt” (6.1-3) 


is convergent is not an empty set; it has the property that «’ > « 
belongs to the set whenever « is an element of the set. Moreover, 
it contains no negative numbers by definition. Hence there must 
be a greatest lower bound g,, called the exponent of convergence of 
the zeros. In the case that there is a finite number of zeros the ex- 
ponent of convergence is zero. 

The number g, plays an important part in the theory of integral 
functions. An alternative definition is: 


The series 
308 
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co 
il (6.1-4) 


v=1 


is always convergent, whereas the series 
Dae eee (6.1-5) 
v=1 
is always divergent, « being an arbitrary positive number. 
It is plain that 
k<o,Sk+1 (6.1-6) 
k being the rank of the corresponding canonical product. When @, 
is not an integer the rank k is uniquely determined as the number 


[o,]. If g, is a positive integer then k = @,—1 or k = 9, according 
as the series 

Cc 

Pa a 

v=l1 
is convergent or not, while = 0 when og, = 0. In the case that 9, 
is not an integer this number gives more information than the rank. 


6.1.3 — CASE OF THE EXPONENT OF CONVERGENCE BEING ZERO 
Suppose 9, = 0. This means that the series 


par (6.1-7) 
v=1 


is convergent, irrespective of the value of the positive number «. 
Since the terms of the series (6.1—-7) are all positive and monoton- 
ously decreasing we may conclude that 


nr,°—>0 
as n —> oo, and this implies the existence of a number m, depending 
only on e such that 
nr, <1 
or 
Yn Se nile 
provided that » > mp). An equivalent statement is 


log 7,, 


A, 6.1-8 
log n ( 
A being an arbitrary positive number. Conversely, let (6.1-8) be 
satisfied for all sufficiently large values of m. Then to a given e > 0 
there is an ”, such that 

log 7, ; 1 


? 


log n é 
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for all values of ~ > ,. Hence 
i < n—(te) 


and it follows that the series (6.1-7) is convergent. 

Summing up we have: 

A necessary and sufficient condition that the exponent of convergence 
of the zeros of an integral function should be equal to zero is expressed 
by 

Pe ie 00. (6.1-9) 
noo log n 


For instance, if 7, = 7", y> 1, then 


log 7, n 
= logr>o, asn—>oo. 
logn  logn 


6.1.4 — CASE OF THE EXPONENT OF CONVERGENCE BEING POSITIVE 
Next we consider the case g, > 0. The convergent series 


Fie a fo 


M8 


v=1 


has monotonously decreasing terms and therefore 
ny, (eet?) _» 0) 
as n —> 00, 1.e., there is a number %, such that 


1 
Vn = neet® 


Or 


provided that m > ng. If ¢ is a given positive number we may select 
t in such a manner that 


1 ( 1 3 
— |— —e]} = e— ———_> 0. 
a2be~ Xe; 0. (@.+T) 


As a consequence we have 


or 
st Bh. See (6.1-10) 


for all sufficiently large values of m. Again, the series 


oo 
> x, (eo—*) 
v=1 


EEE EEO eeOrmnoeoeoorererererererereeooorrr 


6.1] 


THE GENUS OF AN INTEGRAL FUNCTION 


311 


is divergent, whereas the series 


co 
¥ y+ 


v=1 


is convergent. It follows that there are infinitely many numbers n 


such that 


or 


7,,\eo—*) > my—1+t) 


1+r 
To ee, 


Given « > 0 it is possible to select t in such a manner that 


1 
Qo 


Hence the inequality 


or 


if 1 
Q,—T @.(@,—T) 
rn < nee 
log:7,... 4 
ae oy (6.111) 
log n 0. 


is satisfied for an infinity of numbers ”. Combining (6.1-10) and 


(6.1-11) we conclude: 


If the exponent of convergence is positive it is uniquely determined by 


(6.1-12) 


This formula reduces to (6.1-9) when og, = 0. 


6.1.5 — ILLUSTRATIVE EXAMPLE 


The following example is instructive. Let 


7, = n* log’ n, 


Then 
log 7, _ 
logn 


and thus we have 


The series 


LS 0, FSO 
B log log n 
SE, “ASO 
log n 
1 
Go's 
a 
eee 
v=1 F y=1 V log4/2 y 
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is convergent if 8 > «, and divergent if 6 <«. In fact, for > 2 
we have 


n+1 ax 1 n dx 
Pee ae eh eee, 
* «ilog*x nlog*n _, @ log* z 
whence 
n+1 dx n n dx 
J a log’ x S 2 a ] zi) ha” 
4 g* 2x S 4.9 log» Sh plow a 
But 


Z loglogx when A=1, 2#>1, 
eSeacheee l 
IF log” a ine x, when h +1, x>0, 
and the truth of the statement follows. 


6.1.6 — GENUS AND EXPONENTIAL DEGREE 


The second restriction will be that the function Q(z) occurring in 
(6.1-1) is a polynomial. Let g be the degree of the polynomial if it 
does not vanish identically. If this should be the case we put g = 0. 

Laguerre observed that in many problems the largest of the 
numbers g and & is decisive. He introduced the number 


p = max (9, &), (6.1-13) 


the genus of the integral function. It is uniquely determined by the 
function, for, theoretically, we know the zeros and hence the ex- 
ponent of convergence. Then the canonical product is uniquely 
determined and thus also the exponential factor. The number q is 
called the exponential degree of the integral function. 

If P(z) is not of finite rank or Q(z) is not a polynomial the function 
is said to be of infinite genus. Only functions of finite genus will 
concern us in the sequel. 

It is an easy matter to give examples of functions with a pre- 
scribed genus. Thus, for instance, exp z is of genus 1, exp z? of genus 
2, etc. A polynomial 


Oye. x heget Se (1- =) oe (1- =) , By HO, 
is of genus 0. Conversely, the actual determination of the genus of a 
given integral function is not always easy. The following proposition 
is trivial. 
The genus of a canonical product 1s equal to its rank. 
The representation 
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ge 4 
Fis\ = 06 (= | -exp Q(z) (6.1-14) 


v=1 


is not unique if & does not designate the rank of the canonical pro- 


duct. Assume g > k. Then 
Pe Seek (=) 
2 2 “x \a, 


13.26) | 
2 |, x ay 
and since > 7,* is convergent for x = k+1 (k being at least equal 


v=1 
to the rank) the infinite product 
ee 3 (5) | 
ex —{— 


is unconditionally convergent and (6.1-15) can be written in the 
form 


RS 5 gia ae | 
Ss > lel parr, 
w=k+1 *% y=1 1, 


f(z) = 2"P,(z) exp Q,(z) (6.1-15) 
with 
P, (2) = I} E (2, 2) 
and 


es ee See 


Qi(z)=0@)- 2 —2D 


mk} % pm By 
Hence Q(z) can be replaced by a polynomial of degree not exceeding 
gq. To evaluate the genus we must suppose that f(z) has been 
written in the form (6.1-15) where & is the rank of the canonical 
product. We already pointed out that this representation is unique. 
On the other hand: 
Every integral function of genus < p can be put into the form 


iGy=2 ul E (=, 6) exp Q(z), (6. 1-16) 


where the degree of the polynomial Q(z) does not exceed p. 


6.2 — The theorems of Laguerre 


6.2.1 — LAGUERRE’S FIRST THEOREM 


The presence of an exponential factor in the decomposition of an 
integral function of finite genus makes it essentially distinct from a 
polynomial. Only in the case of genus f = O it is to be expected that 
there is some similarity with polynomials. Actually the wellknown 
theorem stating that if f(z) is a polynomial with all its zeros real then 


also the derivative /’(z) has the same property, can be extended to 
integral functions of genus not exceeding unity. 
If f(z) ts a non-constant integral function of genus 0 or 1, real for real 
z and with real zeros only, then the zeros of f' (z) are also real and between 
any two consecutive zeros of f(z) there ts precisely one zero of f'(z). 
Referring to the last theorem of the previous section we state 
that a function of genus 0 or 1 can always be represented as 


co 2 & 
f(z) —— mere TT (1 *) e% , (6.2—1) 
v=1 a, 
m being an integer = 0. Since the zeros ay, a, . . . are real the factor 
e%+° must be real for all real values of z, and this is only possible if 
a is real. 
Differentiating (6.2-1) logarithmically we obtain 


(2) m oo 1 1 
i tae sare. si 
and if z= a+1y 
Fe). m 00 1 
m Ha —1y (7 + 2 =e : (6.2-3) 


The expression on the right is zero for y = 0 only. Hence /’(z) 
cannot be zero except on the real axis. 

Again the function 
a é 2) ae ea 1 


z a2 esa (6.2-4) 


f(z) 


is real and negative for real values of z. Hence /’(z)//(z) decreases 
steadily from ++ 00 to — 00 as z increases through real values between 
two consecutive zeros of /(z) and so it vanishes just once between 
these zeros. 


6.2.2 — LAGUERRE’S SECOND THEOREM 


The previous theorem ceases to be true for functions of genus 
) = 2. Thus, for instance, the function 


i(2) = (e+) exp 2 
is of genus 2 and has only one real zero, whereas the function 
f(z) = (222+22+-1) exp 2? 


has two complex zeros. The situation is clarified by the following 
theorem. 


6.2} THE THEOREMS OF LAGUERRE 


If f(z) ts a non-constant integral function of genus p, real for real z, 
all the zeros of which are real, then the function f' (2) has at most p non- 
veal zeros. 

This theorem throws light on the fact that the derivative of a 
function which is real for real z and is of genus 0 or 1 cannot have 
non-real zeros, for complex zeros always occur in pairs. Hence there 
cannot be such zeros when  < l. 

Let 


f(z) = 2P(2) exp Q(2), (6.2-5) 
Q(z) being a polynomial of degree not exceeding ~, and 
re =Tr(1 4 ae): (ey 
=i ~ 2. a 2 \a, Tee . 


It is evident that 
f(z) = lim fn(2) = lim U° Ps (z) exp Q,(2) 


with ne: 
fale) = 2™P,(2) exp Qn (2) 
and 
P,@)=TI(1-=), Qa@)=0@)+ 3 --+5(2) +452) 


We observe that the sequence 


f(z), fe(2), - - - 


tends uniformly to /(z) in any bounded set of the z-plane. Hence, in 
accordance with the theorems of section 2.20.1 we also have 


f’ (2) = lim f,,(2). 
The polynomial P,,(z) has the zeros 4, ..., @,. Hence the equation 


fn(2) = 0 


possesses at least m-+-n—1 real roots (multiple roots being repeated) 
by Rolle’s theorem. Now 


f(z) = {mz P, (z)+2"Q, (2) Pa (z) +2" P,(z)} EXP Qn (2): 
The degree of the polynomial between brackets on the right is 
m+n-+p—1 at most and since there are already at least m+-n—1 
real zeros, there cannot be more than # complex zeros. By Hurwitz’s 


theorem of section 3.11.1 the zeros of f’(z) are the finite limits of the 
zeros of f,(z) and the theorem is proved. 
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. - Poincaré’s theorems 
6.3.1 — POINCARE’S FIRST THEOREM 


The important results obtained by the French school concerning 
the rate of increase of integral functions in relation to the genus and 
the coefficients of the Cauchy-Taylor expansion originate from 
theorems due to Poincaré. 

The first theorem of Poincaré states: 

If f(z) ts an integral function of genus p and if « ts an arbitrary 
positive number then 

If(z)| < er?" (6.3-1) 


for all sufficiently large values of r = |z|. 

The theorem states roughly that an integral function of finite 
genus cannot increase arbitrarily rapidly. 

Let 


je) = 2" TLE (=,) exp 6) 


where Q(z) either vanishes identically or is a polynomial of degree 
not exceeding ~. We choose a number # such that 0 < B < «. 
First we observe that we can find a positive constant A such that 
log |E(z; p)| < Ar? (6.3-2) 
for all values of z. In fact, when |z| < 4 we have by virtue of (4.3-8) 
log |E(z; p)| = Re log E(z; p) S |log E(z, )| S 27r°*'. 
On the other hand it is easy to see that 
exp Br-(?+hE(z; p), 
where B denotes an arbitrary positive number, tends to zero as 
z-—> oo. This means that there is a number RF such that 
log |E(z; p)| < Br’*?, 
provided that 7 > R. Let, finally, M denote the maximum of the 
modulus of the function E(z; ) in the closed domain 4 S |z| S R. 
It is possible to choose the constant C in such a way that 
log M < C(4)?+} — Cr?t+t, 


It follows that (6.3-2) is valid for a constant A that exceeds the 
numbers 2, B and C. 
Since the series }%, 7,"*") is convergent we can find a positive 


integer N such that 
> A 
v=N+1 A 
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v (Es) 


Since (6.3—2) is valid for an arbitrarily small number A whenever 7 
is sufficiently large, we may infer that 


sd z 
> log| E (£2) | < $fr?t1, 
v=] a, 

whenever 7 is large enough. But also 


m log |2|+|p(2)| < 367" 


for all sufficiently large values of 7, for p(z) is either identically zero 
or a polynomial of degree not exceeding p. As a consequence we 
have that for all sufficiently large values of y the expression 


ad z 
ie I E (2 ; 6) exp Q(z) 
is less than fv?t1, and this result combines with (6.3-3) to 


log |f(z)| < ar?+1 


for all sufficiently large values of 7. This completes the proof. 
Let M(r) denote, as usual, the maximum modulus of |f(z)| for 
|z] = yr. Then for all sufficiently large values of 7 


Mir) << ew", (6.3-4) 
This may be expressed by saying that the order of infinity of M (r) is 
less than the order of infinity of the function exp az?t1, « being any 
positive number. 


Hence 


> log 


vy =N+1 


<A> (2) < (pyres, (6.3-3) 


v=N-+1 Yy 


log 


6.3.2 — POINCARE’S SECOND THEOREM 


We now may ask what can be concluded from the previous result 
when we take into consideration the coefficients of the Taylor 
expansion of f(z). The answer is included in the second theorem of 
Poincaré: 


If 
f(z) = eg teyzte, 227+... (6.3-5) 
is an integral function of genus p, then 
1 
lim (n!)?** ¢,, = 0. (6.3-6) 


By Cauchy’s inequality (2.18-2) we have 
M (r) 


yr 


len] S 
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Hence, if « is a positive number, 


D+1 
er 


lenl < 


vy” 


for all sufficiently large values of 7. We take 


1 
pape PB, 


B being a suitably chosen constant. Then for all sufficiently. large 
values of ” we have 


aus eanpr+t ewsrt} n 
(n”)P+1 Ic,| << = ( 
p” B 
We are still free in the choice of « and f. We shall take B > e and 
a such that «f?+1 = 1. Then 


(n")PH Io] < (5)'< ‘ 


for all sufficiently large values of 1, ¢ being a given positive number, 


and a fortion 
: 


(n!)?** |c,| <e. 


This concludes the proof of the assertion. 
In particular, when /(z) is a function of genus 0 we have from a 
certain value of ~ upwards 


1 
Ic,,| < a 
nN! 


6.4 - The order of an integral function 


6.4.1 — DEFINITION 


Let us take « = 1 in the Poincaré’s first theorem of the previous 
section. Then M/(r) satisfies the inequality 


M(r) <e”” 
for all sufficiently large values of r. This fact leads to the concept 
of order. 
An integral function is said to be of finite order if there exists a 
positive constant A such that 
M(r) < et4 (6.4-1) 
or 
Ifz)l<e, [zl =r, (6.4-2) 
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uniformly for all sufficiently large values of 7. On account of the 
maximum modulus principle of section 2.13.2 the second inequality 
holds also for |z| S 7. 

If there exists no such constant A the function is said to be of 
infinite order. In this section only functions of finite order will 
concern us. 

An equivalent statement of the definition of finite order is the 
following: 

An integral function f(z) ts of finite order if there exists a constant A 
such that 


If(z)| = O(e"*). (6.4-3) 
The meaning is that there exists a constant B such that 
I*(2)| < Ber@ 
for all sufficiently large values of 7. Hence also 
If(z)| < et, Ay a: 


If the set of numbers A for which (6.4-1) is satisfied is not an 
empty set then every A, > A belongs to the set whenever A is an 
element of the set. On the other hand, if we exclude the trivial case 
of f(z) being a constant, negative numbers A do not belong to 
the set on account of Liouville’s theorem of section 2.12.1. Hence 
the set admits a non-negative greatest lower bound. This number o 
is called the order of the function. We put @ = o when f(z) is of 
infinite order. 


6.4.2 — EVALUATION OF THE ORDER 

It is plain that the order of a function f(z) of finite genus p does not 
exceed p+1. 

Let @ be the (finite) order of an integral function f(z). Then, 
according to the definition 


M(r) < er?" (6.44) 


for all sufficiently large values of 7, e being an arbitrary positive 
number. On the other hand we can find arbitrarily large values of 7 
such that 


M(r)>er™. (6.4-5) 
The two inequalities (6.4-4) and (6.4-5) combine into the state- 


ment: 
The order o@ of an integral function is uniquely characterized by 
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log log M (r 
o= lim sup log log M(r) (6.4-6) 
r->00 log 7 
6.4.38 — ILLUSTRATIVE EXAMPLES 


We wish to illustrate the notion of order in a few examples. Let 


}(z) = exp e*: 
Then 
|exp e*| = exp Re e* = exp (e” cos 0) S expe’, when z = re®, 
Hence 
M (r) = exp e” 
and 


] 
Og 106 Mt ) eT ENRS 00, aS 7—-> ©. 
log r log r 
The function exp e’ is of infinite order. 
On the other hand the function exp z is of order 1. In fact, 
lexp z| = exp Re z = exp (7 cos 6) Se" 


means that 


while 
log log M (r) a logy _ , 
log 7 log 7 
A polynomial 
f(z) = egteyz+...+.¢,2" 


ts of zero order. In fact, 


Ico 


ile) (SL ...+ Jel)» <a 


for all sufficiently large values of 7 and 
log log M(r) _ log log A + log + log logr 
ee ee ee ee 
log r log 7 
as ¥ > ©. 


An important result is expressed by the theorem: 
The function 
exp Q(z), (6.4—7) 
where Q(z) 1s a polynomial of degree q, is of order q. 
Let 
Q(z) = bp +0,24+ ... +0,2%. 


O_O 
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By putting z = re we have 
Re Q(z) = Pot fi (9)r+ ..- +8,(8)r" 
B,(0) = Rebe™, R=0,...:, 9. 
If B denotes the maximum of all £,(0) for —z [0 = a then 
Re Q(z) S B(1+B)rt < 


for all sufficiently large values of 7, B = 1/r+1/r?+ ...+1/r* 
denoting a constant independent of 7, and being less than 1. Also 


Re Q(z) 2 B(1I—B)r*. > r 


for an infinite set of arbitrarily large values of 7. Since |exp Q(z)| 
= exp Re Q(z) the assertion follows. 

Of course the order is not necessarily an integral number. Thus, 
for instance, the function 


f(z) = cosh +/z = $(eV*+e-V?) = si 
is an integral function of order 4. In fact, i 
IK(z)| < d(eV* +e") = eve < or 
for all sufficiently large values of 7. And for z = 7 > 0 we also have 
f(z) = #eVte-V") > er, 


1.€,, Mr) > er? for infinitely many arbitrarily large values of r. 


where 


bd 
(2y)! 


6.4.4 — ORDER OF A SUM 


The sum 
f(z) = Al) +A(2) 
of two integral functions f,(z) and f,(z) of order 04, 02 respectively is of 
order 0 = max (0), 02) at most and exactly of order oe if 0, ~ Oo 
Let M,(r), M,(r) denote the maximum moduli of f(z), f.(z) 
respectively for |z| = 7. Then 


M (r) = M,(r)+M,(r) <= ertrthe ertatte aA gerett <e e 


for all sufficiently large values of ry. Hence the order of f(z) does not 
exceed 9. 

Assume now @, > @, and take ¢ such that 0,—« > g,. Then there 
is a set of arbitrarily large values of 7 such that 


M(r) = M,(r)—M,(r) > et? #— ert # 
2 ert te ( i ertat te_pei—te ) _ 4 arti > ar. 


As a corollary of this theorem the addition of a function of lower order 
does not affect the order of a given function. 
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6.4.5 — ORDER OF A PRODUCT 
The product 
f(z) = A2)fe(z) 
of two integral functions f,(z) and f,(z) of orders 04, O, respectively ts 
of order 90 = max (04, @2) at most. 
In fact, 
M(r) 3 My(1) My(r) < ert PH < eurttts < ett 


‘ 


for all sufficiently large values of 7. 

The reader might expect that the order is exactly 0 if 0, + @. 
This statement is true, but the proof is not quite so simple as in the 
previous case. The difficulty arises from the fact that it is not easy 
to set a lower bound for M(r) in the product case. The proof will be 
completed in section 6.9.4. 


6.4.6 — ORDER OF THE DERIVATIVE 


The derived function f'(z) is of the same order as f(z). 

Since /(z) and f(z)—/(0) have the same order we may assume 
{(0) = 0. Let M,(r) be the maximum modulus of /’(z) on |z| = 7. 
Integrating along a straight path from 0 to z we have 


hence 
M(r) S 7M, (r). (6.4-8) 


Let C denote a circle around the point z with radius R—r > 0. 
Then by virtue of (2.9-9) 


l } f(¢) 


HN es dc, 
Pe) ae 
and it follows, if we take for z such a value that /’(z) = M,(r), 
M (R) 
M < ‘ 6.4-9 
i”) s=— (6.4-9) 


Taking R = 2r we finally have 
M(r) S7M,(r) S M (27). (6.4-10) 
For all sufficiently large values of 7 we have 
log M,(r) S logy + log M,(r) < log M(2r) < (2r)¢t## < et 
and for infinitely many arbitrarily large values of 7 
log M,(r) =} log M(r)— logy > r°-*#* — logr > r~. 


An alternative proof of this theorem will be given in section 6.6.4. 
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6.5 — Integral functions with a finite number of zeros 


6.5.1 — ORDER OF A FUNCTION WITH A FINITE NUMBER OF ZEROS 

Let f(z) be an integral function of order e having only a finite 
number of zeros. We may represent such a function by 

f(z) = p(2) exp Q(z) (6.5-1) 

where #(z) is a polynomial and Q(z) an integral function. In the 

first place we wish to prove that Q(z) is also a polynomial. Now 


2 f(z) 
sep Ue Ca(Z—a)... (z—a,) ’ 
a,,..., 4, denoting the zeros of #(z). For all sufficiently large values 
of r we have 
ert ; 
max |exp Q(z)| < saris er, 
|jz|=r 


Hence the order of exp Q(z) does not exceed o. It cannot be less 
than o for on account of the theorem of section 6.4.5 the order of 
f(z) would be less than 9. 

Let A (rv) denote the maximum of the real part of Q(z) on |z| = 7, 
1.€., 


max |exp Q(z)| = e4™. 


|z|=r 


But since exp Q(z) is of order @ we have 
A(r) < rt 


for all sufficiently large values of 7. It follows from the theorem of 
section 2.19.2 that Q(z) is a polynomial of degree not exceeding a, 
since e may be chosen as small as we please. In section 6.4.3 we 
proved that the order of exp Q(z) is equal to the degree of Q(z). 
Hence the degree of Q(z) is exactly @ and @ is an integer. The result 
may be stated as follows: 

If f(z) ts an integral function of order @ with only a finite number 
of zeros, then 0 1s an integer and 


f(z) = p(2) exp Q(2), (6.5-2) 
b(z) and Q(z) being polynomials, the latter of degree o. 


6.5.2 — EXISTENCE OF INFINITELY MANY ZEROS 


An immediate consequence of the previous theorem is: 
An integral function whose order 1s not an integer possesses tnfint- 
tely many zeros. 
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When the order is an integer it is not always easy to decide 
whether there are infinitely many zeros. But in some cases the 
problem can be reduced to the previous theorem. 

Consider, for instance, the function cos z. It is a function of order 
1, But the function is even and, therefore, also cos 4/z is an integral 
function, the latter being of order 4. This leads to the conclusion 
that cos z has infinitely many zeros. Reasoning along the same lines 
we also see that the function sin z has an infinity of Zeros, since 
zsinz is even and of order 1. 


6.5.3 — ILLUSTRATIVE EXAMPLE 


In other cases special devices can facilitate the solution. We 
wish to prove that the equation 
we p(2), A> 0, 
f(z) being a polynomial that does not vanish identically, has an 
infinity of roots. If not, we should have 
e*—(z) = f(z)e*, 
/(z) being a polynomial. Differentiating logarithmically we obtain 
Aed*#_p' ff’ 
wag pe 


and e4# would be a rational function. 
6.6 — The order of a function related to the coefficients of 
its Taylor expansion 


6.6.1 — A NECESSARY CONDITION FOR THE FUNCTION TO BE OF 
FINITE ORDER 


Let 
2) = > ¢,2 (6.6-1) 
v=0 
be an integral function of finite order 9. If 4 > @ the inequality 
M(r) < e” 


is satisfied for all sufficiently large values of r. Hence, by Cauchy’s 
inequality (2.18-1) 
len] < e™7-" = g(r), 
say. The derivative of the right-hand side with respect to 7 is 
gp’ (r) = eM 7-41) (74#_n) 
and for 
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a (6.6—2) 
A 
this function attains a minimum, since the derivative is negative for 
smaller values of 7 and positive for greater values of 7 than that 
determined by (6.6—2). And so for sufficiently large n 


ed 
Cal < (<) 
n 


log (1/leql) _ 1 _ log (eA) 


n log n A Alogn™ 


had 
A 
or 


It follows that 


log (1 


0 6.6—-3 
inks n log n 7 ( ) 


is a necessary condition for f(z) to be an integral function of finite 
order. 
By the Cauchy-Hadamard test (1.6-5) we have 


n 

lim V|c,| = 0 

n->Cco 
when (6.6—1) represents an integral function. Hence, given a number 
e between 0 and 1, we find that 

l ie 

Ley ee 

Cn] \é 
for all sufficiently large n. Hence uw cannot be negative. This and the 
previous result combine into the statement: 

The integral function f(z) 1s of infinite order when wu = 0. 

Conversely, ~ = 0 does not imply that f(z) is an integral function. 
A counter-example will be given in section 6.6.3. 


6.6.2 — EVALUATION OF THE ORDER FROM THE TAYLOR EXPANSION 


We now inquire what can be concluded about a function given by 
its Taylor expansion (6.6-1) when wy is finite and positive. Given 
e > 0 and ¢ < uw we can find an integer m, such that 


log (1/l¢n|) 


U—é, 
n log n 


i.€., 


1 
V/|cn| < ni (6.6—4) 
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provided that ~ > m,. It follows that f(z) is an integral function. 
Suppose |z| = 7> 1. By virtue of (6.6-4) we have 


Weal<am+ & (Z), (6.6-5) 


—é 


where A is a constant. Now we choose an integer N such that 


Ni < oy < (N41), 


1.e., 
1 


N = [(2r)*]. 
When 7 is sufficiently large then N > np. 


yl € y —é [—é 


The last sum on the right-hand side can easily be estimated. In fact, 


= (Sy) < 5 (as) < > ay <1 (66-6) 


vy=N+1 y=N+1 v=N+1 


For the first sum on the right-hand side we obtain 


pg x i i Fi he FAN 
> ( Z3 > e’logr ( < e(2r) M~®logr » (.) 
v=Notl ms y=Ngtl “ao ia y=Notl die 


or 


1 


N y \’ — 
> ( -, ra Be(2r)* logr | (6.6-7) 
v=Ngtl a 


B being a constant independent of 7. Combining the estimates (6.6-6) 


and (6.6-7) we find that 
1 


If (2)| Ps e2(2r) #Flogr 


for all sufficiently large values of 7. It follows that 


I 
log 2 + —— log 2r+log log r 
U—eé 


log log M 
ee epee ae ae (a a 
Hence, taking account of (6.4-6) 
1 
eS; (6.6-8) 
be 


since « can be chosen as small as we please. 
On account of (6.6-2) we have uw = 1/A, where 4 is an arbitrary 
number > o. Hence also uw = I/o or 
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1 
e2-- 6.6—-9 
* (6.6-9) 
Combining (6.6-8) and (6.6-9) we find 
1 
Sei IE (6.6—10) 
LU 


When yu = © we may repeat the first part of the proof by taking 
A instead of w—e, A denoting any positive number. We then find 
elf, ie, o = 0. 

Our considerations lead to the following theorem. 

A necessary and sufficient condition that a function 


i= 2 oe 
should be an integral function of finite order 0 1s expressed by 


] 1 
Jin inp lea, (6.6-11) 
i ae n log n 


6.6.3 — ILLUSTRATIVE EXAMPLES 


By applying the previous test it is at once evident that the 
function 


{i= Foi. wew, 


is an integral function of order 1/«. This example illustrates the fact 
that u = 0 (i.e., « = 0) does not imply that the function is actually 
an integral function. 

The function 


a> 0, 


is an integral function of order 1/«. In fact, by Stirling’s theorem 
of section 4.7.4 
log (1/|c,|) a«logn! (n+4) log n — n + log 1/2x + p(n) a 


=> ——_—————- = ¢ 


n log n logn n log n , 


as "—> 00. 
Similarly, if m is an integer > 0, the function 


fore) 2” 
f(z) = 2 (==) laa 


is of order 1/m. This function reduces to cos »/z when m = 2. 
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6.6.4 — ALTERNATIVE PROOF OF THEOREM 6.4.6 


The theorem of section 6.6.2 yields an alternative proof for the 
theorem of section 6.4.6 which asserts that the derivative of an 
integral function of finite order @ is also of order 0. 


In fact, 
f(z) = > ve,2°* 
and oe 
it 1 1 1 
nm—>oo nN log nN Q 
since 


n log n 
_ log (+1) 10g ensal) (+1) 10g (n-+1) 
= n logn (n+ 1) log (n+-1) n log n : 


and the result follows. 


6.7 — Hadamard’s first theorem 


6.7.1 — ESTIMATE OF THE NUMBER OF ZEROS 


The function (7), where m(7) denotes the number of zeros of f(z) 
with modulus not exceeding 7, is a non-decreasing function of 7 and 
constant in intervals. From (3.9-11) we deduce 


(AE ee pare iON (6.7-1) 
5 2 
under the assumption that /(0) 40. This formula enables us to prove: 


If f(z) ts an integral function of order o then 
n(r) = O(7*), (6.7—2) 


é being an arbitrary positive number. 

Without loss of generality we may assume that /(0) 40, for there 
are only a finite number of zeros at z= 0 and z~"f(z) is also an 
integral function with the same order as /(z), when m > 0, m being 
the order of multiplicity of the zero at z = 0. 

Since 1(x) is a non-decreasing function we have 


2r n(x) 2r n(x) 2r dx 

—dze >| —dc> —= log 2, 
J 7 ze! : x > ni(r) | rs n(r) log 
whence 


r 


nr) <P) ay, (6.7-8) 
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On the other hand, o being the order of the function, the in- 
equality 
log M(2r) < (2r)et** < et 


holds for all sufficiently large values of 7, and hence by (6.7-1) 


2r 
fe) < rt%* — log |f(0)| << 27°t#* < wt*, — (6.7-4) 
ae: 
Combining this result with (6.7-3), the assertion (6.7—2) turns out 
to be true. 
The theorem states, roughly, that the higher the order of a func- 
tion is, the more zeros it may have in a given region. 


6.7.2 — A LEMMA 
If ty) %o) « » « ave the moduli of the non-vanishing zeros of an integral 
function of order 0, arranged in order of non-decreasing magnitude, 
the series 
co 
De adhe (6.7-5) 
v=1 
is convergent, irrespective of the value of the positive constant e. 
Let 7 denote a number between 0 and «. There exists a constant 
A such that 
ny) <= Ar 
for all sufficiently large values of r. Putting r = 7, this gives 
n= N(7,) < An,” 
for all values of m which are large enough. Hence 
ers 
y,, (ete) <= Bn ern 
B being another constant. 


The series 
co _ete 


Lae 
v=1 


+e 


is convergent since = > 1. This proves the theorem. 
| 


6.7.3 — HADAMARD’S FIRST THEOREM 


The previous theorem states that 
co 
» gs (6.7-6) 
v=1 


is convergent for « > g. Hence the greatest lower bound og, of these 
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numbers « cannot exceed g. This result is known as Hadamard’s first 
theorem: 

The exponent of convergence o, of the zeros of an integral function 
does not exceed the order o of the function i.e., 


6.8 — Hadamard’s second theorem 


6.8.1 — BOREL’S THEOREM 
A theorem due to Borel states: 
The order of a canonical product of finite rank k is equal to the ex- 
ponent of convergence o, of its zeros. 
By Hadamard’s first theorem of section 6.7.3 we have @, S 9; 
it remains to prove that 0, = o. 
Consider 
P(z)=[]T£ (=; a), (6.8-1) 
v=1 


k denoting the rank of the canonical product. Then 


B(2: 2) E (=; r) | (6.8-2) 


By virtue of (4.3-8) we have 


> log| £ (2 - :8))<4 >) (:)"- Arty —. — (6.8-8) 


ty>2r Ty>2r ry>2rl, 


+ 2X log 


V,>2r 


log |P(z)| = > log 


TyS2r 


Suppose 9, < k+1. We may take e such that 9,te < k+1. Then 


i 1 
k+1 — yet eté—(k+1) 
r Pd k+1 r > * weeté 
ry>27 7, r,>2r y 
< re+1 (2 pete ers) I yecté Qecte—(k+1) l 
r > pote < pects , 
ty>2r Ty>2arly 


and on account of the convergence of the ultimate series there exists 
a constant A, such that 


2 log 
1,>2r 
If it is not true that @, < k+1, then 9, = k+1. In this case it is at 
once evident from (6.8-3) that (6.8-4) holds, for the inequality is 
already valid for « = 0. If |z} >4 and k> 0 then 


E & i) < Ay ret, (6.8—4) 
ay 
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log (1+|z 1 
g (1+|2!) ye 
|z|* |z/* 
where A denotes a constant independent of z and « > 0. The result 
is still true when k = 0. 


Since 0, = k we have 


z v\* prote—k 
> log E(E;a)| <4 y (“) = Ary 


YyS2r v %yS2r r,S2r 


1 
log |E(2;&)| <l2i*( +...+5) <Ale 


< Agetreapets 


+6? 
rjs2r T° 


v 


whence 


> log 


%,S2r 


E (2; e) | < Agr, (6.8-5) 
ay 


A, denoting a constant independent of rv. Combining (6.8—-4) and 
(6.8-5) we deduce that 


log |P(z)| = Oe") (6.8-6) 
and this implies 0 S @,. 


6.8.2 — HADAMARD’S SECOND THEOREM 


Since P(z) vanishes at its zeros a,, a, ... We cannot expect that 
we can set a lower bound for |P(z)| quite as simply as an upper 
bound. To overcome this difficulty we describe a circle 


Iz —4,| = w° 
about each zero z = a, for which 7, > 1, h being a real number 


greater than g, the order of P(z). The number 2 > 7,” being finite, 
| a 


the intervals between 7,—y7,” and 7,7,” on the real axis do not 
cover the whole positive real axis, (fig. 6.8-1). Hence there exist 
infinitely many circles about the origin, whose radius 7 is arbitrarily 
large and which are in the region St excluded from the small circles 
about the zeros. 


Fig. 6.8-1. Hadamard’s second theorem 
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After these preliminaries we may state Hadamard’s second theorem: 

If about each zero z = a,, |a,| > 1, we describe a circle of radius 
7,,”, where h is greater than the order o of the canonical product P(z) 
then in the region Kt excluded from these circles the estimate 


|P(z)| > e??"* (6.8-7) 


1s valid on infinitely many circles of arbitrarily large radius. 
We proceed as in section 6.8.1: 


log |P(@)| = ¥ tog|1—2 hap k(t) 4 etay 
Oo z og | 1— —| — a [— 6. t=[-}] | 
5 ae VyS2r : a, VyS2r a, 2 a, k a, | 
== dog E(2;8) 
ry>29 ay 


k being the rank of the canonical product. If 7, S 27 we have 


Zz =); yee) 1 Gy | *=I"") 
A 2G) OT Bag |e Bele 


n n n 


r\P fd yaaa \* 
<(7) (ee ze Veal’) 
y. k Y 


n n 


B being a constant independent of 7. It follows that 


Het] seg ( 
Bo oa ea ae 


v v 


TyS2r 


1 
= B.gertekytis y —__< B. getbe-k yette < Art, 
ou @ PD bs ae Cui # 
A, being a constant independent of r. When k = 0 this part of the 
proof can be omitted. 
If z lies outside any circle |z—a,| = 7,” and 7, < 27 then 


Ps 
a 


ger (ae ee, 


n 


Hence, taking account of (6.7-2), replacing « by 4. 


> log 


17,527 


—(1+h) n(2r) log 2r > —A,r** log 2r, 


z 

 Saiered ft 
ay 

A, being a constant independent of 7, provided ,¢ is sufficiently 

large. Finally we have on account of (6.7-7) and (6.8-4), replacing 

e by #e, 

> log|£ 


1,>2r 


z(2 4) | < A,rett, 


A, being independent of 7. Hence 
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log |P(z)| > D log 1— — — A, ett A, rt log ay — Ay ette, 
V%y<1 v 
Since for 7 > 2 
> log pes > log (” —1) > tog 1 ='0 
ty<1 a, ty<1 'y 


we have for all sufficiently large 7 associated with circles |z| =r in 
R the estimate 
log |P(z)| > —7** 


and this is equivalent to (6.8-7). 


6.9 — Hadamard’s factorization theorem 


6.9.1 — STATEMENT AND PROOF OF THE THEOREM 


We already pointed out in section 6.4.5 that the order of a product 
of two integral functions of finite order does not exceed the order of 
either of the factors. Hence the function 

f(z) = 2" P(z) exp Ole); (6.9-1) 
where P(z) is a canonical product of order go, and Q(z) a polynomial 
of degree q, is an integral function of order not exceeding max (g,, 7). 
Hadamard’s factorization theorem states that the converse is also true, 
that is to say: 

If f(z) ts an integral function of order o, then the decomposition 
(6.9-1) ts valid, where P(z) is a canonical product of rank S @ and 
Q(z) a polynomial of degree S 0. 

From Weierstrass’s factorization theorem of section 4.4.1 it fol- 
lows that a factorization (6.9-1) is always possible, Q(z) denoting 
an integral function. Let g, be the exponent of convergence of the 
zeros of f(z). Then by Hadamard’s first theorem (6.7.3) @, S @. 
This means, however, by Borel’s theorem (6.8.1) that the order of 
P(z) is @,. Hadamard’s second theorem (6.8-1) states that there is 
an infinity of circles of arbitrarily large radius on which the in- 
equality 

|P(z)| _ en retts > earetts 


is satisfied, e being arbitrary and positive. But since f(z) is of order 
o the inequality 

If(z)| < e* 
holds for all sufficiently large values of r. And so 


lexp Q(z)| < ext? < er" 
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on circles of arbitrarily large radius. By virtue of the theorem of 
section 2.9.12 the function Q(z) is a polynomial of degree 9 at most. 
This completes the proof. 


6.9.2 — AN ILLUSTRATIVE EXAMPLE 


Hadamard’s factorization theorem plays an important part in the 
theory of integral functions of finite order. It is a precious tool in 
theoretical considerations, but also in concrete examples it is of 
great value. We wish to illustrate its significance in an elementary 
example which we encountered already many times. 

It is easy to show that the integral function 


sin 24/2 wie at 3? 
f(z) = =1-7 747" 
m/z 3! 5! 
is of order 4. The zeros are z = 1, 4, 9,... and we, therefore, have 


j(e) = exp Q@) TE (1~ 4). 


v=1 


But Q(z) must be a constant, since the degree of the polynomial does 
not exceed 4. Moreover /(0) = 1. This leads at once to the formula 


fore) 22 
sin mz = az] 4) : 


v=] y2 


6.9.3 — EXPRESSION OF THE ORDER IN TERMS OF THE EXPONENT 
OF CONVERGENCE AND THE EXPONENTIAL DEGREE 


Since g Seg and eo, So we have 


Q = max (0.; q). 
But on account of the theorem of 6.4.5 we also have 


e S max (9,, 9). 
Hence 


@ = max (0, q): (6.9-2) 


0, being the exponent of convergence of the zeros and q the exponential 
degree of f(z). 

We may add the following remark: 

If the order 0 of an integral function is not an integer then the ex- 
ponent of convergence of the zeros is equal to o. 

In fact, it follows from (6.9-2) that @ = 9, when o is not an 
integer, for g is an integer. 
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6.9.4 — COMPLETION OF THE THEOREM 6.4.5 


The previous result enables us to complete the theorem of section 
6.4.5 In fact, let 


f(z) = 2™ P,(z) exp Q,(z), 
f,(z) = 2* Pa(z) exp Qo(z). 


We assume that neither /,(z) nor /,(z) vanishes identically. Then 


fy(2) fo(z) = 2 Py (2) P2(z) exp {Q1(z) +Q2()}. 

Let 0, be the order of /,(z) and g, that of f,(z) and assume @, > 0. 
If the first canonical product is of order 0,, then the same holds for 
P,(z)P,(z), for oe, is at the same time the exponent of convergence of 
the zeros. The degree of the polynomial Q,(z)+Q,(z) cannot 
exceed 0,. Hence the product /,(z)/,(z) is of order 0,. If P,(z) is of 
order < 9,, then Q,(z) is of degree 0, as is Q,(z)+Q,(z), since the 
degree of Q,(z) is < 9,. Also in this case the order of /,(z)f(z) is 
equal to o,. Hence: 

The order of f,(z) fo(z) 1s exactly equal to 0 = max (0,, 02) when 


01 F Qo. 


6.9.5 — GENUS AND ORDER 


We conclude this section by listing the various cases which may 
be presented by an integral function of integral order as regards its 
genus. If 9, = o then either k= 0, g=o or R=0, <0 Or 
k= o—1, g=oork= o—1, q < 0, k being the rank of the cor- 
responding canonical product. In these cases the genus is equal to 
o except in the last case, where it is g—1. When oe, < @ then 
necessarily k < @ and g =, hence the genus is g. We thus have: 

When the order 0 of an integral function 1s an integer then the genus 
is equal to the order, except when the rank of the canonical product 
occurring in Hadamard’s decomposition is e—1 and q < @; then the 
genus 1s o—1. 


6.10 — The Borel-Caratheodory theorem 


6.10.1 — STATEMENT AND PROOF OF THE THEOREM 


There is an alternative proof of Hadamard’s factorization theorem 
due to Landau based on an estimate of the maximum modulus by 
an expression involving the maximum of the real part of f(z) on the 
circumference |z| = 7 and the absolute value of the function at the 
origin. 

The Borel-Caratheodory theorem states: 
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Let f(z) be holomorphic in a region that contains all points |z| SR 
and let M(r) and A(r) denote the maximum of |f(z)| and of Re f(z) 
respectively on the circumference |z| = 7. Then for0<r< R: 


2r R-+r 


M(r) S_— A(R) + 


|f (0)|. (6.10-1) 


The statement is trivial in the case that f(z) is a constant. From 
now on we therefore assume /(z) not to be a constant: In the first 
place let (0) = 0. When 7 > 0 we have A(r) > A(0) = 0, since 
A(r) is an increasing function (2.14.2). Consider the function 


_ Ff) 
== 
2A (K)—f(2) 
Obviously g(z) is regular at every point of the disc |z| < R, while 
g(0) = 0. If we put f(z) = u+z2v, we have 


(6.10-2) 


. urty2 
lg(2)|? = @A(R)—w Pte (6.10—3) 
Also 
(2A (R)—u)? = vu? 
since 
4A (R)(A(R)—u) = 0. 
Hence 


lg(z)| S 1. 


From Schwarz’s lemma (2.21-2) we conclude that even 


lg (2)| —— lz] = 7. (6.10-4) 
Now (6.10-2) leads to 
_ 2A(R)g(z) 
Me) = TF) 


whence, taking account of (6.10-4), 


2A (R)|g(z 27rA (R) 
H(e)| <A RNIB! = 2A 
1—7/R R—r 
and the truth of (6.10-1) follows. 
If (0) 40 we may apply the foregoing result to the function 
f(z)—f(0) and we get 


If(2)—#(0)| S 


"max (Re (f(z) —f(0)). 


—? |s|=R 
Hence 
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2r 
If(z)|—IF(0)| S If(2)—-F (9) =n (A(R)+1f(0)|), 
and the desired result follows. 


6.10.2 — A LEMMA 
The estimate (6.10-1) implies in the case A(R) = 0 that 


Mr) <5" (A(R) +10) (6.10-5) 
and, a fortiorz, 
22R 
M(r) S$ — (A(R) +14(0)))- (6.10-6) 


We wish to prove that this estimate can be generalized for the mth 
derivative of f(z) in the following fashion: 


max (2)| << (A(R)+1¢(0)!). | (6.107) 
Iel=r Ue eyrs 
Let C denote a circle about the point z with radius 4(R—7). If ¢ 
varies on C, we have 
If] S lel+|[0—2| = 7+3(R—71) = 4(R+7). 
By virtue of (6.10-5) we have for ¢ on C: 


max |f(z)| < M(4R-+ 47) se (R)+|f(0)|) 
oh cae 0 
<p_, (A(R) +O), 


and according to the formula (2.9-9) for the mth derivative of f(z) 
we have, taking account of Darboux’s inequality (2.417), 
m! 4R(A(R)+|f(0)|) | 2" 
(m)(7)| = — ot Ls Oa Ra 


and the desired formula easily follows. 


6.10.3 — LANDAU’S PROOF OF HADAMARD’S FACTORIZATION THEO- 
REM 


The previous theorem enables us to give an independent proof of 
Hadamard’s factorization theorem. Without loss of generality we 
may assume /(0) #0. By Weierstrass’s theorem we have 


(6.10-8) 


f(z) = exp Q(z) )-TE(1- =) exp [-+5(2)+ sia +7(2)}- 
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It remains to prove that Q(z) is a polynomial. Put m = [o], @ being 
the order of /(z). By Hadamard’s first theorem o, < o and hence 
k =m, k being the rank of the canonical product. By logarithmic 
differentiation we obtain 


PC) ia = ( 
(2) Q"(2) + 2 
and since the series on the right converges uniformly in every 
bounded and closed set within a region from which the zeros of f(z) 
are deleted, the process of term-by-term differentiation is justified. 
Effecting this process m times we get 


1 Zz =) 4 
to tate tae) (610-9) 


v v 


1 


a z 


= 


am f' ml 
= : 5 = Qlm4)) (z)— saa (6.10-10) 


and we have only to prove that Q(+(z) = 0 identically. 
Let R > 0 and consider the function 


gr(2) => II (ea (6.10-11) 


p—2 bein (ies pee ee EP 
4,(— |, ae 
whence 
If (2)| 
Ig (2)| =O) |z| = 2R 
We recall that f(z) is an integral function of order 9 and therefore 
ler (2)| Se”, jz] <2R (6.10-12) 


for all sufficiently large values of R. Put 
hp (2) = log gr (2). 
Then hp(z) is regular at every point of the set |z| < R, and 
Re hp (z) = log |gz(z)| S (2R)*** (6.10-13) 
for all sufficiently large values of R. 
The next step will be the application of the Borel-Caratheodory 
theorem. We find, observing that hp(0) = 0, 
2™+3(m+1)!R 


(m+1) 
Ar (z)|S (Rn 


(2R)e**, 


For |z| = $F this yields 
JAS) (2)| <= K Rete eth), (6.10-14) 


6.11] PICARD’S THEOREM FOR INTEGRAL 


K being a constant independent of R. By the maximum modulus 
principle this inequality is also true for |z| S $R. 

Now we take ¢ > 0 so small that e+e < m-+1. This is possible, 
since @ < m-+1. Then the expression on the right of (6.10-14) tends 
to zero as R—- oO, ie., 


lim |A¥"*)) (z)| = 0. (6.10-15) 
R->oo 
Differentiating (6.10-11) logarithmically we get 
gr(z)__ f'() 


gr(z) fF) ~ jalsr %—2 
whence 
_@ fe) m 
“da He)” jajae G2) 


and from (6.10-10) we deduce 


hg (2) 


m! 


(m+) (z) — Ait (z) + ——__., 6.10-16 
Q ( ) R ( ) la,{>R (a,—z)™+1 ( ) 
Assuming |z| S 4R we have for |a,| > R 
z R 
|a,—2| = |2,,| Diet| |4,,| (1- | =? $4]. 
An R 
Hence 
! 
oN. is Qm+ly | D3 evi: ‘“ 
[a,{>R |@,—2|"*7 jat> Rr |@,|™*? 
and since the latter series is convergent we find 
m! 
lim ( > —| = it); (6.10-17) 
R->co \a,{>R |@,—2|"47 
By (6.10-16) and (6.10-17) we may therefore infer that 
Qim+(z) = 0, (6.10-18) 


identically in z. This proves that Q(z) is a polynomial of degree not 
exceeding m. 


6.11 — Picard’s theorem for integral functions of finite order 


6.11.1 — STATEMENT AND PROOF OF THE THEOREM 


Picard’s theorem for integral functions states: 

An integral function which is not a constant takes every value, with 
one possible exception, at least once. 

The proof of this theorem for general integral functions is not 
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easy, but it is rather simple when we restrict ourselves to the case 
of integral functions of finite order. The general case will be con- 
sidered in Vol. II. 

Suppose that there are two different numbers a and b such that 
the equations 

}(z):= 4, f(z) = 6b (6.11-1) 

have no roots. The function /(z)—a, being a function with no zeros, 
can be represented as 


f(z)—@ = exp Q(z), 
Q(z) being a polynomial. Since the equation 


exp Q(z) = b—a 
has no roots, there are also no roots for the equation 


Q(z) = log (b—a). 
But in view of the fundamental theorem of algebra Q(z) is a con- 
stant, as is f(z). 


6.11.2 — THE a-POINTS OF A FUNCTION 


We may generalize the concept of zeros in the following way: 
A point 2, is called an a-foint if the function f(z) takes the value a 
at z= 2, 1.e., when 2 is a zero of {(z)—a. 

It is plain that a function of non-integral order has always an 
infinity of a-points, a being a given number, since the orders of f(z) 
and f(z)—a are the same. Also a function of zero order which does 
not reduce to a polynomial has an infinity of a-points, since /(z)—a@ 
is a polynomial for every a or for none. 

If f(z) is of positive integral order there may be exceptions. Thus, 
for instance, the set of a-points of the function exp z is empty when 
a = 0. By Picard’s theorem there is one exception at most. 


6.11.3 — EXCEPTIONAL VALUES 


A value a with the property that the set of a-points of the function 
f(z) is empty will be called exceptional P. But an a-point can also be 
exceptional in a wider sense. Given an integral function of order o it 
may happen that the set of a-points is either empty (case of Picard’s 
theorem), or contains a finite number of a-points, or contains an 
infinity of points whose exponent of convergence is less than 0. 
In these latter two cases the value a is said to be exceptional B (where 
B stands for Borel). Thus the function e? cos /z is of order 1, but 
the zeros z = }(2n+1)?2?, n = 0, +1, +2,... have the exponent 
of convergence equal to 4. 
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It is plain that a value exceptional P is also a value exceptional B, 
but the converse is not true. 


6.11.4 — BOREL’s THEOREM 

Borel discovered a theorem which may be considered as an ana- 
logue of Picard’s theorem. 

If the function f(z) ts of finite order then the exponent of convergence 
of the a-points 1s equal to the order, except possibly for one value of a. 

Let a beanexceptional value 8. By Hadamard’s decomposition we 
have 


f(z)—@ = 2™ P,(z) exp Q,(z), (6.11-2) 


where Q, (z) is a polynomial of degree g and P, (z) acanonical product. 
By hypothesis the exponent of convergence of the zeros of P,(z) is 
less than 9. Hence g = @, i.e., the order must be an integer. 

If 6 #a is also exceptional B we similarly have 


f(z)—6 = 2 P,(z) exp Q(z), (6.11-3) 


Q.(z) being also a polynomial of degree g = 9. By subtracting we 
find from (6.11—2) and (6.11-3) 


b—a = 2™ P,(z) exp Q,(z)—2™ P,(z) exp Q(z) (6.114) 
or 
2™ P,(z) exp {Q1(z)—Qa(2)} = 2” P2(z) + (b—a) exp {—Q,(z)} 


and since Q,(z) is of degree @ the function on the right is of order 0. 


As a consequence the polynomial Q,(z)—Q,(z) is of degree o. 
Differentiating (6.11-4) we obtain 


{m,2™~ P, (z) +2 Q; (2) Py(z) +2 Pj (z)} exp Q, (2) 
= {m,z"* P,(z) +2 Q(z) Pa(z) +2 P3(z)} exp Qa(z), 


and since the orders of P;(z) and P,(z) are the same as those of P,(z) 
and P,(z) respectively (6.4-6), i.e., less than 9, we may put 


my 2 P, (2) +20; (2) Py (2)-+2™ P; (2) = 2" P,(z) exp Qs(2), 
My.z™* Po(z) +2 Qo(2) Pa (z)-+2 Po (z) = 2™ Py(z) exp Q,(2), 
where Q(z) and Q,(z) are polynomials of degree 9—1 at most, and 


P;(z) and P,(z) are canonical products of order < g. Hence (6.11-5) 
may be rewritten in the form 


zms P,(z) exp {Q;(z)+Q3(z)} = 2™ Py(z) exp {Q.(z) (z) +Q4(z)}, 


and since Hadamard’s decomposition is unique we have, neglecting 
multiples of 277, 


(6.11-5) 


21 (2) +Q3(%) = Qe(z)+Qa(z) 
Q1 (2) —Qe(z) = Qs(z) —O3 (2). 


But now we have obtained a contradiction, since the polynomial 
on the left is exactly of degree o and the polynomial on the right is 
of degree < og. It is, therefore, impossible that a function of finite 
order admits more than one value exceptional B. 


Or 


6.12 — The theorem of Phragmén 


6.12.1 — PHRAGMEN’S PRINCIPLE 


The modulus of the function exp z is exp (7 cos 6), if we put 
z= re, If we let z > o0 along a half-line arg z = 9 = const. the 
rate of increase of the modulus is different according as |6| < 4” 
or || = 4a, (fig. 6.12—1). In the first case the modulus increases 
beyond every positive value, whereas in the second case the modulus 
remains bounded. 


Fig. 6.12-1. Asymptotic behaviour of the exponential function 


As we shall see presently the rate of increase of an integral func- 
tion for various directions depends on the order. The theory is based 
on a central principle due to Phragmén which generalizes the max- 
imum modulus theorem. 

Let the function f(z) be continuous on the closure R of a region Kt 
between two straight half-lines making an angle n/a, « = 4 at the 
origin and outside a circle |z| = %) = 0. If f(z) ts holomorphic through- 
out Kt and bounded on the boundary of the region and if throughout the 
region 

If(z)| < e”” (6.12-1) 


for all sufficiently large values of r, where B < «, then actually the 
function is bounded in K. 
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Without loss of generality we may assume that the region is sym- 
metric with respect to the real axis, i.e., the two sides of the 
angular region are given by 0 = +47/a. 

Consider the function 


F(z) = e*"}(z) (6.12-2) 
where B <7 <a and e>0. Then 
|F (2)| = eI (2)]. (6.12-3) 


On the lines 0 = --4z/« the function cos 7 is positive, since 7 < «. 
Hence on the boundary of # 


IF(2)| S If@)| SM, 


M being a constant. On the arc |6| S 3z/« of the circle |z] = R > 15 
we have 


|F(z)| < e— ER" cos $a (n/a) | t(z)| < eRP—ER" cos $n( 7/2) 


— @k1(RP-~¢ cos 4n(7/2)) 


as R-—> oo, since 7 > B and ecos $a(n/«) > 0. As a consequence 
|F(z)| <M (6.12—4) 


on the arc |z| = R within the angle for R exceeding a certain value. 
By the maximum modulus theorem the inequality (6.12—4) holds 
throughout the set |0| S $2/«, 7) S 7 S F and since RK is arbitrary 
we have by virtue of (6.12-3) 


if(e)| < Mew" < Me™. 
Letting «> 0 we obtain the desired result. 


6.12.2 — ASYMPTOTIC BEHAVIOUR OF AN INTEGRAL FUNCTION 


Consider an integral function of order @ which is assumed to be 
bounded in the exterior and on the sides of the angle |6] < 9 Sz, 
(fig. 6.12-2), hence for all values of @ satisfying y < |0| Sa. If 
0 < 2/2y we can apply Phragmén’s theorem in the closure of the 
region |0| < » by taking for 8 a number between o and « = 2/2p 
because y = 2/2« and « = 4. Since # > 9 it follows from the def- 
inition of order that (6.12-1) is satisfied for all sufficiently large val- 
ues of 7. Hence the function is also bounded for |0] < » and by 
Liouville’s theorem the function is a constant. This result leads toa 
contradiction when @ = $ and g < 2/29. Hence: 

An integral function of order 9 = 4 cannot be uniformly bounded 
in the exterior and on the sides of an angle of width smaller than z/o. 
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If @ <4 we can take y =a. The previous reasoning is still 
applicable and we find: 

A non-constant function of order 0 < 4 cannot be uniformly bounded 
on any half-line issuing from the origin. 


Fig. 6.12-2. Asymptotic behaviour of an arbitrary integral function of finite order 


It is not possible to ameliorate the conditions in these theorems 
as we Shall illustrate in the example of the next section. Already for 
the case 9 = 4 we can give an elementary example of a function 
which is bounded on a half-line, viz., cos 4/z, this function being 
actually of order 4. For positive real values of z we have |cos +/2|<1. 


6.12.3 — BEHAVIOUR OF THE MINIMUM MODULUS 


If f(z) is an integral function of order 0 < 4 there is a sequence of 
values of z tending to infinity through which the minimum modulus 
tends to infinity, provided that the function is not constant. 

Hadamard’s factorization of the function is 


je) =I (1-2). 
v=1 a, 
Consider the function 


=the) 


v 


Since 


we have 
m(r) = g(—r). 


Now g(z) is an integral function of the same order as f(z) and, 
therefore, g(—r) is unbounded by the previous theorem. 


6.13] MITTAG-LEFFLER'S FUNCTION 


6.13 — Mittag-Leffler’s function 


6.13.1 — DEFINITION 


The considerations of the previous section may be illustrated in 
an impressive way in an example due to Mittag-Leffler. He dis- 
covered the following function: 


E (2) = y ——— (6.13-1) 


where « denotes a real or complex parameter. Only real positive 
values of « will concern us in the sequel. 

Mittag-Leffler’s function (6.13-1) is an integral function of order 
1/a. 

On applying Stirling’s theorem we find that 

log T'(1+na)  (na+4) log na — na + log +/2m + mu (na) 

—————— Ss i —_> 


n log n n log n 


a 


as  —> oo, and the truth of the statement follows from the theorem 
of section 6.6.2. 

For « = 1 the function reduces to the exponential function and 
for « = 2 to the function cosh 1/z. 


6.13.2 — REPRESENTATION OF THE FUNCTION AS AN INTEGRAL 


The study of the function (6.13-1) will be facilitated on applying 
Hankel’s representation (4.7-35) of the gamma function 


1 1 

Qa —'| sete, 6.13-2 
T(s) 2a) ne 
the path L(a) being defined as in section 4.7.6. For our purpose it 
will be desirable to give the path a shape as shown in fig. 6.13-1. 


Fig. 6.13-1. Reshaping of Hankels’ contour 


This path L(a, y) consists of two half-lines arg t = 9, argt = —q, 
$a <p <a, with |t] 2a> 0, and of the arc |t]| =a, |arg?| <p 
the path being traversed in such a sense that the origin is at the left. 
As regards the part of the path above the real axis we observe that 
the integral taken along an arc |¢] = R>a,y S0=argitS<zis 


i {” eRe (Re®)-* Re® do 
and that the modulus tends to zero like e*°? R!-®** as R-> oo, 
The integral taken along the contour consisting of two arcs of 
radius R and a respectively, pS arg? <0 <2 and the two 
segments joining the corresponding extremities of these arcs, (fig. 
6.13—2), is equal to zero. This may be proved either as in section 


Fig. 6.13-2. Enlargement of the circular part of the path in fig. 6.13-1 


4.7.6 on replacing ¢ by #?, or also by observing that this contour can 
be imbedded in a simply connected region where the integrand is a 
holomorphic function. Observing that the same reasoning is valid 
for the part below the real axis we find that Hankel’s integral may 
be written in the form 
: : tdi, in<o< > 0. (6.13-8) 
— = —. e*t dt, 1 QO <n, a ; .13- 
T\(s) 271 Lia, 9) 
The last result enables us to represent Mittag-Leffler’s function as 
a loop-integral. In fact 


co v 1 foe] v 
E,@)=>S—J eread=— | —> (2) dt 
v=0 


v=0 271 Ta, 9) 271 1a, ¢) 
Or 


E,, (2) as Z 


29th t—, 9) 2 


the reversal of the order of integration and summation being easily 
justified. The transformation of the series into an integral assumes 
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that |z| is sufficiently small. But the result is always true on account 
of the identity principle, for we may take a such that z lies on the 
left of the path of integration and that ¢* ~2z on this path by 
suitable choice of ¢. 


6.13.3 — ASYMPTOTIC BEHAVIOUR OF MITTAG-LEFFLER’S FUNC- 
TION 


We consider two positions of L(a, p). In the first we take a = 1, 
in the second a will be greater than (27), |z| = 7. It is our aim to 
investigate the behaviour of F,(z) for large |z| and, therefore, we 
may assume |z| > 1. It is plain that all zeros of ¢*—z lie to the left 
of the second loop. By the residue theorem 


E,(z) = E(z)+ > R,, (6.13-5) 
k 
where 
1 eit 


E(z) = dt, (6.13-6) 


and the R, are the residues of the integrand at the poles, if any, 
which lie between L(1, gy) and L(a,). If gis so chosen that no 
pole lies on L(1, p) and is sufficiently near 4 then these poles are 


pa PTI Gi are g. (6.137) 
where & runs through integers satisfying 
—ton S 0+2kn S tan (6.13-8) 
and, according to (3.3-8), 
J erie ei +h) Ja. 


R,= (6.13-9) 
a 


First we wish to prove that 
ZF (2)| 
remains bounded when z tends to infinity along a ray issuing from 
the origin. To this end we remark that the rectilinear parts of L 
can be chosen in such a fashion that the points z/“, where z moves 
along a ray as mentioned above, do not lie on it. As a consequence 


the expression |¢*/z—1| has a positive lower bound m when ¢ and z 
move along their own paths. Now 
et Ors lg 


2B G) = — : = fee i t, 


and it is clear that the modulus of the expression on the right is 
dominated by the modulus of 


(6.13-10) 
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1 
e*¢t*-1 dt = —____.. 
2am ! mI(1—«) 


This proves the assertion. 

We wish to consider the cases 0 < « < 2, « = 2, only. 

Case (i). If0 < « < 2and $az < |6| S ~ then there is no & satis- 
fying (6.13-8). The function E,(z) coincides with E(z). If |6] < 4ax 
then only k = 0 satisfies (6.13-8). Summing up we have for 
O<a< 2 


lim £,(z) = 0, ton < ljargz| Sa (6.13-11) 
and 
lim ae" EF (z) = 1, larg z| < daz. (6.13-12) 


On the lines arg z = +a we have 


lim «(cos 7/* + isin 7") F(z) = 1 (6.13-13) 


1—>0O 


and hence |£,(z)| remains bounded and tends to 1/«. 
Case (ii). The case a = 2 offers no difficulty, since 
E,(z) = cosh 4/2 


and it is evident that (6.13—12) is also valid in this case, provided 
6 ~a. On the negative real axis cosh 4/z = cos 4/7 and hence the 
function is bounded along this half-line. 


6.13.4 — THE LINDELOF-PHRAGMEN DIAGRAM 
If /(z) is an integral function of order @ then on a certain line 
arg z = 0 = constant the inequality 
log |/(ve*)| < r*** (6.13-14) 
holds for all sufficiently large values of 7. It may occur that we can 
find a constant A such that 
log |f(re®)| < Are (6.13-15) 


for all sufficiently large values of 7. If so, then there is a greatest 
lower bound /(@) of the set of these numbers A which, of course, 
depends on @. It is defined by 


l 10 
(6) Stan stip CE (6.13-16) 


Too ig 


and referred to as the Lindelof-Phragmén function corresponding 
to the given integral function f(z). It measures the rate of increase 
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of the integral function in a given direction. It may be pictured in a 
polar diagram which we shall call the Lindeléf-Phragmén diagram 
of the integral function. 

It is an easy matter to find such diagrams in the case of Mittag- 
Leffler’s function. 

When 0 < « < 2 and |6| S 4am the function zE,(z) is bounded. 
Hence /(8) is zero for these directions. In the other directions the 
function E,(z) behaves like exp z’* and h(0) = cos (0/a). 

In fig. 6.13-3 the diagrams have been plotted when « = 3, 1, 2 
respectively. When « = 1 the diagram is a circle. 


Fig. 6.13-3. Lindeléf-Phragmén diagrams for Mittag-Leffler’s function for the cases 
a=4,a=-l1,¢0=2. 


CHAPTER 7 


DIRICHLET SERIES 
THE ZETA FUNCTION OF RIEMANN 
THE LAPLACE INTEGRAL 


7.1 — Dirichlet series. Absolute convergence 
7.1.1 — DEFINITION OF A DIRICHLET SERIES 


By a general Dirichlet series is understood a series of the form 


co 
Yae! (7.1-1) 
v=0 

where Ay, 4,,... iS a sequence of real numbers, increasing mono- 


tonically beyond any preassigned positive bound, 
Aho <A >. 


The variable s is a complex variable and ap, a, .. . is a sequence 
of complex numbers. They are called the coefficients of the series. 
In most cases we shall assume A) = 0, but sometimes it is desirable 
to admit a finite number of terms with 1, < 0. The sequence dp, A, ... 
is termed the type of the series. 

A very important type is characterized by 4, = log, a) = 0. 
A series of the form 


ee a, a 
2h Sa yerge tees (71-2) 
v=] 
is called an ordinary Dirichlet series. A particular case of utmost 
importance is the series 


t(s) = ae (7.1-3) 


representing the zeta function of Riemann. 

As a matter of fact we are only interested in the cases where the 
series possesses a region of convergence and it will be our task to 
study the functions defined by the sum. 

In many respects the theory of Dirichlet series is more complicat- 
ed than that of power series. In the latter case the circles of con- 
vergence and of absolute convergence coincide. In the theory of 
Dirichlet series the word “‘circle’’ must be replaced by “‘half-plane’’, 
but the corresponding half-planes may be different. 
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7.1.2 — ABSOLUTE CONVERGENCE 


Things are quite simple when we are concerned with absolute con- 
vergence. The Dirichlet series (7.1—1) is called absolutely convergent, 
when the series 


co 


> |a,e-%4| (7.14) 


»=0 
is convergent. We shall prove the theorem: 
If a Dirichlet series (7.1-1) is absolutely convergent at s = Sq tt ts 
also absolutely convergent at s, when Res = Re Sp. 
In fact, if e is a positive number, there is a number mp» such that 


> |a,e*% <e 


y=m 


provided that m>n> m). Hence 


™m m 
> ae => [qe eet) (7.1-5) 
v=n y=n 
—_ 3 la, eT *y8oe—4y Re(s-40) < s |, e74v80 e7An Re(s—so) ae. 
yet v=n 


whenever 2 > m9. This proves the assertion. 


7.1.3 — ABSCISSA OF ABSOLUTE CONVERGENCE 


It follows that when the series (7.1—1) is not absolutely convergent 
at s = s, it is not absolutely convergent at s, with Res S Re 55. 
We can divide the values Re s, into two classes, the first class 
containing those for which the series is absolutely convergent as 
soon as Res => Re Sp, and the second class containing the other 
values of Re sy. When none of these classes is empty then, by the 
above theorem, every member of the first class is not smaller than 
any member of the second class. By well-known arguments there 
exists a number o, such that the series is absolutely convergent if 
Res > o, and not absolutely convergent if Res < a,. It is con- 
venient to take o, = —oo if the series is absolutely convergent 
everywhere in the plane, and o, = +00 when the series is nowhere 
absolutely convergent. 

The number g, is called the abscissa of absolute convergence. The 
line Re s = a, is the boundary of a half-plane containing all points 
to the right of this line, the half-plane of absolute convergence. The 
line may or may not belong to the half-plane of absolute convergence. 
In the latter case none of its points are points of absolute con- 
vergence. Otherwise stated: The half-plane of absolute convergence 
1s either open or closed. 


In the proof of the theorem of section 7.1.2 we obtained an esti- 
mate (7.1-5) independent of s. Hence: 

I} the series (7.1-1) ts absolutely convergent at s = Sq it is uniformly 
convergent in the half-plane Res = Re Sp. 


7.1.4 — ILLUSTRATIVE EXAMPLES 


The previous considerations may be illustrated in some simple 
examples. The series 
co ‘ 
am (7.1-6) 
vy=1 
is absolutely convergent for Re s > 1 and divergent for Res S 1. 
In fact, we have 


"dz_ il nt+1 dx 
ee a 
a Be n° n ad 
whence 
nax n n+1 dx 
(fesse lS, 


and the truth of the assertion follows by observing that 


] , wh | 

jae og 2, when o 
1 1 
l—o 


(z1--—1), when o > 1. 


As a consequence o, = 1, but the line Res = 1 does not belong 
to the half-plane of absolute convergence. 
Next we consider the series 


> v- log » (7.1-7) 
v=1 


and let 0< o = Res < 1. Then 
ni-7 — 21-7 


—o] —2 ] —2 —o ? 
2 og—2 »y > log #2? ae 


The sum on the left tends to 0 as m —> o and so the series is di- 
vergent for o < 1. On the other hand, when o =] 1 we have 


l n—1 ig 
Lrvbgy 2 aa a ie -!= 
1 1 1 
~ log iogm ~ log 2” 
We find the result o, = 1 and the line Res = 1 belongs to the 
half-plane of absolute convergence. 


xlog*x 
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7.2 Simple convergence 


7.2.1 — ABSCISSA OF SIMPLE CONVERGENCE 

The situation regarding convergence is almost just as simple as 
in the case of absolute convergence, but the proofs are more in- 
tricate. A first result in this direction has been obtained by Jensen. 
He proved the theorem: 

If the Dirichlet series (7.1-1) 1s convergent at s = So, then it is 
also convergent for any value of s with Res > Re Sp. 

Admitting for the present the truth of this statement we can also 
define an abscissa of simple convergence o,, such that the series is 
convergent for Res >, and divergent for Re s < o,. Concerning 
the convergence of the series on the line Re s = o, various cases 
are possible as in the case of power series. 

It should be noticed that in contrast with power series the 
numbers o, and o, need not be the same. In any case 


6, SG, (7.2-1) 


™ 
| > a,e~*v8 
v=n 


In general there will be a strip between the lines of convergence 
and absolute convergence throughout which the series is con- 
vergent, but not absolutely convergent. The strip may vanish (if 
0, = G,) Or comprise the entire plane (o, = —0o, o, = +). We 
already encountered examples of the first situation (for the co- 
efficients were all positive). An example of the second case is the 
following. The series 


o: (—1)"»-4 log-* y= o3 (—1)” yt e-#!08 108» 


y=e v=o 
is convergent for all values of s, but never absolutely convergent. 
The proof is quite simple. If s is a real number the series is alternat- 
ing, its terms (taken absolutely) tending monotonically to zero. By 
an elementary test (Leibniz’s test) the series is convergent. On the 
other hand, the series 


In fact, 


< 3 CAC meal 


> v4 logy 
y=2 


is always divergent. We have only to investigate the cases = 6 > 0 
and the argument runs as in the example (7.1-7). 


7.2.2 — CAHEN’S THEOREM 


Jensen’s theorem is included in a less elementary theorem due to 
Cahen. 


If a Dirichlet series (7.1—-1) ts convergent for s = sy it is uniformly 
convergent throughout the angular area defined by 


larg (s—sp)| SB (7.2—2) 
where 9 1s any fixed positive number < 43a, (fig. 7.2-1). 


Fig. 7.2-1. Domain of uniform convergence 


The main tool in the proof will be Abel’s method of summation 
by parts, already discussed in section 1.8.2. We suppose that the 
series 


> a,e" (7.2-8) 
=0 


is convergent. We put 


oo 
R,= > ae, n=0,1,2,.. 


yv=n+1 


e (7.2-4) 
and we write, assuming m>n> 1, 


™m ™ m 
Yaeo'= Saertewinn — F(R, —R,)eairw 


v=n v=n v=n 


m—1 
= R,,_ e730) — Re 4m(s—s0) 4 ¥ R, (e741 (8-0) _ @~4(s-#0) 


=n 


=R,,_,e**"*%0) — R,, e~4nl#-%0)__ > R, fcc sl e *(8—80) Fe. 


v=n Ay 


If Re (s—so) = 0, then e~*»Re(*~*) < 1 for all sufficiently large 
n. Let « be a given positive number. For all sufficiently large values 
of m the numbers (7.2—4) are numerically smaller than e. For those 
values of ~ we have 


vat R Ay 41 —t(s—sp) dt Am —t Re(s—s) d. Fa Re(s—89) dt 
ee e <6) ne e{ e 

par ia an dy 

at é en’n Re(s—89) < 2 


~ Re(s—s,) ~ Re(s—sy) 


Hence 
as |s—Sp| ) 
—Ay 8 23 he (2 
2 He <e( so S e(2+ sec#), (7.2-5) 
since 
|s—So| 
——_—_—— = sec ?, 
Rega 


the estimate (7.2—5) being valid for all sufficiently large n, m > n 
and Re (s—s,) > 0. Since the last member of (7.2—5) is independent 
of s the truth of the statement follows. 


7.2.3 — ASYMPTOTIC BEHAVIOUR 


The following theorem can easily be deduced from Cahen’s theo- 
rem. 

If a Dirichlet series (7.1-1) with dy > 0 is convergent at s = Sy tts 
sum tends uniformly to zero as s > 0 1m the area (7.2-2). 

We may write 


Cc n co 
Sauev= > eo Y ae, 
v=0 v=0 v=n+1 


Let ¢ denote a positive number. Taking account of the uniform con- 
vergence of the series we can take m so large that 


co 
| 5: a, eo 4ys 
v=n+1 


for all s in the area (7.2-2). Moreover, it is possible to find a real 
number o such that 


< te 


|S a,e%"*| < fe 
v=0 


whenever Res > oc. Hence 
Cc 
| Sae*'|<e 
v=0 
for s in the area and Res> vo. 
A simple corollary is: 


If a Dirichlet series (7.1-1) ts convergent at s = sy then its sum 
is bounded in the area (7.2-2) for any 0 < 3a. 


7.2.4 — THE DIRICHLET SERIES REPRESENTING A HOLOMORPHIC 
FUNCTION 


Finally we have: 


In the half-plane of simple convergence the sum p(s) of the Dirichlet 
function (7.1-1) 1s a holomorphic function. 


ET EE i ——-_ — 


We can draw an angle of the type considered in Cahen’s theorem 
its vertex being a point sufficiently near the line of convergence 
Re s = o, and including any given and bounded set to the right of 
this line. Hence the series is uniformly convergent throughout such 
a set and since all terms are integral functions, the assertion follows 
from Weierstrass’s theorem of section 2.20.3. 

A direct consequence of this theorem is an analogue of Abel’s 
theorem for power series of section 1.8.3. 

If the Dirichlet series (7.1.1) 1s convergent for s = sy then the 
sum p(s) tends to p(So) as S > Sq along any path which lies in an 
angular area defined by (7.2-2). 

It is plain that it gives only any information beyond that what is 
given by the previous theorem when sy lies on the line of simple 
convergence. 


7.3 — Formulas for the abscissa of convergence 


7.3.1 — STATEMENT AND PROOF OF THE FORMULAS 


We wish to derive a formula for the abscissa of convergence in 
terms of the coefficients and the exponents of a Dirichlet series. 
The situation is not quite so simple as in the case of the Cauchy- 
Hadamard formula (1.6-11) for the radius of convergence of a power 
series. The formula takes slightly different forms according to 
whether o, 2 0 or o, < 0. 

The abscissa of simple convergence of the Dirichlet series (7.1-1) 
is given by 


(7.3-1) 
if o, > 0 and by 
(7.3-2) 
$f 8, = 0; 
Let 
A, = > 4, (7.3-3) 
v=(Q) 


and 
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log |A 
« = lim sup cee (7.3—4) 


n—>0o n 


If A, does not tend to zero there is a positive number & such 
that log |A,,| > —# for an infinity of values of n. Hence among the 
numbers —/A, there are infinitely many as near to zero as we want 
and this implies « = 0. We suppose further that « < +00. We shall 
prove that the series (7.1-1) is convergent for s = o when o> a. 
Let ¢ be a number such that o—e > a. The equation (7.3-4) implies 
that we can find a number 7, such that 


log |A,,| 
A 


n 
or 


aiees (7.3-5) 
provided that > m. By Abel’s method of summation by parts 
we find 


> ae" = Age”? + > (A,—A,_, )e-#? 


v=0 y=1 
n—1 
= DA, (eH?) 4A, oes 
v=0 
n—1 Ay 4 
= YA,o | et dt-+-A, em*n?, 
»=0 ay 


Taking account of (7.3-5) we have 
|A,e-4"?| < e74né, 


Hence the last term on the right tends to zero as n> oo. It remains 
to establish the convergence of the series 


Se A+ 
Dy | e* di. 
v=0 A, 


We have 
\4, | ‘mH got dy! < | intl got dp 
eB 2. 
provided that ” > np. The series 


co 


5 ie Sh a 


v=04, 


is convergent, its sum being 


This proves the assertion. 
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The foregoing considerations lead to the result 


Oo, Su. (7.3-6) 
Next we take a Positive number o > o,. Put 
b,, = 4,,67**", eno | as ee ee 
and 
= > b.. (7.3-7) 


Since the Dirichlet series (7.1-1) is convergent for en o the 
numbers 6, are bounded: 


|B,| S B. 


By summation by parts we find 


A,= 2d ie 2 her = Bye? ir > (B,—B,.4)e”? 


v=] 
n—1 n—1 
= > B,(e*°—e+1°) 4 Be" =— YB a) e? dt+ B,,e*?, 
v=0 v=0 
and, since o is positive, 


n—1 An 
|A,| S Bo 2 Ns edit Ben? < Bo| e?' dt+ Be’n? 


4o 
whence 
|A,,| S 2Be*»’, (7.38) 


This inequality is equivalent to 
log |A,| log 2B 
Ran o 
ee ae 
and so « So. If o, < 0 then o can be any positive number. If 
o, = 0 then o > ga,. In all cases 
a < max (a,, 0). (7.3-9) 
In the case that o, > 0 it is clear that A, does not tend to zero. 
Hence (7.3-9) and (7.3-6) combine into (7.3-1). 

Hitherto we excluded the case « = +00. But the argument 
shows that the assumption, that only one of the numbers o,, « is 
finite, leads to a contradiction. Analyzing the proof it appears that 
(7.3-1) is also valid for o, = 0, provided A, does not tend to zero 
as Nm —> ©. 


co 
Now we suppose o, < 0. Then the series > a, is convergent. Let 
v=0 


co 
pa ee (7.3-10) 
v=n+l1 
and 
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; log |R,,_ 
6 = lim sup sale (7.3-11) 


Proceeding along the same lines as above we easily deduce that the 
series (7.1-1) is convergent for s = o > B, hence 


o, SB. (7.3-12) 
Let now 
Ce F< O, 
Then 
R= > a, = va b, et? =: > (B,—B,_,)e”" 


( Aytd : 
edi— B,_,e"". 


a 


co oo 
= p> B, (ce? —e11") —B,,e'"7= <7 ba B, ik 
=n Ay 


v=n 


Remembering that o < 0 we deduce 


co Ay41 
|R,4| S —Bo > | e% dt+ Be’n?, 
v=n dy 
whence 


|R,1| S 2Be*»’. (7.3-13) 
As a consequence we have 
log a Es se = 
and so 8 So. Since o can be any negative number > a, we have 
Se (7.3-14) 
The inequalities (7.3-12) and (7.3-14) combine into (7.3-2). 


+o 


7.3.2 — THE BREADTH OF THE STRIP OF CONDITIONAL CON- 
VERGENCE 


We already pointed out that the abscissa of simple convergence oa, 
and the abscissa of absolute convergence o, are not necessarily the 
same. For a given series we can derive an estimate of the breadth of 
the strip of conditional convergence. 

The breadth o,—«o, of the strip of conditional convergence of the 
Dirichlet series (7.5.1) satisfies the inequality 


| ] 
o,—90, Slimsup Se 


n—>Cco n 


(7.3-15) 


Let A denote the value of the right hand member of (7.3-15). 
When 4 = o0 the theorem is obvious. Suppose that A is a finite 
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number. Evidently 4 = 0. The theorem is proved if we can establish 
the following statement. When the series (7.1—1) is convergent for 
the real number s= a it is absolutely convergent for s = o+A-+e, 
where «¢ is any positive number. By hypothesis a,e~**” tends to zero 
as n —- oo. Hence for sufficiently large values of 1 
ja,\eea" <1 
and 
|a,|e~Aalorate) ad |a,,|e72"? @~Anl4te) Pe ea An(ate) | 


For sufficiently large values of ” we also have 


log n 
—— < A+ fe 
An 
or 
Hi log n 
me At he 
Hence 


| a,,| eaAn(otste) “ nero) (athe) | 


and since (A+e)/(A+4e) > 1 the series under consideration is 
dominated by a convergent series. This completes the proof. 

In the case of an ordinary Dirichlet series we have 4, = log m and 
the breadth of the strip does not exceed unity. 

The abscissas of convergence coincide when 


log n 


> 0 (7.3-16) 
as n —> oo. In this case it is not difficult to show (proceeding by a 
method similar to that used in the proof of the first theorem of this 
section) that 


feet some log |4,| 
o, = 9, = lim sup aa (7.3-17) 


nN Fw n 


This formula may be considered as the analogue of the Cauchy- 
Hadamard formula for the radius of convergence of power series. 


7.4 — The representation of a Dirichlet series by an 
infinite integral 
7.4.1 — STATEMENT AND PROOF OF THE REPRESENTATION 


Let the Dirichlet series 
co 
Ya,e (7.4-1) 


v=0 


7.4] THE REPRESENTATION OF A DIRICHLET SERIES BY AN INFINITE INTEGRAL 


be convergent for some value of s with Res > 0. We introduce new 
numbers yw, by putting 


bn = etn n= 0, 1, 2, < 08 (7.4-2) 
Taking the Euler integral 
T(s) = \° e—*t-1 dt, Res>0 
0 
as a starting point, we readily find 


P(s) = f° e** (uyt)1 (yt) = ge [event oe at, 
, 0 


whence 


T'(s)e**? = P(s)u* = [” etntee-tde. (7.4-3) 
0 


oa J x a, ety? 1 dt, (7.4-4) 


In the first place we wish to prove that the abscissa of converg- 
ence of the series 


sae" (7.4-5) 
v=0 
occurring in the integrand of (7.4-4) is not positive. For in the 
contrary case we should have on account of (7.3—1) 


log | > a, log | > a,| 
0 < lim sup =) = lim spr. oe a 0 


> 
n—>0o Ln n—>oo An Ln 


since log uw, increases more slowly than yu, as m > oo. 

After these preliminaries we proceed to establish the validity of 
the equation (7.4~-4). Since the series (7.4-5) is uniformly con- 
vergent for 0 < ¢ <¢ Sw the process of term-by-term integration 
is justified over the interval from « to : 


@ co co @ 
| (sae tds > } a,e >? 1 dt, 
€ »=0 v=0 


It remains to establish the convergence of the integral on the left 
as e > 0 and w -> 00, for the validity of (7.4-4) follows then at once 
from (7.4-3). 

Assuming that the series (7.4-1) is convergent for all s satisfying 
Res > o = 0, we find when ¢ is positive and 6 denotes an arbitrary 
positive number: 
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co co 
bs a, e-’ eee > a, ear (o+8) ‘ie ey t 
y=0 v=0 


co 
oa > isi 6 sues at a 
p= 
where 


n 
$= 5 Ge CH), 5.5 = 0; 


v=0 


By summation by parts we arrive at 


fore) foe) 
S ayenmt = 3 sleet ust ermal ust), 
v=0 v=0 


By hypothesis s,, tends to a limit as + oo. Hence we can find a 
number C such that |s,| < C for all m = 0. Next we wish to prove 
that the series 


co 


p> (Ser a ete ae) 
v 


is absolutely convergent. This follows from 


fore] 3 3 2 Weel | 
> lem t pst? —e-mnt ucts] = > | | es 
v=0 peek be 
foe) by+1 
= \(o+6) J etturt? du 
v=0 by 
Pr+i 
ee t | emut yot+s du 
Ly 
oo Py+1 
< ¥ (06) | ew urttd 
v=0 by 


Py4+i 
4.4 ett yrts dy 
by 


co foe] 
= (o+6) \ em tyrts—-l dy + ¢ | ett yet? dy, 
Ho #0 
This proves the absolute convergence of the series under considera- 
tion. Continuing the proof we make use of the fact that ju, is essen- 
tially positive. If 2 is a positive number we have 


co co 
| emt yr-1 dy, < e—thot f e hut yA-l dy 
Fo Po 
co 
< entvot | ed" Al dy — 24 ¢-A @-hoot P(A), 
0 
Hence we may infer that 


oo 
> lem tush? — e-toss uF | < e Htot {2048 f-1049) (g-+.8)T'(o+8) 


v=0 


+ Qe+8+1¢-(o+8) P'(g-+-6+-1)} 
= 3+ 27+8 e-bmot¢(o+8) P(g +-6+1). 
Thus we arrive at the result 


co 
BSE Ns a 
v=0 


whence, if Res > o+6, 


{ (> a,e—” } 1 dt 


€ v=0 


< 3+ 27 CD (gt+d+1)e boot t-(o+8), 


roe) 
“= GC, | e—t Hot ¢Re s—(7+6)—1 dt, 
0 


where C, denotes an appropriate constant. 
Hence we can make ¢ > 0 and w > © and it follows that 


Cc co 
| (dae) a 
0 v=0 

has a meaning, viz. 


foe) co lo) 
> | a,e*#-1 dt — T(s) > a,ev’. 
v=0 0 v=0 

7.4.2 — APPLICATION TO THE RIEMANN ZETA FUNCTION 


The formula (7.44) is a precious tool for the study of particular 
series. As a first example we consider the series 


f(s) = So, Re s> 1. (7.4-6) 
v=] 
In this case 2, = log”, = #1, @, = 1,0 = 1, 2;...,.. Hence 
foe) lee) e-t 1 
a e hyt = oot x = Se 
2 c 2 1—e-* e*—] 


and we thus find Riemann’s expression for the zeta function as an 
p 


integral 
co fs-1 
t(s)(s) = | Jt Res>1. (7.47) 
J et 


The remarkable similarity between the integral on the right and 
the Euler integral for the gamma function should be noticed. The 
representation (7.4-7) has been the starting point for classical in- 
vestigations in the theory of the zeta function. 

The zeta function is a specialization of a more general function 


involving a parameter w, which is usually taken as a positive num- 
ber not exceeding unity, viz. the generalized zeta function 


co 


C(z,w) = > (r+w)-*, O<ws tl, Res > 1. (7.4-8) 


v=0 


For w = 1 this function reduces to the ordinary zeta function. In 
the case under consideration we have A, = log (n++-w), u, = n--w, 
1.01) 2. .... s.'and. SO 


—1 


oo e—wt fs ; 
¢(s, w)P(s) = | <——— at, Res>1,0<w<1l. (7.49) 
0 


Another function of some interest is Appell’s function 


p(s, 2) = > 2’ 9, asl, Ress. (7.4-10) 
v=] 
We readily find 


co gfs—1 
o(s,z)T(s) = | <4, Res>1, |e) <1. (74-11) 
0 


This equation reduces to (7.4-7) for z = 1. 


7.5 — The functional equation of the zeta function 


7.5.1 — FIRST PROOF OF THE FUNCTIONAL EQUATION 


The function ¢(s) has been defined by its Dirichlet series (7.1-3) 
which has a meaning only in the region Re s > 1, and we have next 
to inquire whether this function can be continued beyond this re- 
gion, 1.e., if there exists a function defined in a larger region that 
coincides with the sum of the series in Re s > 1. The problem can be 
solved by means of a remarkable functional equation for ¢(s) dis- 
covered by Riemann. 

Our starting point will be (7.4-7). When Res > 1 it may be 
written in the form 


core) =!" 


The integrals are holomorphic as regards s in the larger region 
Res > 0. In fact, the factor of ¢°-! in the first integral is bounded 
as ¢ + 0 and the substitution ¢ = 1/u transforms this integral into 
one of a type considered in section 2.20.5. Hence (7.5-1) may be 
considered as a definition of ¢(s) throughout the region Res > 0 
except for s = 1, where the function on the right presents a simple 
pole with residue 1. 


ts-1 dit 
at 


: ~) edt + Eada t? (7.5-1) 
ek  £ s—l 3 
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For 0 < Res < 1 we have 


s—l . oF 
Hence in this strip 


C(s)I'(s) =|" ( : 7) i-1 dé, 0< Res < 1. 
0 


e'—1 
Again 
C(s)T =I"( +5 )etat +I" : =) eas 
SS) Neng a 3 as + \et—1 


(7.5-2) 


and the integrals on the right are holomorphic in the region 
Res > —1, since the factor of ¢-1 in the first integral is 0(1) 
as t -> 0. Hence we can define ¢(s) in the region 1 > Re s > —1 by 
means of this formula, the point s = 0 giving no difficulty, for 
s['(s) = I'\(s+1) is defined at s = 0. 

If —1< Res < 0 we have 


00 1 
PP yoa = ——, 
2s 


1 1 1 
a Ses __ } f#s—1 a 
ae : + sé dt, —1< Res<0O. (7.5-3) 

The integral on the right presents a striking similarity with the 
expression (4.9-21) of Binet’s function y(s). It is, therefore, natural 
to effect the same transformations as in section 4.9.5 and we may 
write 

foe) [eve] ts 


v=1 v=1 t+ dy 72 3 
y , (7.5-4) 


co fee) t8 
eer a Sa es Py 
v=1 0 a a 


the reversal of the order of integration and summation being justi- 
fied by similar arguments. 
Consulting (3.6-30), (3.6-31) and (3.6-34) we find 


Ngee ts oo 42s) co y(s+1)—1 


ey” > “util > util 
= B(3-+43s, 3—4s) = T($+4s)P(4—4s) 


= a csc $a(1—s) = msec fas. 


Again, by the theorem of the complementary arguments of the 
gamma function 


1 = sin 7s Pid = 2 sin 42s cos 42s 
I(s) qt It 


This leads to the famous functional equation of the zeta function 


T'(1—s). 


f(s) = 2(2n)*41T(1—s)¢(1—s) sin ass. (7.5-5) 


This is valid primarily for —1 < Res < 0. But the function on 
the right is holomorphic in the region Res < 0. It, therefore, 
provides a definition of ¢(s) over the whole s-plane and there are no 
other singularities than at s = 1, where the function ¢(s) has a 
simple pole. Replacing s by 1—s we obtain an alternative form of 
the functional equation 

¢€(1—s) = 2(27)-*C(s)I'(s) cos das, (7.5-6) 


which for many problems is more convenient. 


7.5.2 — SECOND PROOF OF THE FUNCTIONAL EQUATION 


There is an alternative approach to the theory of the zeta function 
which is based on the properties of the function 


I1jy=SEe"", #0, (7.5-7) 
vy=—0O 
which we already encountered in section 2.23.5. It is natural to 
relate this function to the theory of Dirichlet series. In fact, if we 
put 


atj= Ser", %#> 0, (7.5-8) 


we evidently have 

w(t) = 40(¢)—3, (7.5-9) 
and on applying (7.4-4) we get 

eral w(ejitdt = Psy > a Ps* = T's) 2 (25). 
0 v=] 
Replacing s by 4s, 
att (s)0' (4s) = J * eo (t)tte dt = | “eo (t)é dt i "wo (t)t8*-1dt, (7.5-10) 
0 0 1 


this formula being valid whenever Re s > 1. From the functional 
equation (2.23-29) of the theta function we derive 


i ae ee ew gic (7.5-11) 
t 2" Q/t 


Hence 
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1 


1 1 1 1 
J ov (t)é#— dt = f w (=) pee-88 gy — = at 


0 0 s—l 
or 


i co (t)e°-1 dt = ie eo (t)e8O-9)-4 dg (7.5-12) 


0 1 s(s—1) 


Combining this result with (7.5-10) we obtain the formula 


n-¥¢(s) P (4s) — ae i} I" w(t) +A yd, (75-18) 


Now we have achieved our end. For it is easy to prove that 
the integral on the right is an integral function of s. In fact, if 
o, S Res So, and ¢=1 then 

(ebe2 4g ght—a)—t) << pblas—1) 4 80-0) 
and 


ka 1 
w (t) <en77tt > ent ——. 
v=2 e€ —l1 


Hence the conditions of section 2.20.5 are satisfied and the truth of 
the assertion follows at once. Accordingly (7.5-13) may be used to 
define ¢(s) throughout the whole s-plane. 

Introducing the function 


E(s) = s(s—1)x-**C(s) T'(4s) (7.5-14) 
we evidently have on account of (7.5-13) 
E(s) = &(1-s). (7.5-15) 


We shall verify that this equation is equivalent to the functional 
equation (7.5-6). The proof is based on the duplication formula 
(4.6-26) and the theorem of the complementary arguments (4.6-13) 
of the gamma function. Taking account of these theorems we have 


D(gs)P(gs+3) = 20/272 T(s) 


and 
I'(4—4s)0'(4+4s) = asec has. 
Hence 
DU). . we¥ay-s 
hea 4 21-8T'(s) cos das, 


and the remaining part of the verification is a trivial matter. 


7.6 — Euler’s infinite product 
7.6.1 — EULER’S PRODUCT 


The zeta function of Riemann has been extensively studied for the 
sake of the theory of prime numbers. The analytic theory of prime 
numbers takes its origin from a remarkable identity due to Euler, 
viz., 


Kes > 1,. « (7.6—-1) 


where # runs through all primes. The infinite product is absolutely 
convergent when Res > 1; for so is 


Tiel = La 


this being merely a selection of terms from the series } y¥°*, If 
v=] 


we expand the reciprocal of the factor involving #-* in terms of 
powers of #-*, we obtain 

TE (l+e"+p-"+ ...) (7.6-2) 

Dp 

and on multiplying formally, we obtain the series for the zeta func- 
tion since each integer ” can be expressed as a product of prime 
powers in just one way. A rigorous proof may be constructed as 
follows. Take the product (7.6-1) for the primes = 2, 3,..., P. 
Effecting the multiplication, the general term resulting is of the 
type 

eRe lg ee ee 
where 

N = 293% |, , PXP, gc 0) ky et 0 Serpe O; 


A number will occur if and only if it has no prime factors greater 
than P, and once only. Hence 


iso Se, (7.6-3) 


psPpl—p (Pj 


the summation on the right extending over numbers formed from 
the primes up to P. As a by-product we find: 

There are infinitely many prime numbers. 

For in the contrary case the series on the right of (7.6-3) should 
converge for s = 1, since we could form all integers from the primes 


up to a certain prime P. But actually the series  »~ is divergent. 


v=1 
The difference 
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{9 ee eat a 


psP ce i iy 
is a sum of terms of the form u~*, m being an integer > P. It tends 
to zero as P - of and thus we obtain the desired result. 
An easy consequence of (7.6—1) is: 
The zeta function has no zeros to the right of the line Res = 1. 


7.6.2 — SERIES FOR THE RECIPROCAL AND THE LOGARITHMIC DE- 
RIVATIVE OF THE ZETA FUNCTION 


Euler’s theorem can be expressed in various ways which all 
throw light on the intimate relation between the zeta function and 
the sequence of primes. 

Carrying out the multiplication on the right-hand side of (7.61) 
we obtain 


(7.64) 


where u(1) = 1, w(n) = (—1)*, if m is the product of & different 
primes, and y(n) = 0, if m contains any factor to a power higher 
than the first. The process may be justified just as in the previous 
part of this section. 

The function y(n) is known as the Mébius function. It is only de- 
fined for positive integers and, of course, stands in no relation to 
Binet’s function p(z). 

Differentiating (7.6-1) logarithmically, we get for Res > 1, 


e(s) ae 1 
ee I es — (1 S| 
£(s) ape 2 MBP 3? 
or 
Res > 1, (7.6—5) 


where A(n) = log #, if m is a power of #, and A(m) = 0 otherwise. 


7.6.3 — THE SERIES OF THE RECIPROCALS OF THE PRIME NUMBERS 


The series formed from the reciprocals of the prime numbers 1s 
divergent, 1.€., 
1 1 1 1 1 1 
aa hE hag ar (7.6-6) 


Let m denote an integer formed from the prime numbers up to P. 
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If the series (7.6—6) should be convergent then also the product 


[[(1—#-") and so the series } »~1, since 
p v=] 


] ] 
0-7) * Tha) ee 


This, however, is an absurdity. 


7.7 — Some properties of the zeta function 


7.7.1 — THE POLE OF THE ZETA FUNCTION 


In section 7.5.2 we introduced the function 


&(s) = 14+s(s—1) |" w(¢)( 4 +-80-4)dt,—(7.7-1) 


1 
According to the remarks made in section 7.5.2 about the integral 
involved, we have: 
The function &(s) ts an integral function. 
On the other hand we may write (7.5-14) in the form 


mt E(s) 
2(s—1) [P'(4s+1) 
and since the reciprocal of the gamma function is also an integral 


function, we may infer that: 
The function €(s) 1s a meromorphic function having only a pole at 


C(s) = 


(7.7-2) 


s=1. 
It follows from (7.7-1) that (1) = 1. Hence 
; /7 / 
lim (s—1)¢(s) = = —— = I, 
s>i 21'(3) P(3) 
that is: 
The residue of the zeta function at tts pole ts unity. More precisely 
stated: 
The function 
1 
eet pe 7.7-3 
¢(s)— — (7.7-8) 


ts an integral function. 
Since also (0) = 1, we find at once from (7.7-2) 


¢(0) = —4. (7.7-4) 
7.7.2 — THE REAL ZEROS 


The problem of the determination of all zeros of ¢(s) is extremely 
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difficult and has not yet been solved in its full extent. The de- 
termination of the real zeros is, however, almost trivial. 

According to the last theorem of section 7.6.1 we have ¢(s) 4 0, 
whenever Re s > 1. It follows from the functional equation (7.5—-6) 
that the only negative zeros of ¢(1—s) are those of cos 47s with the 
same order of multiplicity. Hence €(1—s) = 0 if s is a positive 
odd integer and, consequently, 


C(—2m) = 0, m=1,2,3,.... (7.7-5) 


Next we shall prove that the negative even integers are the only 
real zeros of the zeta function. We already found ¢(0) 4 0 while 
s = 1 is a pole. It remains to prove: 

The function C(s) does not vanish within the range 0<s <1. 

This can be done by taking the series 


00 oe oF 
2 (tata, Pas (7.7-6) 


as a starting point. An elementary calculation yields 
¥ (HU = Y rt 1)*— ¥ (Be) = Yort—-2y (2e)* 
v=1 v=1 v=1 


v=] v=0 


Or 


5 (—1)’*1y-* = (1—2!-*) C(s). (7.7-7) 


v=1 


The proof is valid for Res > 1. But by Leibniz’s test the series 
on the left is convergent for s>0 and hence for Res > 0. 
If s is real and 0<s <1 then 


as ] 1 1 
$F (aptrte (1-2) (2-2) 4...50, 
v=1 


and, therefore, ¢(s) < 0 within the range 0<s <1. 


7.7.3 — VALUES OF THE ZETA FUNCTION AT PARTICULAR POINTS 


It is easy to write down the values of ¢(s) for positive even integral 
values and for all negative odd integral values of s. Equation 
(3.7-20) may be read as 


(7.7-8) 


Corresponding simple expressions for ¢(27-+-1) are not known. In- 
serting (7.7-8) in the functional equation, we get 
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Ban 


¢(1—2n) = (—1)" >, 


m=1,2,....  (7.7-9) 


The formula (7.4~7) can also be written as 


27)* poo £1 dt 
C(s) => | eat] ° (7.7-10) 


Inserting (7.7-8) we readily obtain the representation of the Ber- 
noulli numbers by an infinite integral, viz., 


co f2n-1 
Bon = 4n| a Se (7.7-11) 
(5 


a result that we already encountered as formula (4.8-38). 


7.7.4 — THE NON-REAL ZEROS 


We conclude this section by establishing the theorem: 

The zeta function has no zeros on the line Res = 1. 
Then, by virtue of the functional equation, it also has no zeros 
on the line Res = 0. 

Since ¢(s) is holomorphic throughout the region Res > 1 and 
does not vanish in this region, the function (7.6—-5) 


Die 
ils) = Fy = Ab 


is holomorphic in the same region. Now 


lim (s—sp) 7(s) 


S—>Sq 


‘is always an integer, being positive when sy is a zero of ¢(s), negative 
when Sy is a pole and zero otherwise. Hence we may turn our atten- 
tion to the evaluation of 


lim Re en (spe). 
e—>0 


It is easily seen that 
Re 4(1+e+77) = — > A(v)v—[**) cos (¢ log v), e> 0, 
and from fe 
0 S (1+ cos p)? = 1+2 cos m + cos?y = 4(8+4 cos pm + cos 29) 
we deduce: 
3 Re n(1+e)+4 Re n(1+e+7#)+Re n(1+e+ 2772) 
= — ¥ A(y)w- G49 (B-.4 cos (¢log v) +-cos (2¢logv)} <0. 


v=1 


(7.7-12) 
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When « tends to zero the expression ¢ Re 7(1+-e) = en(1+e) tends 
to —1, since s = 1 is a simple pole of ¢(s), whereas en(1+e+7#) 
tends to zero if 1+7¢ is not a zero of ¢(s), and a positive integer if 
this number is a zero. If 1+-7¢ should be a zero of £(s) we should have 


lim e{3 Reyn(1+e)+4Ren(1+e+it)+Ren(1+e+2it)} > —3+44=1, 
e—>0 


contrary to (7.7-12). This proves the assertion. 

Our conclusion will be the following: 

The non-real zeros of the zeta function are all within the strip 
O << Res =o 8. 

They are in conjugate pairs since C(s) is real on the real axis; 
and if s is a zero, so is 1—s by the functional equation and hence so 
is 1—§. Consequently the zeros either lie on the line Re s = } or 
occur in pairs symmetrically about this line. 

The real zeros of the zeta function are called the trivial zeros. 
The strip 0 < Res < 1 is termed the critical strip and the line 
Re s = 3 the crttical line, (fig. 7.7-1). 


AAS A WW 
SAANA 


Fig. 7.7-1. The critical strip and the critical line 


It was conjectured by Riemann that all the non-trivial zeros of 
¢(s) are on the critical line. This conjecture has never been either 
proved or disproved. 

In this direction the following main results deserve mention: 

(i) Hardy’s theorem: 
There are infinitely many zeros on the critical line. 
(ii) Von Mangoldt’s first theorem: 

If 2N(T) denotes the number of zeros having ordinates between T and — 

—T then 
N(T+1)—N(T) = O(log T). 
(111) Von Mangoldt’s second theorem: 


ee 1 , MAGEE. 
N(T) = = T log T— —— T +0 (log T). 
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(iv) The Bohr-Landau theorem: 
If M(T) denotes the number of zeros within the strip 


4—6 < Res < 3+, 
6> 0 and arbitrary, and whose ordinates are between —T and +T then 
M(T) 
n __—_— = 
T—0co 2N (Lf) 
+ This can be expressed by saying that almost all zeros lie within an 
arbitrary narrow strip containing the critical line. 

By modern methods of calculation the position of a large number 
of zeros has been determined and it is found that they lie exactly 
on the critical line. Naturally the Riemann conjecture cannot be 
proved by calculation, but, if it is false, it could be disproved by 
the discovery of an exception. 


7.8 — The existence of zeros in the critical strip 


7.8.1 — THE ORDER OF THE FUNCTION &(s) 


The function 
E(s) = s(s—1)a#¢(s) PGs) (7.8-1) 
has no real zeros. 

In fact, (0) = &(1) = 1 as follows from (7.7-1), and the zeros of 
¢(s) lie at the poles of I'(4s), having the same order of multiplicity. 
Hence, the non-trivial zeros of €(s) are the zeros of £(s) and we have 
attained the end when we can establish the existence of an infinity 
of zeros of €(s), when we wish to prove that the zeta function has an 
infinity of non-trivial zeros. 

In section 7.7.1 we already pointed out that &(s) is an integral 
function. The main difficulty consists in the determination of its 
order. To this end we derive an alternative integral representation 
for the zeta function. 

By Abel’s summation he parts we find 


" n y— om 1 1 n 
> = bs re Sy | ig ) a ns 
v=1 v=1 v=1 v (v-+1) nN (7 8-2) 
n—1 v+1 ae os, v+1 [4] 1 
= 2 af wat ns =e >! ysth du ne)’ 
u being a real variable. Hence, assuming Res > 1 and letting 
n —> 00, 


Sis-=s:8 \" —— du. (7.8-3) 
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We also have 


acl x du. 7. —4) 


Hence 


(7.8-5) 


The integral on the right is uniformly convergent when 
0 < o, S Res S oy, and since |[w] —u| < 1, it represents a function 
which is holomorphic throughout the region Res > 0 (2.20.5). 
Hence (7.8-5) is valid in this region. 

When Res 2 $ and |s| > 2, it follows from (7. a 


Kole Is att "tee sits” Sp = 0\(|s|). 


Under the same assumptions, putting o = Res, 


IP(s)|<["e*uetdu< ['e-*u-tdu+ [e-*ulldu=0 (1) + [eal d 
0 0 1 


0 
= 0(1)+[o]! S$O(1)+[o]" SO(1)+ [Is] < 0(1)+Is]!*" 
= O(1)+el*l8!! — O(el’**), 


e being any positive number. Since 2~# is an integral function of 
order 1, we infer from (7.8-1) that 


E(s) = O(elsl'**), (7.8-6) 


whenever Res = 4. But since &(s) = &(1—s) the estimate (7.8-6) 
hole; throughout the s-plane. We may conclude that &(s) is of 
.der 1 at most. 
Next we take s realand > 2. Then 


§(s) = 2(s—1)a#C(s) P(gs+1) > 2P(hs+1) = 2 f “eat du 
0 
Bs 2("e ut? du > ast (es du = 258 e = ef log s—st log 2 


If ¢ > 0 is arbitrary then for large s 
1 
4logs—1 Plog 2 = S. 
Hence 
é(s) >e" (7.8-7) 


for large real values of s. Combining (7.8-6) and (7.8-7) we have: 
The furrr'.on &{s) ts exactly of order unity. 
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7.8.2 — THE EXISTENCE OF NON-REAL ZEROS OF THE ZETA FUNC- 
TION 
Now we consider the function 
f(z) = &($+-2). (7.8-8) 


This function is, of course, also an integral function of order 1, but 
since &(s) = €(1—s), we have 

f(z) = f(—2), 
i.e., the function f(z) is even. As a consequence /(1/z) is an integral 
function of order 4 and by the theorem of section 6.5.2 there are 


infinitely many zeros. We thus proved: 
The zeta function has an infinity of non-trivial zeros. 


7.9 — The generalized zeta function 


7.9.1 — THE EULER SUM FORMULA 


The method used in section 7.8.1 to obtain an integral for the zeta 
function can be put into a more general form. 

Let {(z) denote a real or a complex function of the real variable 
with a continuous derivative. We wish to evaluate the sum 


> /0), (7.9-1) 


a and 6b being integers and a < b. By Abel’s method of partial 
summation we get 


Ero) a ol ea 


ane > vf ™ #'(u)du-+ bf (b)—af (a) +f (a) 
or 


E16) = — fd Pau +07 0)—afla) +e). (9-2) 
Next we eliminate bf/(b)—af(a) by observing that 
(r uf’ (u)du = bf(b)—af(a ae f(u)du (7.9-3) 


a 
Hence 


40) = fla)+ f° teu)dut f° (w—[u]) f(ue)du. — (7.9-4) 


It is often desirable to introduce the function 
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Pi (u) = u—[u]—4 
which we already encountered in section 4.9.1. Then (7.9-4) may 
be written in the form 


S fo) = Hla) +4/(0) + Prorat fOr wen. | 9-8 


This is the Euler sum formula in its simplest form. More general 
expressions will be derived in the next chapter. 


7.9.2 — REPRESENTATION OF THE GENERALIZED ZETA FUNCTION 
AS AN INTEGRAL 


The sum formula (7.9-5) enables us to obtain an expression of the 
generalized zeta function (7.4-8) as an integral, similar to that 
obtained in section 7.8.1 for the ordinary zeta function. 

Take a= 0, b=1, f(x) = (x+w)-*. Then 


s (v-+w)-§ = iii Oe — {wt — (nto) 4} 4: 


v=0 


- sJ" mo aon 


0 
Assuming 0 < w < land Res > 1, we can make u > oo. We find 


Reasoning along the same lines as in section 4.9.1 we can easily 
prove that the integral on the right of (7.9-6) is convergent for 
Re s > —1 and represents a holomorphic function throughout this 
half-plane. Hence ¢(s, w) is a meromorphic function throughout 
this region, having a simple pole at s = 1. 

By putting s = 0 we get 


C(0, w) = 4—-w, (7.9-7) 

a result that reduces to (7.7—-4) for w = 1. ~ 

7.9.3 — THE VALUE OF THE DERIVATIVE OF THE GENERALIZED 
ZETA FUNCTION AT THE ORIGIN 


An interesting problem is the evaluation of ¢’(0, w). Differentiat- 
ing both members of (7.9—6) with regard to s and putting s = 0, we 
readily obtain 


Pip a= (oe Fy ioe! 


Zi du. (7.9-8) 
> u+w 
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But in section 4.9.1 we found 


a ie a) du = u(w) = log '(w+1)— (w+4) log w+ w— log 4/2z. 
0 
Hence 
¢’(0, w) = log ['(w) —log +/2z. (7.9-9) 
In particular 
 0'(0) = — log +/2z. (7.9-10) 


7.9.4 — THE BEHAVIOUR OF THE GENERALIZED ZETA FUNCTION AT 
ITS POLE 


The ae (7.9-6) can be put into the form 


C(s, w) =— +h w+ (wi-* — —3 u, (7.9-11) 


ot 


and letting s—> 1 we find 


lim (c(s, w)— —) = = —log w— }: epi (7.9-12) 


Taking account of (4.9-4) and (4.9-7) we have 


1 J © P, (#) 
J (u—4)¥ (z+u)du = J Gis du. (7.9-13) 
Differentiating with respect to z, we get 
oP, (#) 
: = .9-14 
coe \P" (2-+-4)du = J meta (7.9-14) 
whence, on febspusties by parts, 
FY (2-41) 44% (2) ae P(e+ujdu= [ay (7.9-16) 
0 (4+z)? 
or else, taking account of ee and (4.8-18), 
1 oP, (#) 
bates = : .9-16 
W(z)+ - log z J CT a (7.9-16) 


Putting z = w and inserting the value of the integral on the right 
into (7.9-12) we finally have 


lim (cos, w)— ae 
s>1 s— 


) = —P(w). (7.9-17) 


In particular, by virtue of (4.8-3), 


1 
tim (¢ (s)— = =, (7.9-18) 
s>1 o— 
y being Euler’s constant. 
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7.9.5 — ALTERNATIVE PROOF OF STIRLING’S THEOREM 


The fundamental properties of the generalized zeta function 
enable us to give an alternative proof of Stirling’s theorem. 

In the Euler sum formula we take a = 0,6 = w, f(x) = (a4+2z)— 
z being in the ap pia z+-|z| 4 0. We have 


n _ LT n P,(u) 
2 (z+7)-2 = — — oe eae + log (z+n)—log z =) (+2) u 


Also, z being ah 


n | n 
> log (1+ 5) = > {log (z+7+1)—log (z+7)} 
v=] z+ v=0 

= log (z++1) — log z, 


n ] i 
2 Is, “log (1+ =5)| 


a Os ene A 2 oS nm P,(u) 
D2 " 2 z+n 08 (1 rer | ae 


Letting » — oo and taking account of (4. st we readily find 


whence 


© Pi(u 
cre ae (7.9-19) 
0 


and by the identity sadieie this ing am when z varies 
throughout the principal region. 
We now integrate along a linear 28 from 1 to z. The result is 


Pil) ay + du (7.9-20) 


zlog z—z+1—log I'(z)=4logz— ae 
8 g T(z) =4log Ps i 


or 


u-+l1 


log P(e) = (24) logs ~24+1+ | pate utz 


In particular, when z = 3, a rs ‘i 
lo = 44 bee 
gv ab an [OT a 


The last integral can be evaluated on applying the following 
device. From the corresponding Dirichlet series we easily deduce the 
identity 


du. (7.9-21) 


(7.9-22) 


C(s, 2) = (2*—1)¢(s) (7.9-23) 
this formula also being valid for Re s > —1, since both members are 
meromorphic in this region. By differentiating and putting s = 0 
we get in view of (7.7-4) 
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¢’(0, 4) = £(0) log 2 = —} log 2. (7.9-24) 
Inserting w = 4 into (7.9-8) we obtain 
Oe (7.9-25) 
u+4 
Hence (7.9-22) yields 
rte du = = \ 14 dog 4/ Sn: (7.9-26) 
0 


Accordingly we may write (7.9-21) in the form 


log I'\(z) = (z—4) log z—z + log 1/2a — . Fil) du, (7.9-27) 
0 “+2 
whence by (4.9-7) 
(7.9-28) 


co P, (x) 


piece vp du=log P (e+ 1)— (244) log z-+2— log v/2z, 


0 


the desired result. 


7.10 — The representation of the generalized zeta function 
by a loop integral 


7.10.1 — DEDUCTION OF THE REPRESENTATION 


The generalized zeta function may be studied by a method which 
is similar to that of the study of the gamma function by means of 
the Hankel integral. 

The starting point will be the integral 


; at, Res. 4, (7.10-1) 
l—e-— 


already derived in section 7.4.2. Now we consider the integral 
evt fs—1 


F(s) = dt, (7.10-2) 
Lia) 1—e* 


taken along the same loop as described in section 4.7.6, (fig 4.7-1). 

The integrand is single-valued in the ¢-plane cut along the nega- 
tive real axis (origin included). When 0 < a < 2z the integrand 
has no poles inside the circular part of the loop. 

Reasoning along the same lines as in section 4.7.6 we find that 
f(s) does not depend on a, provided that a is less than 2x. We may 
evaluate F(s) by taking a = 0 (fig. 7.20-2). On the upper part of 
the path of integration we have 


§ 
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#-1 — (ue**)*-? = —y*-1 ers | 
u being real and = 0. On the lower part 
#-1 — (ue—**)2-2 = —ys-1 eis. 


Hence, still assuming Res > 1 and taking account of (7.10-1), 
co eats e-vu 4 co ers e-vu ui-1 
F(s) @) =] du J ———_—_—_——— 

a a 1—e™ 


du 


ew me 


— (e***—e-**) i 


du = 21 sin xs T'(s) €(s, w) 
9 i-e™ 


and by virtue of the theorem of the complementary arguments of 
the gamma function 


C(s, w) = 


The result is 


: F(s) = V4 rq), (7.10-3) 


27 sin as + I(s) 
T(1—s) f et pt 


C(s, w) = 


dt,| OSa< 2m. (7.10-4) 


This formula yields a definition of ¢(s, w) throughout the entire 
s-plane except for s = 1. In fact, it is apparent from (7.10—4) that 
the only possible singularities of ¢(s, w) are at the poles of '(1—s), 
i.e., at the points s = 1, 2, 3,... and, with the exception of these 
points, the integral affords a representation of ¢(s, w) valid over the 
entire plane. But we also know that ¢(s, w) is holomorphic in the 
region Re s > 1. Hence all poles of '(1—s) except s = 1 are com- 
pensated by zeros of the integral. 

The point s = 1 is actually a pole of ¢(s, w), for writing s = 1 
in the integral we obtain 

1 evt 


(7.10-5) 
and this is the residue of the integrand, this residue being —1. 


7.10.2 — HuRwITz’s THEOREM 


The singular points of the integrand apart from ¢=0 are 
t = 2na1,t = —2nzi,n = 1, 2,..., these points being simple poles. 
Now consider a loop whose circular part is a circle of radius 4, 
= (2n+1)z. By the same reasoning as in section 4.7.6 it is easily 
established that 
1 eve pl I a aa 


Be | rales ae i dt = > (Re+R»)  (7-10-6) 


271 L(a,) 1—e!’ Qni L(0) 1—e? v=] 
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where &, denotes the residue of the integrand at ¢ = 2kni and R_, 
the residue at ¢ = —2kmi, R= 1,...,n. 
According to section 3.3.4 we have 


(2nz1) s—l e2nniw 


an = —-14 algs+2 i 
Ry = a = (Onn) aieldetanere, 
ae ,\8—1 p—2nniw 
| ( , 2nzt) € eet (Qe) 8-1 ¢ (dst 2nw)ni 
BELL. —e2nni 7 


Hence 
R,+R_, = (2nz)*12 sin (4s+ 2nw)x 


cos 2uzw sin 2uxw 7.10~-7 
—_—— -++cos is) ( ) 


2 ( ; 
= ——— |{sin 47s 
(277) 1-8 37 
Since 0 < w S 1, we can find a number A independent of », such 
that on the circle |z| = a,, putting o= Res, 

| et s—1 


| le 


ni-s ni-8 


| wears) 


< {(2n+1)a}e-1 : 


le] 


Jele1008 | — {(244-1)m}o-1 Ae, 


In fact, the values of e~* on that circle do not come arbitrarily 
near to 1. Hence the absolute value of the integral along this circle is 
less than 27{(2n+1)}°A, and if we assume o < 0, this number tends 
to zero as nN —> ©. 

From (7.10-4), (7.10-6) and (7.10-7) we now may infer that 


tise) 2r (1—s) ( ‘ag 5 cos 2ynw feey © sin ea 
s,w) = —__— |sin ns ¥ ———— + cos }as ¥ ———],, 
(27) 1—s of v=] pis v=1 pis 
(7.10-8) 


provided that Res < 0. This result is due to Hurwitz. 
If w= 1 then (7.10—-8) reduces to 


ba 21'(1—s) €(1—s) 


o(s) (2z2)1-8 


sin 47s 
or else 


_ 2 C(s) 2s 
¢(1—s) ss (27)® '(1—s) sin das - (2z)* 


i.e., the functional equation of the ordinary zeta function. 


¢(s)I'(s) cos 4s, 


7.11 — Perron’s formula 


7.11.1 — STATEMENT OF PERRON’S THEOREM 


co 
Given the sum /(z) of a power series > c, 2” it is possible to express 


v=() 
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every coefficient of the series by means of a contour integral in- 
volving the function /(z), as has been pointed out in section 2.16.1. 
It is our aim to derive an analogous theorem in the theory of 
Dirichlet series, due to Kronecker and Cahen and rigorously proved 
by Perron. 

Let us assume that the series 


Seer" (7.11-1) 
v=0 


is convergent for Res >, and denote its sum by g(s). Let ¢ 
denote a real number exceeding max (0, o,). We recall the formula 
(3.6-18) of the discontinuous factor: 


i acta en 1 when ¢> 0, 
= —ds= { 4 when ¢= 0, (7.11-2) 
7 cio |S 0 when ¢ < 0, 


the integral being a principal value. 
Leaving for a moment the path of rigorous analysis we might 
proceed in the following way. We evaluate the function 
1 c+4 00 est 


eager p(s) —at (7.11-3) 


on applying term-by-term integration. We then obtain 


ds. 


00 1 etic elt-)s 
t) = — 
a 2% 201 ie s 
Hence, if A, > 0 and 0 St < Ag, we have a(t) = 0; if 4, <t <Any 
we have a(t) = >a, and if ¢ = 4,, we have a(t) = > a,+4a,. In 
van) 


particular a(Ay) = $4. 
These considerations lead to the conjecture: 
If c > max (0, a,), then 


at ia ae t 7.11-4 
en 20 bere s = a(t) (7. ) 
with 
> a, when A, < t < Agi, 
a=) 2S (7.11-5) 


> a,+4a, when ¢ = A,, 
v= 
0 when 0St< Ad, and 4,>0, 


the integral being understood as a principal value. 
This is the Kronecker-Cahen-Perron theorem. 
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7.11.2 — A LEMMA 


The following lemma enables us to give a rigorous proof of the 
theorem of the previous section. 

Let the series (7.11—-1) be convergent for s = a, « being real. Then, 
if s = o+10, 

Ip(s)| = o(|Im s|) (7.11-6) 
untformly for o=a+e> a. 

This lemma expresses the fact that the function g(s) does not 
increase very rapidly on a line Re s = constant lying in the half- 
plane of convergence. 

Without loss of generality we may assume « = 0. For if o, > 0 
we can shift the origin in the s-plane along the real axis on multi- 
plying the series by a suitable power of e. Let 


= > a; 
»=0 
Assuming 0 << m <7, we have 
m—1 
da, Sits Dae sy S (A,—A,_,)e7 
ae n—1 


= Lae A, em DA, (eo! —e 41) Ae, 
v=) v=m 


co 

Since > a, is convergent, by hypothesis, the numbers A,, are bound- 
v=0 

ed. Letting » — oo we obtain 


m—1 
= 2, et A, em > A,( e§_ e418), 
Taking account of 
An 1 
lem#n? ents 4] = |g] [ + etal if edt =F (e747 _g-Ants2) 
An 


we find, A being a suitable an aae. 


m—1 


IPOs) <A LS ear petary BLS (ete_etnns 
v=0 


vm 


<A (5 ee Isl ss) : 
oO 


Because of the fact that e~*»” <1 the first term of the last ex- 
pression is O(m). The second term does not exceed 


A 
A+ —|Im s|e??, 
a 
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Taking m = [log |Im s|], the desired result follows, since 
{log |Im s]] < log |Im s| ey 
|Im s| |Im s| 
as Ims — oo. 


7.11.3 — PROOF OF PERRON’S THEOREM 


Now we proceed to prove the theorem of section 7.11.1. First we 
consider the case 1, < ¢ < An4,. We introduce the function 


f(s) = e#(p(s) — > ie") = y a, ets — > be? = (7.11-7) 
v=0 v= 


v=n+1 
with b, = Gnsei1> My =Anivyi—t. Hence py > 0. It is sufficient to 
show that 
+1400 

i} MS) 4, 

c-ico «8 S 
We apply Cauchy’s theorem to the rectangle whose vertices are 
ctiT, wtiT, w>c, T>0 (fig. 7.11—1). Since f(s)/s is holo- 


= 0. 


Fig. 7.11-1. Proof of Perron’s formula 


morphic in a region containing this rectangle, we immediately 


obtain 
pee f(s) gis ee f(s) ae. ae Hs) go (Pr ae 
c—iT s c—tT Ss HiT s o—iT $s 


Keeping T fixed we let w — oo. By the second theorem of section 
7.2.3 the function |/(s)| in the last integral remains bounded. Hence 
this integral tends to zero and 


c+iT oo—iT cot tT 
fr ES am fT ag fas (rt) 
c—iT c—iT e+iT 86S 
provided that the two ie on the right are convergent. Now 
we may write 
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f(s) = e%e*g(s) 
and by the lemma stated above we can choose T in such a way that 
lg(s)| < eT, 


for s = o+1T, 0 =>c, and T sufficiently large. Hence the second 
integral on the right of (7.11-8) is convergent and 


ie NS) go ca: sa PPermotap c=, 

cir 3S | VWoet+T?6 Ho 

Thus the integral in question tends to zero as T -> 0. A similar 
argument applies to the first integral on the right of (7.11-8). 
This proves the first part of the theorem of section 7.11.1. In almost 
the same way the other parts may be proved. 


7.12 — A formula of Hadamard 
7.12.1 — HADAMARD’S FORMULA 
Let o, be the abscissa of absolute convergence of the Dirichlet series 
p(s) = > 4,7", (7.12-1) 
If o= Res > o,, then oe 
lim 1 [ eMg(s)ds = 


T+ 2T “aT 


F a, when A=A,, 


6, dehan Ade Geren. SO) 


from all numbers A,. 
Let 4 =A,. Then, if ¢ = Ims, 


ah (s)e** dt : rr y e+") edt vs a eho [" elt) tt Ge 
ors = a, € a v 
oT. oT 1S oT 2 a 


Ao 
= Aaat rei > a, eho" el4-4,)it at 
20 A 


—T 
= ‘es a sin (A—A,)T 
a,+e 2," “G-ayT 


The last series is uniformly convergent with respect to T and hence by 
making T —> oo we obtain the first part of (7.12-2). If A is different 
from any 4, the term a, does not occur. The reasoning, however, 
remains the same. 

Hadamard’s formula (7.12—2) provides a necessary condition for a 
function to be expressible as the sum of a Dirichlet series. The con- 
dition is, however, not sufficient. An adequate answer to the 
question what sort of function can be represented by a Dirichlet 
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series is not easily given. The study of the almost periodic functions, 
created by H. Bohr, answers to this question. 


7.12.2 — THE UNIQUENESS THEOREM 


A function y(s) can have at most one representation as a Dirichlet 
series of given type Ag, Ay, Ag, -- + 1€., 


co oo 
Sao 4 = Doe" 
v=0 v=0 
in any region of values of s entails a, = 5, for all values of n. 
This assertion is a direct consequence of Hadamard’s theorem of 
section 7.12.1. 
An alternative proof arises from the theorem: 
Suppose that the series 


y(s) = 3 ae (7.12-3) 


v=0 


is convergent for s = 0 and let & denote the set 
Res26d>0, larg s| SB < da. 


Suppose further that p(s) = 0 for an infinity of values of s lying in &. 
Then a, = 0 for all values of n. 

The function y(s) cannot have an infinity of zeros in a neighbour- 
hood of any point of &, since according to section 7.2.4 the function 
y(s) is holomorphic in the half-plane Re s > 0. Hence we can find 
an infinity of values s,, such that p(s,) = 0, o,4; > 0;, lim o, = 00, 
o, = Res,. Now Ree 

co 
p(s) = e%* p(s) = a + D a,c en 
v=1 
is convergent for s = 0 and so uniformly convergent in § as has 
been proved in section 7.2,2. Hence y(s) — ad when s -> oo along 
any path in &. This contradicts the fact that y(s,) = 0, unless 
a) = 0. By repeating the argument we can complete the proof. 


7.13 — Representation of the sum of a Dirichlet series as a 
Laplace integral 


7.13.1 — AN INVERSE OF PERRON’S THEOREM 


In section 7.4.1 we obtained a representation of the sum of a 
Dirichlet series as an infinite integral. We now wish to derive an 
alternative representation which brings us in contact with a remark- 
able type of integrals to be studied more closely in the subsequent 
sections of this chapter. 
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Let y(s) denote the sum of the Dirichlet series 
co 
pac, Res > a,, 
v=0 


and let a(t) denote the function (7.11-5) occurring in Perron’s theorem. 
Then 


p(s) = s{* e-*ta(t)dt, (7.13-1) 
0 
when Res > max (o,, 0), and 


p(s)—9(0) =s fe {alt)—p(0)}dt, = (7.18-2) 
when Res > o,, 6, < 0. ' 


This theorem may be considered as an inverse of Perron’s theorem. 
We shall use the same notations as in the proof of the theorem of 
section 7.3.1. By summation by parts we find 
= —A, 8 As A418 
Lae A,e "+ 5 A,le e711") (7.13-3) 
—A,8 Ay —st —A,s An —st 
= A.€ “45°54, f edt = A,e “*+s{ e*t a(t) dt. 
v=0 1, 0 
If Re s > a, the first member of (7.13-3) tends to p(s) as increases 
beyond any bound. Hence the last member does likewise. Taking 
account of the estimate (7.3-8), assuming o > 0, we have for 
Res > that A,e-*** > 0 as nm > o. Hence 
lim s 1 e—*ta(t)dt = y(s). (7.13-4) 


nm—>co 0 
Again by (7.3-8) 
a(t) = O(e"). 
It follows that the integral 


[Peta(ae 
0 
is convergent for Res > max (¢,,0) and the left-hand side of 
(7.13-4) is equal to this integral. 
g(0) exists when o, < 0. The integral in 


7 (0) =s {> e-*(0)dt (7.13-5) 
0 
is convergent for Re s > 0. Subtracting corresponding members of 
(7.13-1) and (7.13-5) we obtain (7.15-2). 
There remains the case o, < Res < 0. Instead of (7.13-3) we 
may write 
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5 ae! = {A,—9(0)}e**-+s ["* e-**{a(¢) —9(0)}dt-+ 9 (0). 


v=0 ri) 


But 
R, = 9(0)—An 


and taking account of (7.3-13) we may proceed as above to complete 
the proof of (7.13-2). 


7.13.2 — ILLUSTRATIVE EXAMPLES 


The function a(t) is a step function with discontinuities at 
t = Ao, A, ..., its value at such a point 4, being $A (A,—0)+ 
+3A(4,+0). For the evaluation of the integrals in (7.13-1) and 
(7.13-2) the value of the function a(t) at these points is irrelevant. 
As an example we consider the series 
1 co 


2 Ses Res > 0: 713-6 
-e—] ym ( ) 


Evidently 
a(t) =n, when »<t<n-+l. 
Hence we may represent the function a(t) by [¢] and we find 


1 om 
mane J e“(#]dt, Res>0. (7.13-7) 
dae 0 


A similar example is the following: 


] co e738 
log - a ; Res > 0, (7.13-8) 
1—e“° vm] PV 


1 a(t) may be represented” by 


1 1 
af) =1+5+...+5, ae 


Hence 
(gee i (145+ +—)at Res > 0. (7.13-9) 
og -——_ = Ss] e* —-+-... Pa] a, es , , 

a 2 (4) 

Now we mention two examples provided by the zeta function of 
Riemann, 

ts)= Sr" =p’, Kes >t. (7.13-10) 
v=1 v=1 


In this case 
a(t) =n, when log n < t < log (n+1), 


i.e, we my take 
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a(t) = [e'] 


and we thus obtain 
t(s) =s[~e*[e]d,  Res>1. (7.13 -11) 
0 
The following example will be used in section 7.18.3. We wish to 
represent the function ¢’(s)/¢(s) as a Laplace integral. Our starting- 
point will be the Dirichlet series (7.6-5). We define 


a(t) = > Al) (7.13-12) 
v=1 
for log n < t < log (n+1), ie., for n < e* <u+1. Then, according 
to (7.13-1) 
n A co 
v=] v 0 


In the theory of prime numbers the function 
y(z) = YA’), wx=eO, (7.13-13) 
7 
plays an important part. It is plain that 
a(t) = y(e’). 
Hence 


oN) _ g[Me-ty(etydt,| Res>1,  (7.18-14) 


the desired formula. 


7.14 — The Laplace integral 


7.14.1 — CONVERGENCE 


In the previous section we encountered some examples of a 
remarkable type of integrals, the Laplace integrals. By a Laplace 
integral is understood an integral of the form 


[P eta(e)dt, (7.14-1) 
0 
s being a complex and ¢ a real variable. 

There is a remarkable similarity between the properties of this 
integral and those of the Dirichlet series; in a certain sense the 
Laplace integral is a continuous analogue of a Dirichlet series. 

The scope of the theory depends on the assumptions concerning 
the function a(t). For our purpose it is sufficient to make the follow- 
ing assumptions: 
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(i) The function is defined for ¢ > 0 and integrable in the Rie- 
mann sense in every finite intervalO<aSi<b. . 
(ii) The integral 
f° a(eyat 


is absolutely convergent as regards the lower limit, i.e., 


lim [”|a(é)|dt, 0<8<a (7.14-2) 
6—>0 3 


exists. 
(iii) There is a number sy such that 


‘iad e~*0! a(t) dt 
6 
is convergent. 


An easy consequence of these assumptions is: 
The integral 
[Penta(ae (7.14-3) 
0 
1s also convergent as regards its lower limit. 
In fact, 
y 7 im |a(t)|\dt, when Res, = 0, 
|[Penstateae| < ["erotla(eidt sf 
3 3 arias |a(t)|dt, when Re sy < 0, 
3 


and the assertion follows from assumption (ii). 


7.14.2 — ABSOLUTE CONVERGENCE 


The integral (7.14-1) is called absolutely convergent when the 
integral 
JP le-*ta(t)| at (7.14-4) 
0 
is convergent. 


If a Laplace integral (7.14-1) ts absolutely convergent at s = Sy it is 
also absolutely convergent at s, when Res = Res,. 

With respect to the lower limit of the integral the theorem follows 
at once from the assumption (ii). 

Let ¢ be a positive number. We can find a number ¢, such that 


[P |etta(t)|dt <e, 


rovide’ ‘hat tf; <2 < w. Hence 
Pp 0 


bee) 
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[? le-*ta(e)|at = JP lemsete 10 a(t) [dt 
x x 
FA i a C le~*efa(t)|dt < e. 

When the integral (7.14-1) is absolutely convergent for a certain 
value sq of s, but not convergent for all values of s, then there exists 
a number oy, the abscissa of absolute convergence, such that the in- 
tegral is absolutely convergent if Re s > o, and not absolutely con- 
vergent if Res < o,. It is convenient to take 6, = — oo when the 
integral is absolutely convergent anywhere, and o, = +00 when 
the integral is nowhere absolutely convergent. It is easily seen that 
the half-plane of absolute convergence 1s either open or closed. 


7.14.3 — UNIFORM CONVERGENCE 


By examining the proof of the theorem of section 7.14.2 we con- 
clude that the following proposition is also valid. | 

If the integral (7.14-1) ts absolutely convergent at s = Sy tt 1s unt- 
formly convergent in the half-plane Res 2 Re Sp. 

Now we shall prove an analogue of Cahen’s theorem of section 7.2.2. 

If a Laplace integral is convergent for s = Sq 1t 1s uniformly con- 
vergent throughout any angular area defined by 


larg (s—so)| SB < 4a. 


As regards the lower limit of the integral the situation is quite 


simple. In fact, 
le-*¢| —_ e tRes — eflRes| 


and, assuming 6, < dy, 


ie e-*ta(t)dt| asin (t)| dt. 

5; 
The expression on the right is arbitrarily small, whenever 6, and d, 
are sufficiently small. As a consequence the integral is absolutely 
convergent as regards the lower limit to the right of any vertical line 
in the s-plane. 

Next we turn to the case of the upper limit. The argument is 
quite the same as in the proof of Cahen’s theorem. Instead of Abel's 
method of summation by parts we make use of integration by parts. 

Suppose that the integral 


ihe e *'a(t)dt 
0 
is ‘convergent. Put 


R(x) = [~ ete a(é)dt. 


Then 
[Pertta(eide= ["erteteta(t)dt = — [Perea (t) 


= —e~ 8-80) R (wy) +e) R (a) — (s—sp) [eR (t)dt. 
xz 
If Re (s—sy) > 0, then e****-*) < 1, since also ¢ 2 0. 
To a given positive number e we can find a number 2 such that 
|R(a)| < e, provided that x > x. For these values of x we have, 
assuming w > @, 


Lf ert ot aye] <0 [etn dt < 0 [et a 
z 2 2 
Fee $ e-* Re(s—8q) <= e : 
Re(s—Sp) Re(s—Sp) 
Hence 


||" e-*a(t)dt| <e (24 a < e(2+ sec 9). 


e (S—So) 


It is now easy to complete the proof as in section 7.2.2. 


7.15 — Abscissa of convergence 


7.15.1 — ABSCISSA OF SIMPLE CONVERGENCE 


First we may assert: 

If the integral (7.14-1) ts convergent for s = Sq 1t 1s also convergent 
for any value of s with Res > Re Sp. 

This theorem enables us to define an abscissa of simple convergence 
o, perfectly analogous to the considerations of section 7.2.1. From 


| f° ent a(e)dt| < [” e*®**Ia(t) ae 
0 
follows E 
ie: He 


It may occur that o, < o,. This will be illustrated in the following 
example. 

The function a(¢) is defined as e* for 0 <¢ < log 2, —e’ for 
log 2 <t < log 3, e’ for log 3 S# < log 4, and so on. Evidently 


the integral er e*|a(t)|dt = i * el—)tdt is convergent for Res > 1 


0 0 
and divergent for s = 1. Hence o, = 1. If m 4 1 we have 
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I, = ern e“e'dt = J "unt du 
logn n 

and u~* -> 0 as u — oo, provided that Re s > 0. Hence also J, > 0 
as m increases beyond any bound, while for s > 0 J, > I,4,. The 
alternating series 

["evtatd= hai... 

fi 
is therefore convergent, whenever s > 0. When s = 0 the series is 
divergent, since all J, = 1. Consequently o, = 0. 


7.15.2 — FORMULAS FOR THE ABSCISSA OF CONVERGENCE 


The analogue of the theorem of section 7.3.1 concerning the 
abscissa of convergence o, may be stated for integrals as fo!lows: 

The abscissa of simple convergence of the Laplace integral (7.14-1) 
1s given by 


(7.15-1) 


if o, >0 and by 


(7.15-2) 


if ao, < 0. 

The proof runs along the same lines as in section 7.3.1. Instead of 
Abel’s summation by parts we have to integrate by parts. 

The Laplace integral occurring in the theorem of section 7.13.1 
is certainly convergent in the half-plane of convergence of the 
Dirichlet series. But the abscissa of convergence of the integral can 
be smaller than that of the series. The formula (7.15-1) is also 


true for o, = 0, provided {" a(t)dt does not tend to zero as w > ©. 
0 


7.16 — Regularity 


7.16.1 — THE LAPLACE INTEGRAL REPRESENTING A HOLOMORPHIC 
FUNCTION 


In section 7.2.4 we concluded from Cahen’s theorem that the 
Dirichlet series represents a holomorphic function in its half-plane 
of simple convergence. The same can be asserted about the Laplace 
integral, but the proof is not so simple. 
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The function 
p(s) =[~ e“a(e)dt (7.16-1) 


0 
is holomorphic in the half-plane of simple convergence and every 


derivative is also a Laplace integral 
g*)(s) = (—1)* |” e—** 8 a(t)dt, (7.16-2) 
0 
being convergent in the same half-plane at /east. 
In order to prove this statement we first consider the integral 


f(s) =| ” e-*t a(t) dt. ‘(7.16-3) 
a 
Because of the uniform convergence of the exponential series we 
have 
fo) Vi opp 
f(s) = 5 (—1)" J] # aa. (7.164) 
v= Vig 


The series on the right converges uniformly as regards s in any 
bounded set and so its sum is an integral function. Term-by-term 
differentiation is permitted and we find 

co g?—* 


j(5) = (pid Matha = (—1)*| e-t#a(t)dt. (7.16-5) 


Now let sy denote a point with Res) > o,. We can surround it by a 
circle which lies also in the half-plane of simple convergence of the 
integral. By virtue of the second theorem of section 7.14.3 the 
integral (7.16-1) converges uniformly in this circle. We take an 
arbitrary sequence 

0O=4<4<4&<..., 
tending to infinity. Then the series 


p(s) = [eattya 


is also uniformly convergent in thecircleand by Weierstrass’s theorem 
of section 2.20.3 term-by-term differentiation is justified, since each 
term of the series is holomorphic within the circle. Hence 


p(s) = > (—1)* | "+1 at pk a (t)dt 


v=) ty 


and the truth of the statement easily follows. 


7.16.2 — ABEL’S THEOREM 
An easy consequence is Abel’s continuity theorem which is the 
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analogue for Laplace integrals of Abel’s theorem stated in section 
7.2.2. 

Tf 

p(s) = [~ e-**a(t)at 
0 

1s convergent at s = Sq, then ¢(s) tends to p(so) as s > Sy in the angular 
area jarg (s—so)| S 8 < 4a. 

In fact, the integral is uniformly continuous throughout this area 
and hence to a given number ¢ > 0 we can find a number w > 0 
such that 


| [P esta(t)dt| < de. (7.16-6) 


On account of the convergence of the integral at s = s, we can, 
moreover, take w in such a way that also 


| [Pent a(t)dt| < fe. (7.16-7) 


Since | “e-sta a(t)dt is holomorphic as FEBATES s throughout the entire 
authne it is possible to find a number 6 > 0 such that 


We “ta(t)dt— |" et a(t)dt| < fe (7.16-8) 
0 
provided |s—s)| < 6. By the usual arguments we now find that 
p(s) —(So)| < €, provided that |s—s)| <6 and |arg (s—s,)| S 0 
< 4x. This proves the assertion. 


7.17 — Some remarkable integrals of the Laplace type 


7.17.1 — THE LAPLACE TRANSFORMATION 


By means of the relation 


p(s) = [> e-*a(t)at (7.17-1) 
0 

the function a(t) is transformed into another function y/(s). The 
process (7.17—-1) is called a Laplace transj/ormation. It plays an 
important role in pure as well as in applied mathematics. Extensive 
tables have been constructed containing particular functions a(t) 
and their corresponding transforms. In this section we wish to con- 
sider some remarkable examples which are related to functions 
studied previously. 


FAT) - SOME REMARKABLE INTEGRALS OF THE LAPLACE TYPE oi. 


7.17.2 — First EXAMPLE 
In section 7.13.2 we obtained (7.13—7) 


oo 1 
s| e—** [t]dt = ——_, Re s'> 0. (7.172) 
Taking account of the elementary results 
eo 1 
{ edi = —, Res > 0, (7.17-3) 
° s 
and 
fore) 1 : 
{ ei di'= = Res > 0, (7.17-4) 
9 s 


we easily find 


— [Pe P, (edt, 


0 


Res>0,  (7.17-5) 


where 


Pi (¢) = ¢—[t]—}. 
On the left of (7.17-5) appears the integrand occurring in Binet’s 
integral (4.9-21) 


| Res>0,  (7.17-6) 


another example of a Laplace integral. 


7.17.3 — SECOND EXAMPLE 
Starting with the expression (2.20—-28) for the logarithm 
co ete 
logs = } er at, Res > 0, 
0 


we immediately obtain 


1 00 
log (14 -) = | e—* (1—e*) =f Res>0.  (7.17-7) 
0 


7.17.4 — THIRD EXAMPLE 


Another interesting example is found when we take (4.8-31) into 
account: 


co —t —st 
Y(s) | (= — =) at, Res>0. 
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A simple calculation yields 


fore) —tt__o-t ‘00 1 
; _ = a pea Se = —}st 
WY ($s+1)—¥($s+4) J e = at J S OO a 
and so 
$Y ($s-+1)—$¥(4s+4) = Je at,|(7.17-8) 
0 e*+1 
this integral being convergent for Res > —1. 
As a particular result we mention 
Waj-teis | el ee pees | iges 
Ts Saad aese Pe aL, ie 


whence, according to (4.8-3), 
V(t) = —y—2 log 2, (7.17-9) 
y being Euler’s constant. 


7.17.5 — FORMULAS DEDUCED FROM THE GAMMA FUNCTION 
In the formula 
T(z) =["e“uttdu, Rez>0 (7.17-10) 
0 
we replace u by és, assuming s to be positive. We get 


T'(z)s-* = | “e-te#-1dt,| Rez>0.  (7.17-11) 
0 


This result also holds for complex values of s in the region 
Re s > 0, since both members of (7.17-10) are holomorphic in the 
region and coincide for real values of s. The argument bears on the 
identity principle of section 2.11.2. This device is also applicable 
in the following example. 

Differentiating (7.17-10) we obtain 


I’ (2) = [~ ew log u du, (7.17-12) 
0 
and performing the substitution « = ¢s, taking account of (7.17-11), 
we get 
I’ (z) = st [et log t dt + st [ e-*###-1 log s dt 
0 0 
ag i) * e-*##-1 log t dt + T(z) log s. 

0 

Hence 


18] THE PRIME NUMBER THEOREM 


{I (z) T(z) log s}s-* as f “ett ##-1 log ¢ dt, Res>0. (7.17-13) 
0 


In particular, taking z = l, 


—y — logs = oie e-* log ¢ dt. (7.17-14) 
0 
In this formula we take s = 1. We then obtain a representation of 
Euler’s constant as an integral, viz., 


y= — ["e-log t dt 
0 
or else, by putting ¢ = — log u, 
y = — [ loglog (1/u) du. (7.17-15) 
0 


This formula is due to Malmstén. 


7.18 — The prime number theorem 


7.18.1 — INTRODUCTION 


One of the most famous problems in the theory of numbers is the 
estimate of the function 2(”), denoting the number of prime num- 
bers up to a given non-negative number z. Gauss already con- 
jectured that for large values of x this number may be approximated 
by the simple expression 2/log =. 

By the prime number theorem we understand the assertion 


mt (a) 


2+ t/log x 7 


(7.18-1) 


The proof of this theorem is difficult. The first rigorous proof has 
been given by Hadamard and De la Vallée-Poussin. The shortest 
proof is due to Landau. 

The theorem is a consequence of certain properties of the Riemann 
zeta function. In recent years an elementary proof avoiding the 
advanced theory of the zeta function has been found by A. Selberg, 
but this proof is also very intricate. It is our aim to present the 
classical proof because of its undeniable beauty. 

It is interesting to compare the assertion (7.18-1) with the 
evidence of the tables. The values of x(x) for « = 10°, x = 10°, 
x= 10° are 168, 78498, 50847478 respectively. The values of 
x/log x to the nearest integer are 145, 72382, 48254942. The ratios 
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are 1-16, 1-08, 1-05 approximately and show a tendency, though not 
a very rapid one, to unity. 


7.18.2 — DEDUCTION OF THE PRIME NUMBER THEOREM FROM THE 
HADAMARD-DE LA VALLEE POUSSIN THEOREM 


The problem can easily be reduced to the investigation of the 
function y(x) introduced in section 7.13.2. 

The main theorem, which is known as the Hadamard-De la Vallée 
Poussin theorem, is the assertion 


lim = 1. (7.18-2) 

Before attacking this last problem we wish to show how the prime 
number theorem can be deduced from this assertion. 

First we derive a trivial inequality about p(x). If fis a fixed prime 
number, we have to consider the powers #, f?, . . ., #%, where * S z, 
i.e., x log #Slog x. These powers contribute «log # to y(zx). The 
largest number « satisfying the above inequality is 


and so 
log "| log x 
x)= ——|lo = —— log #, 
vie) = 3 [epee SB cee 
whence ‘ 
p(x) S a(x) log z, (7.18-3) 
including 
p(x) S az log z. (7.18—4) 
If 1<é< 2 we have 
log p 
n(x)—2(&) = ——, 
) ) ws e<psa log & 


Hence, assuming x > e and taking = 2/log*x 


log p 
&€) log x ——— log x 
| cnle)loge I+ 2, jog € °F 
~  — p(2z) p(x) 
c § log a  logx _ x log x 


p(x) log € <t w(x) logx logx—2 log log x 


Anticipating the validity of (7.18—2) we see that the last expres- 
sion tends to 1 as x > oo. Hence 
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a(x) log x 
2 Se 
v(x) 
and (7.18-1) follows at once. 


1 


7.18.3 — ALTERNATIVE STATEMENT OF THE HADAMARD-DE LA 
VALLEE POUSSIN THEOREM 


The guiding principle in the proof of (7.18-2) is the deduction 
of the properties of y(e’) from the representation (7.13-14) of 
t'(s)/¢(s) as a Laplace integral. It will be more convenient to use 
the function 

Le (s) 1 

0) ea Thera (7.18-5) 
this function being regular at every point s with Res = 1. In fact, 
in the sections 7.6.1 and 7.7.4 we proved that all zeros of ¢(s) are to 
the left of the line Re s = 1. Further ¢(s) has only a simple pole at 
s = 1 (7.7.1) and it follows from the theorem of section 3.8.1 that 
t’(s)/f(s) possesses a pole at s = 1 with residue —1 and is regular 
everywhere else in the area Re s => 1. The assertion about g(s) is now 
a trivial consequence. 

Starting from (7.13-14) we easily find 


g(s) =[~e-"-"(H()—1)dt, == Res >1, (7.18-6) 


with 
H (¢) = e-*p(e*), (7.18-7) 
and we shall have achieved our end when we have proved 
lim H(t) = 1, (7.18—8) 
t—>0o 


this assertion being equivalent to (7.18-2). 


7.18.4 — DECISIVE STEP IN THE PROOF 
Let F(y) denote the function 
F(y) = $(1—Hlyl)e™, 
all variables involved being real. This function is continuous in 


the range —2 Sy S2. 
It is easy to prove that 


| Rides (7.18-9) 


“9 1“ 


In fact, when u #0 the integral on the left is equal to 


Oe OO EE EEE 
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_ (1—2y) cos uy dy = ty" =_ 


0 |0 


the result being also valid when u = 0. 
Let s = 1+e+721y, e > 0, 2 > 0. We consider the expression 


J Foes (s)dy = i y)dy ee t)—1) e-*t e—tAvt gy. 


We may reverse the bate of integration. In fact, by virtue of 
(7.18-4) we have 


|H (#)—1| < 1+44, t>0, 
and by writing 
Bike Wi Meio ey 
—2 0 -2 0 “2 —2 


we readily find the required result since [~ tends to zero as w —-> 00. 


We thus obtain 


2 00 sin? (u—At) 
r dy = H (t)—1)e-** ———___ 
J Fwnets)ay =|" 7 @— Ve 
where we have utilized (7.18-9). 
Letting «> 0 we find 


dt, (7.18-10) 


2 00 sin? (u—At) 
F 1+<tiy)dy = H (t)—1) ————__— 
J (y) g(1+idy) dy | (H(t) —1) ab? 
This step will be justified in section 7.18.5. It will be more conven- 
ient to introduce the variable v = u—At. Then the integral on the 
right of (7.18-11) appears as 


1 se uUu—vV sin2 v 
eZ) S= 
a A v? ‘ 


and since the variable ¢ is now available we can make the expression 
more flexible by writing At instead of u. And so we may bring 
(7.18-11) into the form 


(al) 7) a 
Ee A v2 

2 7.18-12 
=v] e(1-+iay)(1—aier ay | ay PY) 


—2 


Since f(y) =-g(1+7Ay) (1—4|y|) has a bounded derivative in the 


dt. (7.18-11) 
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range —2 Sy S 2, this derivative having a jump at y = 0, wemay 
integrate by parts and conclude that 


efAvt 


el: ry) iy) <4, 


ay TY) 


Fierray| =| 


A being a suitable constant. Hence, letting ¢ > oo and taking ac- 
count of (3.6-22), we deduce from (7.18-12) 


At in2 
lim | H (:- *) dy = 2. (7.18-13) 
Uv 


t—>00 —o0 A 


It will turn out that we now have done the decisive step. 


7.18.5 — A LEMMA 
Before continuing our proof we wish to justify the way in which 


we obtained (7.18-11).:We need the following lemma. 
Consider the Laplace integral 


g(s) =|” e-*a(e)dt, (7.18-14) 


assumed to be convergent for Re s > 0 and where a(t) denotes a 
non-negative real function. We assert: 


If y(s) tends to a limit l as s — 0, then f a(u)du tends to the same 


limit as t > oo. ° 


It is plain that also 
is ee" a(t)dt 
0 
tends to / as s tends to zero, » being a non-negative integer. As a 
consequence 
[Pen p(e*)a(t)at > 1 (7.18-15) 
0 
where #(z) is any polynomial where f(1) = 1. 
Now we consider a function g(x) defined in the range 0 Sa <1 
as follows: 
0, when 0S 2 <e~!, 
= 1 
q(z) —, when e? Sa. 
x 
We evidently have 


JP en*tq(e**)a(t) dt = ["" aga. (7.18-16) 
0 0 
It is easy to find two real polynomials 9,(x), g(x) such that 


vv 
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P:(%) S9(e) S P2(z), 2,(1) = 9(1) = A2,(1) = 1. We might take, 
for instance, 


Because a(t) 2 0, we have 


[™ eB, (e-**)a(t)dt < [™ e-**g(e-"*)a(t)dt < |” e-** py(e-**)a(t)ae. 
0 0 0 

Letting s > 0 and taking account of (7.18-16) the desired result 
follows. 

Now we are sufficiently prepared to complete the considerations 
of section 7.18.4. The integral on the left of (7.18-10) tends to a limit 
as e > 0, because g(s) is regular on the line Res = 1, this limit 
being the expression on the left of (7.18-11). The integral 


[oa , sin? (u—At) 


cea cd DY 
(u— ~(u—at)2 


is convergent when e = 0. On account of Abel’s continuity theorem 
of section 7.16.2 it possesses a limit as ¢ — 0, this limit being the 
integral which appears for «= 0. By virtue of (7.18-10) the 
integral 


tf eH (t) sin? (u—At) it 


9 (u—At)? 


also tends to a limit as e-> 0. The factor of e~* under the sign of in- 
tegration is not negative and so we may apply the above lemma, 
stating that 


me joe (u—At) 


———— dt 
(u— ~ (u—Ht)? 


is convergent, its value being the limit of the previous integral as 
e—> 0. Thus the proof of (7.18-11) is complete. 


7.18.6 —. COMPLETION OF THE PROOF 


We proceed to complete the proof of (7.18-8). First we observe 
that e*H(t) = y(e*) increases as ¢ increases. Hence for |v] < WA 


ss a+ -4)e Wis ule 3-3) 


whence, by virtue of (7.18—-13), 


is 


7.18] THE PRIME NUMBER THEOREM 405 


wi 2 pa ; eA 
n(y{ pce < vi] a (14+ +) a 
cyt v2 ae +) a A] v2 


sis Va v 
as t-> o. Taking ¢ sufficiently ee we have 
Va uae 


dv < ei (1+4e)z, 


e denoting a given ae number. When 4 is beyond a sufficiently 
large number we also have 


2 
(1+4e)eV4 x 
V4 sin? v 


—VaA y2 


<I1+e 


and it follows that 
H(t) < +e. (7.18-17) 
For sufficiently large values of ¢ we have H(t) < 2; as a con- 


sequence H (¢) is bounded for ¢ = 0. Accordingly, whenever ¢ is large 
enough, 


a(t-—,) — a(-) a 
[ ie ere av <M Val sin? v 


y2 


Vt 
the right-hand side tending to zero as ¢-> oo, M being an upper 
bound for H(¢). Since on account of (7.18-13) 


lim 
t—>0o 


a(+- ) ay 
VA ( 1 “)= v a 


we also have 
vt 1 in? 
ine | H(i-,-4) wae. 


#50 <0 V/A A v 
Using again that H(t) < 2 when ¢ is sufficiently large we evidently 
have 
vt 1 v \ sin? v 
vi 2 vA Si 
af: 40 va fn evi i il dv S— +H (t)eV'a. 
—co —V/A i 


pte: A large enough we have 
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and so 
H(t) > 1—e, (7.18-18) 


when ¢ is large enough. The inequalities (7.18-17) and (7.18-18) 
are equivalent to the assertion (7.18—8) and thus the proof of the 
prime number theorem is complete. 


7.19 — The incomplete gamma functions 


7.19.1 — DEFINITION 


By the incomplete gamma functions or Prym’s functions are 
understood the integrals 


P(s, 2) =| ett dt, Rez>0, (7.19-1) 
0 
Q(s, z) = ie e-*#-1 dt 


where s varies in the region s+|s| 4 0. The variable ¢ is complex 
and in the second integral the path of integration consists of a curve 
connecting the points s and 1 and remaining in the region s+-|s| 4 0 
followed by the infinite half-ray from 1 to +00, (fig. 7.19-1). 


a 


Fig. 7.19-1. Path of integration for the function Q(s, z) 


and 


(7.19-2) 


It is easy to show that Q(s, z) is an integral function as regards z 
and holomorphic as regards s in the region s+]|s| 4 0. 
By virtue of Cauchy’s integral theorem we have 


P(s,z)+Q(s, 2) =T(z). (7.19-3) 
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7.19.2 — FUNCTIONAL EQUATION AND DECOMPOSITION 


The incomplete gamma function Q(s,z) has many properties 
which are obvious generalizations of the ordinary gamma function. 
Thus, for instance, on integrating by parts, the functional equation 


Q(s, 2+1)—zQ(s, 2) = e-*s*. (7.19-4) 


Expanding e~ in its power series and performing term-by-term 
integration from 0 to s, we obtain 


P(s, 2) =s? S at = (7.19-5) 
whence 
Ols. 2). P(e)—s* 5 ear | (7.19-6) 


This result generalizes Prym’s decomposition (4.7-30) of the 
gamma function. The equation holds, provided that z is different 
from 0, —1, —2,.... 


7.19.3 — THE VALUE OF Q(s, 2) AT z= -0,—Il, —2)..... 


In contrast with the gamma function the function Q(s, z) still has 
a meaning for z = 0, —l1, —2,.... 
Let us first consider the simplest case, viz., z= 0. We may write 
(7.19-6) in the form 
T(z+1)—T(1 s’—1 = (—I1)’s” 
Q(s, 2) _Peti)—-M(l)  s*~1 —s* > (=1)"s" 


z Zz v1 ¥! (z-+y)’ 


(7.19-7) 
y being Euler’s constant. 
A similar method applies to the case z = —n, where n is a positive 
integer. We may write (7.19-6) in the form 
eee 1 D(z+n+1)—I(1) Shee Stel 
2(z+1)...(z¢+n—1) ztn n! ztn 
| | n! oo (= 1)F s” 
= — 7>7  —_ — (— ])"} — 8? ‘2 __-~__ 
v nm! z-+n \a(z+1)...(z+n—1) ae . > y! (z+) 


where the prime denotes that the term corresponding to v = n is 
missing. Since the derivative of 
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n! 
2(z+1)...(z+n—1) 
at z = —n takes the value 1+4-+...+1/n, we readily obtain 


ay 1 foe) (—1)’s’-" 
$s, —n) = —— |— 1 ..-+—-—lo — >’ ———_., 
e( ) n! ames Boos n a 2 v!(v—n) 
7.19.4 — REPRESENTATION OF (Q)(s, z) AS AN INTEGRAL 


Replacing ¢ by st++s, we find 
Q(s, 2) = ste* [~ e-* (14 4)*1dt 
0 


where now ¢ is real and s positive. Hence 


sFetQ(s,2z) = ["e*(14+#)"4dt, | Reso, (7.198) 


0 


In fact, the substitution is valid for positive values of s and since 
both members of (7.19-8) are holomorphic in the region Res > 0 
the equation holds throughout this region. 


7.19.5 — MELLIN’S INTEGRAL 


An alternative representation of Q(s, z) as a Laplace integral is 
due to Mellin and can be obtained by first replacing z by 1—z, 


Q(s, 1—z) = [~ ete dt. (7.19-9) 
Recalling (7.17-11) in the form 
1 oo 
—*=———_ | e“ty*1du, Rez>0, (7.19-10) 
I(z) 


we evidently have 


T'(z)Q(s, 1—z) = ie e-tdt |” e*tyt-ldyu, Rez > 0. (7.19-11) 
8 0 


Reversing the order of integration we arrive at 


Loe) co fre) U 
T'(z)O(s,1—z) =] widu| e-+)dt=e*} e- 
(z)Q(s, 1-2) J J f me 


whence, replacing again z by 1—z and u by #, 


| ot 
eTa-0t7)=| et dt, | Rez<1,Res>0. (7.19-12) 
0 
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We have to justify the reversal of the order of integration in 
(7.19-11). It is sufficient to suppose s > 0, z > 0. If b > s we have 


i ey: ae: i e+) ys—l dy 


mi af” cmd | al e—H1+4) y2—-1 dy 


i wtdu teen ary [ al” e~K4 +) y2-1 dy, 
0 8 s 7) 


But 
b foe) b 
| at | eWHU+l) ysl dy = | e—*t-* O( wt, z)dt 


and this tends to zero as w — oo. Hence 
Pectat [emt urdu = [" uttdu f° et+0 dt, (717-13) 
8 0 0 8 

Since the expression on the left has a limit as b + oo, the same is 

true for the expression on the right and the assertion follows. 


7.19.6 — THE EXPONENTIAL INTEGRAL 


Intimately related to the function Q(s, 0) is the so-called ez- 
ponential integral, defined as 


s at 
Bis=J<at, (7.19-14) 


valid for all s 4 0. The path of integration is shown in fig. 7.19-2. 


Fig. 7.19-2. Path of integration for the function Eis 


The curve connecting —1 and s may be arbitrary, provided that it 
avoids the origin. Asa consequence the exponential integral is infinite- 
ly many valued, its period being 2z1. 

It is plain that Eis possesses a branch taking real values for 


; : 


negative real values —x of s. When Ims > 0 we have log (—s) 
= log s—z. Hence 


v 


—Q(—s, 0)=y+logs—ai +> —- Ims> 0. 
viv 


v=] 
Asa consequence we may write 


s’ 


Ei s = y—ai + Logs + y — (7.19-15) 


v= viv 


where Log s is the general logarithm, introduced in section 1.11.2. 

By replacing s by 7s we can divide the expression on the right of 
(7.19-15) into two parts, similar to Euler’s decomposition of the 
exponential function 


Eizs =cis+isis (7.19-16) 
where 
© = Ts? cos t— 
cis=y+Logs+ > ——— =y+ Logs +f" la (7.19-17) 

y=1 (2y)! 2y 
and 
—])” 92¥+1 

sis = —}n+ y cos et aut (7.19-18) 


v=o (2v-++-1)! (2+ ee 
are the cosine integral and the sine integral Didise The cosine 
integral is infinitely many-valued, whereas the sine integralis an 
integral function. 

7.19.7 — THE COSINE INTEGRAL AND THE SINE INTEGRAL 


In view of (7.19-14) we may write 


=—ts 


Fig. 7.19-3. Path of integration for the function Ei is 
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the origin and proceeds along the real axis from 1 to +00. We shall 
take a slightly more particular path issuing from —7s and going first 
to —z, then continuing along an arc of a circle from —i to 1. The 
integral taken around the contour shown in fig. 7.19-3 consisting of 
two arcs of a circle of radius 1 and radius R > 1 respectively, com- 
pleted by two segments on the real and the imaginary axis, is by 
Cauchy’s integral theorem zero. On the other hand, the integral 
along the large circular arc is 


4a F 
if” eRe ap 
0 
and tends to zero as  —> o. Hence we may replace the half-ray on 


the real axis from 1 to -++oo by the half-ray from —7 to —700 along 
the imaginary axis and so we have 


—ico e-t co eit 
ae | ages =| — dt, 
—is t s t 
whence 
: © cos t 
as:= zal te (7.19-19) 
8 
and 
: co sin ¢ 
sis = =| et (7.19-20) 


since these functions are real for positive real values of s. Combining 


(7.19-20) and (7.19-18) we immediately find 
eosin ¢ 
| meee = 4a, 
0 i 


in accordance with (3.6—22). 


7.19.8 — THE SICI-CURVE 
The curve represented parametrically by 
2(u) = ci 4, y(u) = si 4, (7.19-21) 


where u is positive, has some remarkable properties. First we ob- 
serve that 


d ' 
Z  cosu dy _ sin (7.19-22) 


du wu’ du 4% 
and it follows that the angle between the tangent and the positive 
x-axis is given by 

o= 4. (7.19-23) 
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If now s denotes the arc length, reckoned positively from the 
point “ = 1 onwards in the direction of increasing values of the 
parameter u, we deduce at once from (7.19—22) 


ds__ 1 
duu 
hence 
s = log u. (7.19-24) 


Taking account of (7.19-23) we get for the curvature x = d#/ds 
the simple expression 

x =e, (7.19-25) 

The curve is a spiral which winds infinitely many times around 

the origin and possesses a horizontal asymptote, (fig. 7.19-4). It is 

sometimes called the sici-curve, because of its parametric represen- 

tation. 


Fig. 7.19-4. 


7.20 — Representability of a function as a Laplace integral 


7.20.1 — ASYMPTOTIC BEHAVIOUR OF A LAPLACE INTEGRAL 


Not every function holomorphic in a half-plane can be represented 
as a Laplace integral. This is plain when we consider the function 
gy(s) = 1, for a necessary condition which must be satisfied by y(s) 
is that it tends to zero as s + oo along the positive real axis. In 
fact, we have the theorem: 

If a Laplace integral 


[Peta(ae (7.20-1) 
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is convergent at s = So, tts value tends uniformly to zero as s > © 
in any angular area 
larg (s—So)| SO < 4a. (7.20-2) 
In section 7.14.3 we established the fact that the integral is 
uniformly convergent in the area (7.20-2). Now we may write 


[Pe-*ta(eyat = | "ent a(t)dit {"en*a(eydt+ | e*a(e)dt. 

0 0 6 ) 

Let e be any positive number. First we can choose 6 in such a fashion 
that 


fr eta(t)dt| < te, 
0 


whenever Res = Re Sy. Secondly we can take w so large that 


| [Pe-a(t)dt| < fe 


for all s in the area (7.20-2). Finally we can find a non-negative 
real number o such that 


in e~**a(t)dt| < e-% is |a(t)|dt < te 


whenever Res > o. Hence, for all s in the area (7.20-2) and 
Res > o we have 


aie et a(t) dt <8; 
0 
the desired result. 


7.20.2 — EXTENSION OF CAUCHY’S INTEGRAL THEOREM 


We wish to state a sufficient condition for the representability of 
a function /(s) as a Laplace integral. First we need an extension of 
Cauchy’s integral theorem. 

Let f(s) be holomorphic throughout a half-plane Res > « and let 


If(s)| << Alsi, 6>0, (7.20-3) 


for all sufficiently large |s|, A being a suitable constant. Then if c ts a 
real number > « and z a complex number with Rez >c 
1 ctioo /(¢) 
= — — ——— ih ’ 7.20-4 
i) 271 \-ico $2 ¢ ( ) 
the integral being a Cauchy principal value. 
We consider a rectangle with vertices chLiw, wtiw, w > 0 (fig. 
7.20-1). Let L denote the path obtained from the boundary of the 
rectangle by removing the left-hand side. If w is sufficiently large, 
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Fig. 7.20-1. Extension of Cauchy’s integral theorem 


the point z is inside the rectangle and by Cauchy’s integral theorem 


we have 
l ctiw l /(C) 
= — —— — | — de. 
al = ay 270 J —Zz ° 
Taking w large oP we have on L 
a, ie 2A 
IS—2] |e? |e—2| Zz} ot 


DE i peer 
[¢| 1 z 


since we can make w so large that |z/¢| < 4. The length of L is 
4q@—2c. Hence, by Darboux’s theorem of section 2.4.3 


| 2A 2 

jm ERE ese (<2) 

7 ¢—2z cits wo w 

and thus the integral taken along L tends to zero as w > ©. 


all< 


7.20.3 — SUFFICIENT CONDITION FOR THE REPRESENTABILITY 


Let f(s) be holomorphic in the half-plane Re s > «. If f(s) ts of the 
form 
B(s) 
f(s) = wie ; o> 0, (7.20—5) 
|B(s)| being bounded, then 


f(s) = [” e-**a(e)at 
0 
for Res >c> «a, where 
] c+ioo 
a(t) = —. ef (f)dl, (7.20-6) 
271 c—too 

the integral being a Cauchy principal value. 

Let ¢ = c+zy on the path of integration in (7.20-6). We evidently 


have 
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ne _ BE) ) 


c—iw —o ie. Jo+iyl 


where K is a constant. Hence the integral 


fre =P wae [7 ef f(¢ \dt 


0 c—iw 


dy < Ke” 


ef #(C) ae <e% | 


is convergent, whenever Res > c. In the equation 
ie ge eae (o ett f( t)dt a ‘ee i(o)de [7 ene dt 
0 c—i c—iw 0 
we can, therefore, let T — oo and we find 
fore) +i ctio f 
J ent at f° eft #(C) =— | 
0 c—iw c—iw 


The function f(s) certainly satisfies the conditions of the previous 
lemma. Hence we can let w — o and we obtain 
(oe) 1 c+ioo ] c+ioo 
Persea J eteyeyaz = — Sf ae = 9), 


0 271 c—ioco 2701 c—ioo ¢—s 


7.20.4 — PINCHERLE’S THEOREM 


The condition imposed on f(s) is rather severe. But it can be 


weakened. 
Let p(s) be holomorphic in the half-plane Res > « = 0 and of the 
form 
A Bis) 
(ata: SSG, (7.20-7) 


where |B(s)| ts bounded, A being a constant. Then 
p(s) =[~e“alt)dt, Res>c>a=0,  (7.20-8) 


with 


the integral being a Cauchy principal value. 
This theorem is due to Pincherle. 
We can apply the previous theorem to the function 


Then for Res >c>« 


sgl” etneyae 


c—ico 


Adding the Dirichlet discontinuous factor (3.6-18), we get 


a(t) = (0 sgl occa 


c—ico 


provided that i> 0, while 


[eta ydt = [eta att <= f6)+<= 96) 


0 
and the proof is complete. 


7.20.5 — ILLUSTRATIVE EXAMPLE 
The function 
{SHE ab 8, 


is holomorphic in the principal region s+ |s| 4 0. This function 
satisfies the condition of the theorem of section 7.20.3 with 6 = 1. 
We wish to evaluate the integral (7.20-6). By well-known arguments 
it can be found that the integral is the same as that evaluated along 


Fig. 7.20-2. Deformation of the path of integration parallel to the imaginary axis 
into a Hankel contour 


a Hankel contour, (fig. 7.20-2). For the sake of brevity we omit the 
details. Hence 


21a (t) = ii exp (ute*—a4/ue *™)e-*i dy 


co 


+ hi exp (ute™*—a/uet™) er du 
0 


a a ett (ettV4__ eo AtV 4) dy — 94 i e“* sin a4/u du. 
0 0 


Replacing u by v*® we arrive at the result 
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22 ¢ 
a(t) =— | ve’ sin av dv. 
ww 9 


Referring to (2.23-26) and (2.23-28) we have 
ke en(e+ia)® dy — 44/z 
0 
whence, by equating real parts, 
i e™ cos 2aa dx = 44/ne™. 
0 
Writing v/t instead of 2 and putting 2a./t = « we get 


00 mee 

J Meer ge Ve, 

0 2/t 
Differentiation with respect to « yields 

a? 

| ve” sin av dv = adie . 

0 ae 
and finally 

jesus 

D) / nt € ) t>0 


7.20.6 — HEAVISIDE’S EXPANSION THEOREM 


A case of frequent occurrence in engineering problems is that of 


where P(s), Q(s) are polynomials, the degree of Q(s) exceeding that 
of P(s) at least by unity. The condition of the theorem of section 
7.20.4 is obviously satisfied. 

In section 3.4.2 we found that /(s) can be decomposed into partial 
fractions of the type 

c_,(s—a)-*, Ree eo 
where @ is a zero of order m of Q(s). In order to find a(t) we have 
to evaluate integrals of the type 
l ctico =. et F R 
QTth goo ta ea<c, 6230. 
Now we observe that the residue of the integrand at s = ais equal to 
1 q*-1 te-1 


st at 


(k—1)! dst | (1)! 
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By arguments which are almost the same as those of section 3.6.7 
we readily find that this residue is the value of the above integral. 
We thus arrive at the result: 

The function a(t) is a sum of functions of the type 


ao Cake Me =1],... 
(k—1)! 6.4 et | J ,m, 
where in accordance with (3.4-7) 
1 a | te “(| 
= GR! dam® (ES —8)" Gi 
a being a zero of order m of Q(s). It is to be understood that the sum 


is performed by taking for a all the zeros of Q(s). This rule is known 
as Heaviside’s expansion theorem. 


> 
s=a 


CHAPTER 8 


SUMMABILITY OF POWER SERIES 
OUTSIDE THE CIRCLE OF CONVERGENCE 
SUM FORMULAS - ASYMPTOTIC SERIES 


8.1 — The principal star of a function 


8.1.1 — RADIAL ANALYTIC CONTINUATION 


A function /(z) holomorphic in a region t including the origin 
can be expanded in a power series 


co 
> ae (8.1-1) 
v=0 


having a positive radius of convergence. The identity principle of 
section 2.11.2 asserts that there is only one function holomorphic 
throughout 9 which coincides with the sum of the series (8.1-1) ina 
neighbourhood of the origin. As a consequence the properties of the 
function /(z) are entirely determined by those of the series. The 
function /(z) is called an analytic continuation of the series in the 
region ‘ft. 

Now we consider the largest star-shaped region including the 
interior of the circle of convergence of the series (8.1-1) such that 
there exists a function which is holomorphic throughout this 
region and coincides with the sum of that series inside the circle of 
convergence. A region of this kind is characterized by the property: 
if P is a point of the region then all points of the segment OP belong 
to it. This region is called the principal star of the series (8.1-1) (or 
of the function whose expansion about 0 is given by that series). 

Any half-ray issuing from O either belongs entirely to the principal 
star or there is a point a on it which does not lie in the star, whereas 
all points on the ray nearer to O are included in the star. A point a 
of this kind is called a barrier-point. It is a point of the boundary of 
the principal star. 

Let z ¢ 0 denote a point of the principal star or bea barrier-point. 
A function which is regular at all points between O and z and 
coincides with the sum of the series (8.1-1) in a neighbourhood of 
the origin is termed a radial analytic continuation of the series along 
the segment Oz. 

It 1s not possible to continue the series radially beyond a barrier 

419 
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point. In fact, if we could find a function (z) regular at the barrier 
point z = a and at all points between O and a we could define a 
function g(z) coinciding with /(z) inside the principal star and co- 
inciding with g(z) in the region where y(z) is holomorphic. It is 
understood, of course, that y(z) coincides with f(z) in a neighbour- 
hood of the origin. By taking a sufficiently small circle around a 
we could enlarge the principal star by a convex region, (fig. 8.1-1), 


Fig. 8.1-1. Barrier point 


(which overlaps the principal star) bounded by two tangents from O 
at the circle and a circular arc containing points that are not in- 
cluded in the star, contrary to the definition of the principal star. 


8.1.2 — EXAMPLE OF A PRINCIPAL STAR 


A simple example of a principal star is provided by the geometric 
series 


bE (8.1-2) 
v=0 


this series being convergent for |z| < 1. The point z = 1 is a barrier- 
point. In fact, when z > 1—0 along a line issuing from O the sum of 
the series tends to infinity. Every analytic continuation tends to 
infinity when z— 1, for the function 
ie=— (8.1-3) 
2) = —— .1- 
1—z 
coincides with the sum of the series inside the circle of convergence. 
Hence the principal star is the entire z-plane cut along the half-ray 
on the real axis from 1 to +00, (fig. 8.1-2). 


Fig. 8.1-2. Principal star of the geometric series 


8.2) EXISTENCE OF BARRIER-POINTS 42] 


8.1.3 — BEHAVIOUR OF A SERIES AT A BARRIER-POINT 


It should be noticed that at a barrier-point on the circumference 
of convergence the series need not be divergent. Thus, for instance, 
the series 


co 2g 
x 2 (8.1—4) 
is convergent at z = 1. But the derivative is the series 
oo gv—l 
2 (8.1-5) 


and this tends to infinity when z — 1 from the inside of the circle 
of convergence. The series can be continued in the same star as the 
geometric series and its analytic continuation in the principal star 
can be represented by the function 

[ote ee (8.1-6) 

— log —— F si 

9 oR 
the path of integration being a rectilinear segment Oz where z is not 
a real number = l. 


8.2 — Existence of barrier-points 


8.2.1 — EXISTENCE OF AT LEAST ONE BARRIER-POINT 


It is not possible to continue a power series beyond each point of 
the circumference of convergence, for we can prove: 
The power series 


Dy a2” (8.2-1) 
v=0 


has at least one barrier-point on its circumference of convergence. 
Suppose the contrary is true. It means that there is no barrier- 
point at all on the circumference of convergence |z| = R, where R 
is assumed to be positive. Then we can find a function f(z) holo- 
morphic throughout a region including this circumference. At every 
point z) of the circumference the function f(z) can be expanded as a 
power series in terms of powers of z—2z,, the radius of convergence 
being R(z) > 0. Thus the circumference |z| = R can be covered by 
a system of open circular discs and by the well-known Heine-Borel 
theorem the line |z| = R can be covered by a finite number of discs 
of this kind. The boundary of the region obtained by extending the 
region |z| < F& by the interiors of these discs does not come arbi- 
trarily near to the line |z| = R. Hence we can find a region |z| < R’ 
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with R’ > R, where f(z) is holomorphic. As a consequence, ac- 
cording to section 2.16.1, the Taylor expansion of f(z) about the 
origin has a radius of convergence exceeding R, contrary to the 
assumption made about the series (8.2—1). This proves the assertion. 


8.2.2 — THE PRINGSHEIM-VIVANTI THEOREM 


An interesting corisequence of the previous result is the Prings- 
heim-Vivanti theorem: 

If the radius of convergence of the serves (8.1—-1) ts unity and if all 
coefficients are real non-negative numbers, then z = 11s a barrier-point. 

Suppose that z = 1 is not a barrier-point. Let f(z) denote the sum 
of the series (8.1-1). It is evident that the series 


co 


> = (8) (0-4) (8.2-2) 


v=o V! 
is convergent for |z—4| < R, where Fk is a number exceeding 3. 
Since all the coefficients of the series are non-negative we evidently 
have 
fm(de”)| SAG), m= 0,1,2,.... 


It follows that the series 


lee 

> — f° (de!) (e—4e"")" (8.2-8) 
v=0 V: 

is convergent throughout a region |z—}e"| < R’, where Rk’ = R >}. 

Hence there is no barrier-point on |z| = 1, contrary to the assertion 

of the previous theorem. 


8.2.3 — NATURAL BOUNDARY 


There can be given examples of power series having each point on 
their circumference of convergence as barrier-point. Let us consider 
the series 

© 
32 (8.2—4) 
v=0 
The radius of convergence is 1. We see at once that the sum /(z) of 
this series satisfies the functional equation 


H(z) = 2+f(2?). (8.2-5) 
It follows that 


m— 


a= SPH H et) 


where m is an arbitrary positive integer. The series (8.2—4) is di- 
vergent for z = 1. As a consequence all points 
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z= e”? 
with 
=; ss 12 og BO, 


m being an arbitrary positive integer, are barrier-points. Thus we 
establish the existence of a set of barrier-points which is everywhere 
dense on the circumference of convergence and it follows that it is 
not possible to continue the series beyond any point on this circum- 
ference. In fact, a series can only be continued beyond a point 
which possesses a neighbourhood free from barrier-points. 

An arc consisting merely of barrier-points is called a natural 
boundary. We may state: 

The circumference of convergence of the series (8.2-4) ts a natural 
boundary. 

The principal star of this series is the interior of the circle |z| = 1. 


8.2.4 — LAMBERT’S SERIES 


An alternative example is provided by Lambert’s series 
co gy” 


> 


v=] Lz" 


(8.2-6) 


This series is uniformly convergent throughout any disc |z|<7r<1. 
In fact, |l1—z|" = 1—r” > 1—+r, whenever 0 <r < 1. Hence 


n 


| z 
| 1—2z" 
By virtue of Weierstrass’s theorem of section 2.20.3 the series 


represents a holomorphic function in the region |z| < 1. 


We may write 
gn [oe] 


Se a te I eee (8.2-7) 
]—z" p= 


and the Weierstrass double-series theorem of section 2.20.4 asserts 
that we can find the expansion of the function (8.2—6) in terms of 
powers of z by adding the series on the right of (8.2-7) term-by-term. 
It is easily seen that a term involving 2* occurs from (8.2-7) when 
and only when uv is a divisor of k. Hence if t, denotes the number 
of (positive) divisors of k, 1 and & included, we may write 


foe) gY co 
= => Hues tel << ds (8.2-8) 
v=] | oo i v=] 


The equality (8.2-6) makes it plausible that the point 
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z= e27tP/a (8.2-9) 
where q is any integer > 1 and # a positive integer prime to gq, is a 
barrier-point of the series on the right-hand side of (8.2—8). In fact, 
infinitely many terms of (8.2-6) are infinite at this point. But it 
remains possible that these mutually cancel. The following reason- 
ing, however, makes it clear that this situation does not occur. 
Let f(z) denote the sum of the series (8.26) for |z| < 1. We may 
write 
f(z) = f(z") +8 (2) 
where g(z) involves all terms on the right of (8.2-6) corresponding 
to values of v which are not divisible by g. Let 


gee Hert, Qe xt, (8.2-10) 
and consider the expression 
(1—r) f(z). (8.2—11) 
Since 2? = 7* we have 
l—? 2. 1 


1—7) f(z?) = (1—7) f(7*7) = ———_ ya 
(Nie =0—i= i aa 
tr. & yee | @ 7a i 
Se ee ee Re 


vy” yu=1 yd 7 u=1 - q 


as y > 1. On the other hand, if is not divisible by gq, 


|1—z”|? — [1—r” e2tnv/a/2 
27 
= (l—r")?+27" (1- cos =e) > 4" ai 
q q 
Now we can find an integer 4, such that 
np = h,q-+t 
with 0 <¢< q, whence 
t 
|1—z"|? > 47” sin? — = 47" sin? — 
q 
and we deduce 
lr ‘2 l—r 1+ 4/7 1 
nel) S—— Sh = EV gt 
2sin—" 2(l—4/r)sin— 2sin—  sin— 
q q q 


Thus we see that even the expression (8.2—11) tends to co asry > 1 
and, therefore, the point (8.2-10) is a barrier-point. All points 
(8.2-10) with 7 = 1 constitute a set which is everywhere dense on 
|z] = 1, and we may state: 
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The circumference of convergence of the series 
co 
> $2" 
v=1 


where t, denotes the number of positive divisors of the number n is a 
natural boundary. 


8.3 — The Borel summability of a power series 


8.3.1 — THE BOREL SUM 


The ordinary definition of the sum of a power series 


+ a,2" (8.3-1) 
+=0 
has no meaning for any point z outside the circle of convergence. 
It is possible, however, to give an alternative definition which as- 
sociates uniquely defined values to certain points z outside the 
circle and yields the same values as the ordinary definition when 
applied to the case that z is within the circle of convergence. 
We desire to consider in more detail an interesting method due to 
E. Borel which is closely related to the theory of radial analytic 
continuation. 
To a given series (8.3-1) we associate a series 


(8.3-2) 


u being real. Let a(zu) denote the sum of the series, assuming that 
this sum exists for a certain number of z and all positive values of u. 
Proceeding in a formal way we can evaluate the integral 


Ne ee“ a(zu) du 


0 


(8.3-3) 


and we find 


* aa e* a" du = > a,2”. 

=o vp v=0 
Accordingly, the integral (8.3-3) may be considered as the sum of 
the series (8.3-1) for all those values of z for which the integral has 
a meaning. At these points z the series (8.3-1) is called B,-swmmable 
and the value (8.3-3) is referred to as its B,-sum or Borel-sum. In 
many cases (8.3-3) has also a meaning at certain points outside the 
circle of convergence of (8.3-1). 
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8.3.2 — ILLUSTRATIVE EXAMPLE 


An instructive example is provided by the geometric series. To 
the series 


valid for every positive value of u and every point in the complex 
plane. The integral 


foe) fone) 1 
| e“a(zu)du = | e-U-84 dy = —— 
0 0 1—z 
converges whenever Rez < 1. Hence the geometric series is B,- 
summable throughout the half-plane Rez < 1, (fig. 8.3-1). More 


Fig. 8.3-1. The half plane Rez < 1. 


generally, the series 


2 SH? z, #0, 


v=0 “1 


is B,-summable in the half-plane Re (z/z,) < 1, for in this region 
the integral 


1 fo 1 
sn e**/41e—" dy = 
is convergent. We may also say that this integral is convergent if z 
and the origin lie on the same side of the line L, through z, perpen- 
dicular to the line Oz,. 
If we consider the power series expansion in terms of powers of z 
of the function 
oD 


f(z) = 2X5 ae: z, 490, w=l1,...,m (8.3-4) 
i aS a. 


then the series is B|-summable at a point z, when z and O lie on the 
same side of all lines L,,...,L,,, L, being the line through z, 
perpendicular to Oz,, w= 1,...,m. The region consisting of all 


these points z is the interior of a convex polygon, (fig. 8.3-2), which 
may reduce to an angle, a strip or a half-plane. This is the Borel 


Fig. 8.3-2. The Borel polygon 


polygon of the series representing f(z) in a neighbourhood of the 
origin. 


8.3.3 — THE BOREL POLYGON 


Cauchy’s integral formula, which is a generalization of (8.3-4), 
suggests that there may be a corresponding result for any function 
regular at the origin. Let f(z) be regular at O and let $8 denote the 
principal star of the power series (8.3-1) representing f(z) in a 
neighbourhood of O. We consider the set %, of all points P such 
that the interior of the circle on OP as diameter is included in §, 
(fig. 8.3-3). This set is star-shaped and a subset of $8. In the case of 


Fig. 8.3-3. Definition of the set 8, 


a finite number of barrier-points it is a polygon of the type defined 
in section 8.3.2. 

Borel proved that the integral (8.3-3) is convergent throughout 
the interior of 8, and Phragmén completed this result by showing 
that the integral does not converge at every point inside the com- 
plementary set of 8). The set %, is called the Borel polygon of sum- 
mability of the series (8.3-1). Its boundary does not necessarily 
consist of linear segments of lines. Thus, for instance, when the cir- 


cumference of convergence is a natural boundary, %, coincides with 
the closure of the circle of convergence. 


8.3.4 — SUMMABILITY ALONG A LINE SEGMENT 


We proceed to establish these facts more rigorously. The starting- 
point will be the following theorem: 

Let (8.3-1) be a power series which may or may not have a circle of 
convergence. Suppose that 

(i) there is a value z~0 of z such that the associated series 


Zu)” 
peel (8.3-5) 
v=0 v! 
as convergent for all positive values of u, 
(u) the integral 
(i e“ a(zyu)du, (8.3-6) 


0 

where a(zgu) denotes the sum of the series (8.3-5), is convergent. 

Then the integral (8.3-3) is also convergent at every point of the 
segment OZ». 

Otherwise stated: If the series (8.3-1) is Bj-summable at z = 2, 
then it is also By-summable at z = 0z, with O<¢@<1. 

Since the case # = 0 is trivial, we consider only the values of 
satisfying 0 < # <1. By hypothesis the integral 


I e“ a(zu)du = hi e~" a(dz u)du (8.3-7) 

0 0 
is convergent for # = 1. If we put t= du, s = 9-1, the integral 
becomes 

s[" e-*a (zoe)dt. (8.3-8) 
0 

This integral is a Laplace integral, being convergent for s = 1. 
Hence, on account of the theorem of section 7.15.1 it is also con- 
vergent for s> 1 ie., (8.3-7) is convergent for 0<#@< 1. 

The integral (8.3-8) is also defined for complex values of s and 
represents in the region Res > 1 a holomorphic function y(s). If 
we put s = 2,/z we may consider g(s) as a function h(z) holomorphic 
in the region 


Res 1, (8.3-9) 
z 


The region (8.3-9) is the interior of a circle on Oz, as diameter, 
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(fig. 8.3-4), for the expression on the left of (8.3-9) denotes the 
length of the projection of the segment Oz) upon the line Oz. Hence: 


Fig. 8.3-4. The region Re (z,/z) > 1 


If the serves (8.3—1) 1s B,-summable at z = 29, then it is B,-summable 
at z = Bz, 0 SB <1, and its B,-sum for these values of 2 1s given 
by a function which is holomorphic inside a circle on Oz, as diameter. 


8.3.5 — RADIAL ANALYTIC CONTINUATION 


Let us now assume that the series (8.3-1) has a finite (positive) 
radius R of convergence. Then the series 


co 2 
= a, ! 
v=0 v 


represents an sas function, since 


aa Ml Rave My) Roce (41)! 


Assuming that z is within the circle of convergence we have 
co 2’ wv co a4 yy? oo 
J ($0, t)etau = $a, z| 7 du = Da, 2. 
Vv. v=0 


In fact, the series (8.3-2) is uniformly convergent as regards u in 
the interval 0 < «<4 <w and hence we may reverse the order of 
integration and summation. This will be proved in more detail in 
section 8.4.4. Thus we arrive at the result: 

When the integral 


Prem (5 a oO) au (8.3-10) 


0 


as convergent at z = x, it represents a holomorphic function inside the 
circle on Oz as diameter and it provides an analytic continuation of 
the power series (8.3-1) along the segment Oz,. At every point of this 
segment the series 1s B,-summable. 


8.3.6 — SUMMABILITY INSIDE THE BOREL POLYGON 
Let 2) be any point of the principal star of the series (8.3-1) such 


that the region Re (z/z)) < 1 is included in the star. The set of all 
these points constitutes the Borel polygon Q,. 

It is easy to see that the integral (8.3-6) cannot be convergent at 
a point 2) outside %,, for then the circle on Oz, as diameter contains 
at least one barrier-point in its interior. 

The analytic continuation of the series (8.3-1) be denoted by f(z). 
We wish to prove that at every point in the interior of 8, the integral 


i e—" f(zu)du (8.3-11) 
0 
is convergent. The argument is taken from the observation that the 
function 1/(1—z) can be represented as 


i = Me e*e"du, Rez<1. (8.3-12) 

oz 4 

Let P, representing the number z, denote an inner point of 8,. We 
describe a circle C on OP as diameter. Since P is in the principal star 
the function f(z) is also regular at a point P’ beyond P on the line OP 
sufficiently near to P and we may describe a slightly larger contour 
C’ intersecting the line OP at P’ and still included in the star. A con- 
tour of this kind may be constructed as follows. If Q is a point on the 
circle C we enlarge the segment OQ by a small segment QQ’= PP’=n 
beyond OQ. We then find an arc that may be completed to a closed 
curve by asemi-circle of radius 7 around O, (fig. 8.3-5). Let ¢ denote 


Fig. 8.3-5. The path C’ 


a point on C’. When ¢ ison the semi-circle then evidently Re (z/£) <0. 
If ¢ is on the first part of the contour C’ then we have, if y denotes 
the angle between Oz and O€, 


z |2l 0Q 0Q o) 7) 
ig * OO" Con, 00-+y =  OP+n 


C 


where 6 is a positive number. Hence we have along C’ 
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Re- 2X, (8.3-13) 
Since /(z) is regular at each point of C’ we have on account of 
(8.3-12) and Cauchy’s integral formula 
1 
1 (1) He) 4 


LP orale oe Beene 


C J e—" e24/2 dy, 

0 
the last integral being convergent by virtue of (8.3-13). In section 
8.4.6 we shall prove that the reversal of the order of integrations is 
justified. And so we conclude that 

oo 1 f(¢) foe) 1 oo i(f) 2 

z)=] e “du — | ——-e* dt =] e“du— 
i(@) | 270 | C : | al 2 Cret pt 
But we may contract C’ inside the circle of convergence of the series 
(8.3-1). Because the series occurring in the second integral of the 
last member is uniformly convergent on C’ we may reverse the order 
of integration and summation and we finally have 


{2)= a e—“du alee i(¢) aC = * e“du D3 a, = 


Thus we see that the series (8.3-1) is B,-summable at each point 
inside %,, its B,-sum being /(z). 


8.4 — The Mittag-Leffler summability of a power series 


8.4.1 — INTRODUCTION 


An important argument in establishing Borel’s result concerning 
the summability of a power series is the fact that the function 
1/(1—z) can be represented by an infinite integral (8.3-12). Mittag- 
Leffler observed that there is a more general representation, viz., 


(8.4-1) 


valid throughout any region Re z!/* << 1, where E, (z) is the function 
introduced in section 6.13.1. In this section we restrict the consi- 
derations to the most important case « < 2. 

The region of convergence is bounded by the curve 


6 
reos*—=1, —thon <0 < fan, 
x 


and it includes the origin. When « < 1 it has some resemblence to 
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a hyperbola, when « = 1 it is a straight line and when « = 2 it is 
a parabola, (fig. 8.4-1). 


Fig. 8.4-1. Regions of convergence for the integral (8.4—1) 


The region of convergence tends to the principal star of the geo- 


metric series > z” if a tends to zero. 


v=0 


8.4.2 — THE MITTAG-LEFFLER SUM 


It is natural to extend Borel’s method in the following way. Con- 
sider the series 


(8.4-2) 


If this series is convergent for all positive values of u when z is a 
suitably chosen number and if also the integral 


i e~“ a(zu*)du 


} (8.4-3) 


is convergent, a(zu*) being the sum of the series (8.4-2), then the 
value of (8.4-3) is called the Mittag-Leffler sum or the B,-sum of 
the series (8.3-1) at the given point z. For « = 1 it reduces to the 
Borel-sum considered in the previous section. 


8.4.3 — SUMMABILITY ALONG A LINE SEGMENT 


The following theorem is an easy extension of the theorem of 
section 8.3.4. 

Let (8.3-1) be a power series which may or may not have a circle of 
convergence. Suppose that 

(i) there 1s a value of 2% 40 such that the associated series 


8.4] THE MITTAG-LEFFLER SUMMABILITY OF A POWER SERIES 433 


~ (Zp “*)” 
a 8.44 
x Tata) et) 
ts convergent for all positive values of u, 
(ii) the integral 
i eo“ a(zyur)du (8.4-5) 


0 
where a(z,u*) denotes the sum of the series (8.4-4) 1s convergent. 
Then the integral 
* e“ a(zu*)du (8.4-6) 
0 
is also convergent at every point z of the segment O2zp. 
Let z = 0%, 0 < 8 <1, the case & = 0 being of no interest. The 
integral 
- e“ a(zu*)du = i. e-* a(Pzyu*)du (8.4-7) 
0 0 
is convergent for # = 1, by hypothesis. Upon putting = #u?, 
s = #-'/* the integral (8.4-7) can be written as a Laplace-integral 
s i e-*' a(zyt*)dé, (8.4-8) 
0 
this integral being convergent for s = 1 and hence also for s = 1. 
This proves the assertion. 


If s is considered as a complex variable then the integral (8.4-8) 
represents a holomorphic function g(s) in the region Res > 1. If 


we write 
Zo 1/a 
s={— 
Zz 


the function p(s) may be considered as a function /(z) holomorphic 
throughout the set 


Re (**) oe (8.4-9) 
When z = #2), 0 < # < 1, this function coincides with the integral 
(8.4-6). 
The set (8.4-9) consists of many parts. We consider only the 
region defined by (8.4-9) and the additional inequality 
fan < arg? < Jun 


where « is assumed to be a number satisfying 0 < « < 2. This 
region is bounded by the curve 
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KL cost» P —tan Sy S tan, (8.4-10) 
ie 
where y is the angle between Oz and O29, 7 = |2|, 79 = |2o|, (fig. 8.4-2). 
The segment Oz, will be called the diameter of the curve. 


Z 


0 


Fig. 8.4-2. The curve (8.410) 


Summing up we have: 

If the series (8.3—-1) 1s B,-summable at z = Zo, it is B,-summable at 
z= 02,0 S80 S11, and its B,-sum for these values of z is given by a 
function which 1s holomorphic in. the region 


¥a\e* z 
Re (**) >.., —thon < arg < dan, (8.4-11) 
z z 
including the inner points of the segment O2p. 


8.4.4 — RADIAL ANALYTIC CONTINUATION 


Next we suppose that the series (8.3-1) has a positive radius of 
convergence. Then the series 
y ie (8.4-12) 
v=0 i (1+ar) 
is an integral function, since by virtue of (4.9-3) 
T(l+an) = (an)2"* 4/27 em(an)—an, 


where (an) + 0 as nm —> oo, and so 
li y Hs 
im sup |/ ————~ = 
eo | Pthon) 


co zuX~ v 

Sa, 

=o L(1+ar) 
is uniformly convergent as regards w in the interval OS uSa. 
Hence 


Now the series 


(8.4-13) 


o e-uyxr 


e-¥ oo v 
. ay (l--av iu = S02 pe 
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But the series on the right is uniformly convergent as regards w, for 
w an co u*” 
e-“ ———__ du<.}]  e~* ————_ di, 
| I (1+) | [I (1+an) 
and we can, therefore, make w —> oo, provided that z is in the circle 
of convergence. This leads to the result 


=5 (zu)? mee fre fo) 5 
I" e (So T (ihe) du PR 

Thus we have established the theorem: 

When the integral 
fore) oe" (et) 
Pa, T(1+ar) 
is convergent at z = Z, it represents a holomorphic function in thr 
vegion (8.4-11) and it provides an analytic continuation of the powee 
series (8.3-1) along the segment Oz). At every potnt of this segment the 
series 1s B,-summable. 

Let Zz) denote any point of the principal star of the power series 
(8.3-1) such that the region (8.4~11) is included in the star. The set 
of all these points z) is a star-shaped domain which we denote by 
%,. It reduces to the Borel polygon for « = 1. 

It follows at once from this definition that the integral (8.4-14) 
does not converge outside %,, for in the contrary case we could find 
a region of the type (8.4-11) containing at least one barrier-point. 


(8.4-14) 


8.4.5 — THE CASE OF A GEOMETRIC SERIES 


We consider in particular the geometric series. The corresponding 
integral (8.4~-3) is 


[eS a 


It follows from the ae te properties of £,(z) established in 
section 6.13.3 that this integral is convergent whenever Re z¥/* < 1 
and hence it represents the function 1/(1—z) throughout this region. 
In fact, within the region —4an < arg z < daz the function E, (z) 
behaves like exp z'/* for large values of |z| and elsewhere it tends to 
zero. It is easy to see that the region of convergence is the interior 
of the domain %, for the geometric series, (fig. 8.43). 

This result can also be put in an alternative form which is interest- 
ing from the point of view of the Laplace integral. Assuming 2 real 
we can replace u by st, where s*z = 1 and s also real. An easy com- 


ATE aay = ies e" EB (zu*)du. (8.4-15) 


, 436 SUMMABILITY OF POWER SERIES [8 


Fig. 8.4-3. The region of convergence for the integral (8.4-15) 


putation yields 


Se 00 
=4= s| eE,(*)dt, Res>1, — (8.4-16) 


both sides being holomorphic in the indicated region. 


8.4.6 — SUMMABILITY INSIDE THE DOMAIN % 


a 


Now we are sufficiently prepared to complete the solution of the 
problem under consideration. Let f(z) denote the analytic continua- 
tion of the power series (8.3-1) throughout its principal star. We 
wish to show that the integral 


Sa e~“a(zu*)du (8.4-17) 
0 
is convergent throughout the interior of 8,. Let P denote an inner 
point of %,. If @ denotes the distance from O to a point Q and y 
the angle between OP and OQ, the set of all points characterized by 


e=rcos*y/a, —fanSy S han, (8.4-18) 


is a curve encompassing a region included in the principal star and 
/(2) is holomorphic in this region. Since there are points of 8, beyond 
P on the line OP in the interior, the function f(z) is also regular on a 
slightly larger contour C’ intersecting the line OP at P’. A contour 
of this kind may be constructed as follows. If Q is a point of the curve 
(8.4-18) we enlarge OQ by a small segment QQ’ = PP’ = n beyond 
OQ. We then find an are which may be completed to a closed loop by 
an arc of a circle of radius 7 about O, (fig. 8.44). If ¢ is on the 
circular part then evidently Re (z/¢)/* < 1. If ¢ is on the first part 
we have 


Zz ee. |z|2/2 y es (ey =( 0Q )" 
re (=) ~ (epee N09) ~ \O9+n 
( n in ( 1/a 
= |1— =lI— = 1—46, 
OQ+n) ae 
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Fig. 8.4-4. The path C’ 


where 6 is a positive number. Hence, everywhere on C’ 
Zz 1ja 
Re (=) <I; (8.4-19) 


On account of the expression (8.4-15) for the function 1/(1—z) and 
by virtue of Cauchy’s integral formula we get 


j=) a = je at \"e “ECS “) du, 


the infinite integral being convergent by virtue of (8.4-19). 
Reversing the order of integration we find 


fe) = J end wn) Me, = ; -) dt. 


But it is legitimate to contract the contour C” inside the circle of 
convergence of the series. We then have 


[etal | $10 oA 
={"e du "slr ma 
=! = Der ae way] Bae =!" e 2 rate) 


Thus we see that the series (8.3-1) is B,-summable throughout 
the interior of %,, its B,-sum being /(z). 

It remains to justify the reversal of the order of integration. The 
general theorem of section 2.20.6 is not applicable, for f(z)/z is 
not necessarily regular at z = 0. We can proceed, however, in the 
following way. The starting at is the expression 


al I Nat o 3 "eg, (*F) au} ae 


C’ being the contour described above. We may write this as 
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Bf ag re ne Sa, 


where C’ now denotes a small circle around the origin. The last 
integral can be transformed into 
1 fe 4 
2 tie) THO a (““) at 
2711 9 ae C 
(zu~)” 7) Cc a (zu~)” 
=| e“du Pian” 2 Me ies = 
=!" > lS crt T'(1--ay) (1--ay ¢ | ® 2 TD (1-+ay) 


Hence, C’ being again the nae contour, 


au. 


fe) =I" e" a(zu* aut = J 1) dl ere aad oe = : “) au} a, 


where a(zu*) is the sum of the series (8.4-2). Taking account of 
1 1 % 
ee | eee: (* du 
C =e C 0 € 
we find 


i2)= E e—“a(zu*)du+ _ | a e*E., (=) au} i act 


C’ ‘aw 


and letting w — oo we obtain the desired result. 


8.5 — Plana’s sum formula 


8.5.1 — A GENERAL SUM FORMULA 


We already encountered in section 3.7.2 the problem of summing a 
series of the form 


> f() (8.5-1) 


in connection with Cauchy’s residue theorem. It is our aim to study 
this problem again in more detail. 

We assume that /(z) is holomorphic throughout a region which 
includes a rectangle C with vertices atiw, b+iw, a < b, a and 6 
being integers. Let C, denote the rectangle indented at z = a and 
z = b by semi-circles of radius e such that a and 6 are outside the 
contour, (fig. 8.5-1). On account of the considerations of section 3.7.3 


we have 
b-1 1 
2S } actn xt f(f)d¢ (8.5-2) 
v=at1 hc. 


C, being traversed in the counter-clockwise sense. Since /(z) is as- 
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sumed to be regular at z = a we have in a small neighbourhood of 
z=a 


Fig. 8.5-1. Path of integration for the derivation of Plana’s sum formula 


netn nef) =) 4 9(2), 


g(z) being regular at z = a. Integrating this along the semi-circular 
part with center a we get 


. (-i , 
if" (a)d0-+44(0) = —ai f(a) +-xa(0), 
$x 
where y,(@) tends to zero as 9g 0. A similar result holds in the 
neighbourhood of the point 0d. 
When C¥ denotes the path obtained from C, by deleting the 
semi-circular parts, we evidently have 


(8.5-3) 
[actn xt f(C)d¢ = | xctn xf f(C)dt—ni f(a) —mi f(b) +-7a(0)+20(0). 
Co Co 
Now we may define [ as lim Is It is easy to show that this 


Gc ee 
limit reduces to the integral in the ordinary sense, should the inte- 
grand be regular at z =a and z= 0. 
Letting @ +0 we deduce from (8.5-2) and (8.5-3) 


E10) = We) +40)+ 5 metnat Hae. (8.5-8) 


As we shall see presently it will be convenient to treat the upper 
and the lower part of the rectangle C separately. By C’ we denote 
the upper half of C and by C” the lower half, both parts described 
from @ to 6, 1.e., C= —C’+C”. We introduce a function p(z) which 
is defined as 


21 

ctn mwz+4 = l—e_2is ; when Im z > 0, 
—e_ 

ctn 2z—71 = ————_,, when Imz < 0. 


e27tz__] ? 
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By virtue of Cauchy’s integral theorem the following equations hold: 
frac = frac = [” peat. (8.5-6) 
C’ ” a 
Hence we may replace ed by 
S/o) = He) UO +! Hat = [vere ae. 5-7) 
This formula will be the starting-point for further developments. 


8.5.2 — PLANA’S SUM FORMULA 
Next we suppose that f(z) satisfies the following conditions: 
(i) f(z) is holomorphic in a region including the strip 

asxz<b, where x = Rez; (8.5-8) 
(ii) when y = Imz tends to infinity then 

e-lul #(atiy) > 0, (8.5—-9) 
uniformly inaS2z<b. 

It is readily seen that the contributions to the last integral 


occurring in (8.5-7) from the horizontal parts of C tend to zero as 
w —> oo. An easy computation yields 


Sie) = Hle)+H0)+ ["7a+-00)—Ol@) (65-10) 
where 


g@-—) wie dy. (8.5-11) 


10 


Assuming, in particular, that Q(b) > 0, /(6) > 0 as 6 > oo, and 
that the first integral on the right of (8.5-10) converges as b > 0 
(it being understood that the conditions (i) and (ji) remain valid 
for every positive integral value of 0), we obtain Plana’s sum formula 


1) = Yla)+[P/Ma—-Ol@).|—(@5-12) 


a 


8.5.3 — APPLICATION TO THE RIEMANN ZETA FUNCTION 


We wish to illustrate Plana’s sum formula in the following 
example. For the function f(z) we take 
f(z) = z-* = exp (—s log 2). (8.5-13) 
Then 
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/(x+1y) = exp {—s log (w4+iy)} =exp {-s log Vx2+y2 —ts arctan Y| 


= (a2 y2) {cos (s arc tan ¥) —7 sin (s arctan ¥)}, 
z 


whence 


Q(x) = —2 ‘a (a?+-y?)# sin ( arctan ¥) “y 
0 


x) ev] 


Now, assuming Res > 1, 


co foe) 1 
| f (tat zai dt = aE 
1 1 
Hence /(x) = x-* > 0 as > 0. 
Anticipating the result Q(x) + 0 as 2 — oo we may apply Plana’s 
sum formula by taking a=1, for the conditions (i) and (ii) are 
easily verified for every positive value of b. 
We find the following expression for the Riemann zeta function, 
due to Jensen, 


dy 
e2tv__] 


C(s)=3+ — +2 ime +-y?)~# sin (sarctan y) (8.5-14) 
0 


It remains to study the behaviour of Q (2) when x tends to infinity. 
Assuming x > 0, we have for all y> 0 


0< arctan & < $n. 
x 


Now |sin (s arctan y/z)| is bounded and the same is true for 


sin (s arctan #) | 
x 


|s| arctan z 
x 


By writing ° = ib + | * we find, assuming o = Res > 0, 
0 0 1 


|s| arctan 2 
x oo jo YY 
a vt 28 | Cs Neher emia 
<a 1 


Quy e27y __ 1 


1O(a)| S24 J (a2-+y2)-4 


‘ ( ; |s| arctan = i 
x co 

<—|A | ———dy+ B j 

2? J e2tv__] yr J e27y__] 


where A and B are suitably chosen constants (depending on s), the 
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integrals being convergent. Thus we confirm that Q(%) >0 as 
z—> +o. 

It is not difficult to show that the integral on the right of (8.5-14) 
is holomorphic throughout the entire s-plane. It may, therefore, 
serve to define ¢(s) everywhere except at s = 1. 

On taking s = 0 we find at once 


c(0) = —4. (8.5-15) 
Further, taking account of (4.9-30) 
dy 


1 y 
ta leer ee Si aeci 7 Con 
because of 
‘ y 
sin arctan y = ————., 
Vi+y 


Finally, differentiating with respect to s, making s = 0 and using 
(4.9-28) 


, carctan y 
v0) = 2 


dy—1 = —log \/2x.  (8.5-17) 


These results were obtained in a different way in the sections 7.9.3 
and 7.9.4. 
8.5.4 — ADDITIONAL REMARKS 


The formulas (4.9-28) and (4.9-30) used previously can also 
easily be deduced by means of the general sum formula (8.5-10). 
Take first the function 


(2) = log z = log »/z?+y? + 7 arctan 2. 
Then 


and evidently Q(z) ->0 as x> oo. By taking a=1, b=n in 
(8.5-10) we get 


log n! = Flog n + J" log t dt-+Q(n)—Q(1) 
1 
= (n+4) logn — n+1—Q(1)+Q(n). 
By Stirling’s theorem of section 4.7.4 
log n! = (n+4) log n — n + log V 20 + u(n), 
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where u(”) tends to zero as m —> oo. And so 

eo seve y 

—9q) =1-2]"° 


Secondly we take 


7 = log / 22. 
1 7 1y 


z @ty? arty? 


|e 
aie aoe re i: 
0 y? 


Since Q(x) > 0 as 2 -> 00, we easily find 


whence 


ay 
y = lim (145 +.. +5 — teen) = 442!" ity? wy’ 


the desired result. 


8.6 — The Euler-Maclaurin sum formula 


8.6.1 — STATEMENT AND PROOF OF THE FORMULA 
Let us introduce the function 


1 : 
q(@, y) = 5. {f(e+ty) —f(e—2y)}. (8.6-1) 
The integral (8.5-11) representing Q(x) can be written as 
q(x, ”) 
(x) =2]" we (8.6-2) 


We can expand q(x, y) in a series of Maclaurin in terms of powers 

of y. Observing that 
giae{e 0) = 0 
and 
g*0(x, y) = $(—1) FD (hay) +f (iy), 
the differentiation of y) being understood with respect to 
y, we readily find 
_ Spee 


the remainder being 


fOP—D) (2) +-Gonsa (%, Y), (8.6-3) 


Jon+1 (%, Y) 
(ryt it 


a “Soar e (1—u)?” {72% +0 (iy) + fe") (2 —tyu)} du. 


(3.6-4) 
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Recalling the expression (4.8-38) for Bernoulli’s numbers 


2k e2"7__] y 
we get 
n B " 
as eg (“1 ih? @)+Rale) (8.6-5) 
with , 
jaar" fone) ay, (8.6-6) 


Inserting this into the general sum formula (8.5—-10) and assuming 
that the conditions (i) and (11) of section 8.5.2 are satisfied, we obtain 
the famous Euler-Maclaurin sum formula 


b 


> fo) =H +HO)+4) feat 


v=a 


at Hf (6) f(a) 4 Re(b)—K, (a); 

(2v)! 

This formula is all-important in analysis, in particular in number 
theory. In subsequent sections we shall discuss some illustrative 
examples. 


(8.6-7) 


+3(- 


8.6.2 — APPLICATION TO THE EULER CONSTANT 


First we consider the function 


1 
ake 
Since /(*)(z) = (—1)*k!z-*-1, we find taking a = 1 
ae | 4 1 hele 
v=] V a 2 " 2b °8 
‘ Bes <4 P B (8.6—8) 
“> », ea 1)" Joy (1)? = +, (6)—,(1). 

v=1 2v 6° v=1 v 


As we shall see presently R,,(b) + 0 as b - oo. Then we deduce 
from (8.6—8) 


y = lim (S —— tog) = 4— Pa —1) 


b> co \v=1 


Bs, 
2y 


—R,(1). (8.6-9) 
Hence (8.6—-8) may be written in the form 


= 5 ee ny een yr Ba» I R,,(b).  (8.6-10) 
= patie JOR OF = — — — — : 
r y=] V S 2b 2 ( 2v 62” nl 
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For 6 = 1 this expression reduces to (8.6-9). 
In the case under consideration it is an easy matter to find an 
estimate for |R,,(2)|. In fact 
2n-+-1)! 2n-+1)! 
[f29+D (atiy)| = n+l)! (2n+1)! ; 
(a2-y2) "+1 y2nt2 


provided that y > 0. Hence 


yentt pt yond 
onta (%, Y)| < (2n+1) al (l—u)?"du = ae 
0 
and so 
B 1 
R Qn+2 
| n()| ies 2n+2 22"+2 


Thus we see that R,(x) 0 as 2-0. The real part of 
z-*n-2 is essentially positive whenever x> 0, for arg 2-2"-2? — 
(arg z)/(22-+-2). This leads to the conclusion that the sign of the 


integrand in (8.6—4) is that of (—1)?"+1 = —1 and we may, there- 
fore, write 
R,,(x) = (—1) 19 Dante : 0<6<1. (8.6-11) 
. QWn-+Q g2n+2” : 


Inserting (8.6-11) into (8.6-10) we obtain the following expres- 
sion for the Euler constant 
(8.6-12) 


1 


Banta 1 
2b an-+2 


2n+-2 b2n+2- 


> n By a 
i, aes, 1s; ae a (ges Se oe mY AT. 
y 25 og 2 | ) om jo t ( ) 


In particular, taking ) = 1, 


1 B, By, Bon Bonse 
5 et a a Sa ROR oh sg yng aE 
Hat gg ee ge ee on +2 


(8.6-13) 


8.6.3 — VALUE OF B,,, FOR LARGE VALUES OF 


The series on the right of (8.6-12) or (8.6-13) are not convergent 
as ” —> oO, since the general term does not tend to zero. In fact, in 
view of (7.7-8) we have 


2 


— 2n). 8.6-14 
(2n)1 (anyen 9") Peary 
Hence 
«42 2n 
B — —...— 8.6—-15 
an => 27% 22 27 ( ) 


and the number of factors exceeding two on the right of (8.6—-15) 
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tends to infinity as ” — oo. Hence also B,,/2m tends to infinity. 
The magnitude of B,, for large values of can be estimated on 
applying Stirling’s formula (4.7-21) taking account of 


lim ¢(n) = 1. (8.6-16) 


n-—>oo 


This latter statement follows at once from 


' og i 1 2a dx a 1 , 
<C(") = Iam apt et J (42)" acme Le : 


An easy calculation yields from (8.6—-14) 


(8.6-17) 
8.6.4 — SEMI-CONVERGENT SERIES 
It is well-known that the alternating series 
ce n 
> (—1)’c, = > (—1)’c,+7,, (8.6-18) 
v=0 v=0 
is convergent when the numbers Cp, c,,... are all positive and de- 


crease monotonously to zero. The remainder 7, can be written as 


(<1)? 04 = Ca (Cn4a—Cn+3) — (Cn44—Cn+5)—- o* 
= (Cn4ti—n+2) “ (Cn43—Cn+4) a sis 
Hence 
0< (—1)""'7, < Cyt 


We can look upon this result as follows. If we approximate the 
sum of the series (8.6-18) by means of a partial sum of terms, the 
error turns out to be alternating in sign, its sign being that of the first 
omitted term and its value being numerically less than that term. 

The last property holds also for the divergent series (8.6-12) and 
(8.6-13). Series of this kind are called semi-convergent. More pre- 
cisely: A divergent series (8.6-18) where Co, c,,... are positive, is 
called semt-convergent to a number c if 


n 


%, =c— > (—1)’c, 


v=0 
has the sign of (—1)"*1 and is numerically less than c,,,. It should 
be noticed that the number c is not uniquely determined by the 
series. In many cases a semi-convergent series is a very useful 
tool in numerical computations. 


_ “T° ”””DDDLUUU Ue ene Ss sa 


8.7 — Stirling’s series 


8.7.1 — EXPANSION OF BINET’S FUNCTION 
We wish to apply the Euler-Maclaurin formula to the function 


f(z) = log (ze) (8.7-1) 


where c is a real number > —1. Since 


k—1)! 
pm) = (ys EE, 


we readily find, } being a positive integer, 


RO, 


> log (v-tc) = 4 log (1+c) + 4 log (6+c)—(1+c) log (1+c) 
+ (b+c) log (b-+¢)-+ (1+¢)— (6-+¢) 


(= Lye 1 ] 
si rae (2y—1)2y (aes a (1+c)?-1 


Observing that 
b 
log T'(b+c+1) = > log (y+c) + log '(1+c) 


)+R,(6)—R,(0). 


v=1 
and putting s = b-+c, we get (8.7-2) 
Lyte. 1 
1 —_ oy 2v 
log ['(s+1) = (s+4) log s—s+C(c (+ 3 @—l)ay sea +R,,(d), 


where C(c) includes all terms not involving 8, i.e., 


C(c) = log P'(1-+c)—(c+4) log (1++c) 
n (_1)-1B . 1 
a Beans (Ifo)? 
By arguments similar to those used in section 8.6.3 we have 
R, (a) 4 (—1)"6 Bons 1 ' 
(2n+1)(2n+2) (+c) 2"+1 
Hence, letting 6 — 
log I'(s+-1)—(s+4) logst+s—+>C(c), ass—+oo. (8.7-4) 
From Stirling’s theorem (section 4.9.2) we deduce 
C(c) = log »/2z. 
Thus we obtain the following expansion for Binet’s function 
(8.7-5) 


—R,(1).  (8.7-3) 


OO), aS 0: 


po)= 3S 


v1 (2v—1)2y 52-1 


Bon+2 1 
(2n-+-1) (2n+2) s?"*t 


+(—1)"6 


, SUMMABILITY OF POWER SERIES — [8 . 


where s is assumed to be positive and 6 a number between 0 and 1. 
The series on the right is known as Stirling’s series. 
Taking s = 1 we find 


Ban 
1-2 ae (2n— ln 
1 n+1 9 Bante 
(=1) (n-F1) (2n42)’ (8.7-6) 


the series on the right being semi-convergent to log +/2z. 


8.7.2 — ALTERNATIVE METHOD 


An alternative method for obtaining Stirling’s series starts from 
Binet’s first integral (4.9-21) for the function u(z). We recall the 
expansion (4.9-23), viz 


( 1 1 i 4 1 = ee 1 gase 
eal <2) 2/4 i P+422 22° iSi-7) 
Now, assuming u > 0, v > 0, 
1 1 U ul u" 
oo ee oh, gat —1)"9 8.7-8 
utv ov at wit vu" ar yet ( ) 
where 
= 1 
~ 1+u/v 


is between 0 and 1. aie u = t?, v = 44°77? we may write the right- 
hand side of (8.7-7) a 

‘ = eee 2(—1)"B(A, 2) i" 

onl jm] (2Az)?” a (2Az)2"+2 
n 2(—1)?-1 427-2 2(—1)"0(t) 22" 
_ $2(-1) 2») 4 2(= "(0 
et (220)?” (2Am)2"+2 
where O(¢) is also between 0 and 1. 
With reference to (7.7-8) this result can be put into the form 


em. (2) Be, se - Banta. ae 
2 (2v)! Oe a) Q@n+2)1° 


Multiplying by e~* and integrating from 0 to 00, we again have 
* (—1)1B,, 1 


S, (21) 2y 1 


n(s) = +R, (8) (8.7-9) 


with 
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Bon+2 7 
R,(s) = (—1)" arate e-9(t)12 at 


and 
Bonie 1 
(2n-+-1) (2n+-2) s2+1’ 


B co 
R 2n+2 —st {2 dt = 


in accordance with (8.7-5). 


8.8 — The Bernoullian polynomials 
8.8.1 — DEFINITION 


The Euler-Maclaurin sum formula has been derived under rather 
severe restrictions imposed on the function /(z), which could easily 
be verified, however, in the examples given before. It is our aim 
to obtain the same formula under weaker assumptions. This will be 
made possible by using certain polynomials which shall be defined 
first. 

From (2.17-19) we deduce the expansion 

v-1 
w+ > 3 ee (8.8-1) 


v=1 2y) ! : 


Now we consider the more general expansion 


(8.8-2) 


the series on the right of (8.8—1) and (8.8-2) being convergent when- 
ever |¢| < 2m. The expansion (8.8-2) reduces to (8.8-1) for x = 0. 
It defines the functions 

Bi (2), BylS) yas 


of the real variable x uniquely. 
Taking = 1 we get 


tet —t oT) BS 
Te er a Nae 1+4é+ > aa (1 a . (8.83) 
Hence 
Boy (0) = Bon(1) = (—1)"*Ban, n=l, (8.8-4) 
Bont1(0) = Bonti(1) = 9, n=l, (8.8-5) 
whereas 
B,(0) = —3, ~=—-B, (1) = 3. (8.8-6) 


Writing (8.8-2) as 
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ER (4 BO) ELE 


»=0 y! 


and equating coefficients, we find 


B,(«) =2%+ (7) B,(0)a"-1 + (3) B,(0)a"-*-+...+B,(0),| (8.8-7) 
which may be written symbolically as 
B, (x) = (B+2)", (8.8-8) 


agreeing on 
Bi gk == ib (ig, 
For z = 1 we find recurrence formulas for the Bernoullian numbers. 
It is plain that (8.8-2) can be written symbolically as 
te? 
e'—1 


= e(B+a)t, (8.8-9) 


From (8.8-7) follows that the functions B,,(”) are polynomials of 
degree . They are called Bernoullian polynomials. 


8.8.2 — FUNCTIONAL RELATIONS 


The polynomials 5,(x) have some remarkable properties which 
are easy consequences of their definition by means of the generating 
function on the left of (8.8-2). 

The identity 

pereth? ger 


e—l  et—l 


= tert, (8.8-10) 


or symbolically 


B ar: se 
e(B+a2+1)t__e(B+a)t — fort, 


implies the fundamental relation 
B, (¢+-1) —B, (x) = na"—, n=l. (8.8-11) 


Differentiating (8.8-2) with respect to x we find 
2 ett fore) B’ y(& B,(z) 


v 
el v=] yl 


A 5 
t+ Bo Fol) pts 
v=] =. 


and equating coefficients 


B,(z) = nB,,4(2), n=l, (8.8-12) 


where we have to interpret By(%) as being identically equal to 1. 
Hence ; 


Bria(1)—By4a (0) 


f° Byeejde = [Bede = 
eet = ay) ntl =, n+1 


0 
and so, taking account of (8.8-4) and (8.8-5), 


1 
[" B, (a)dx = 0, n=1. (8.8-13) 


Finally, observing that 
te**+tell*)* cosh (x—}4)é 


e—1  sinhdt# ” 
te**—te4-*)* — sinh (w—4)t 
e'—1 —_ sinh ## 


are even and odd functions of ¢ respectively, we have 


(8.8-14) 


BG) = By) =... 0. (8.8-15) 


8.9 — The associate periodic functions 


8.9.1 — DEFINITION 

In many cases it is convenient to introduce certain periodic func- 
tions which coincide with the Bernoullian polynomials in the inter- 
val 0 [«% <1 up to a multiplicative constant. More precisely: 

By the associate periodic functions are understood the functions 


(8.9-1) 


for 0S 2% <1 and with period 1. 

It follows that the functions P,,(z) are continuous for all x if 
nm > 1, whereas P,(%) has a jump —1 for every integral value of z. 
Evidently 

P,(x) = x—[a]—4 (8.9-2) 
is the same function as considered in section 4.9.1. 
According to (8.8-12) the function P,,(x) satisfies the relation 


P,, (12) = P,,_4 (2) (8.9-3) 


except for 7 = 1 when z is an integer. 
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8.9.2 — ALTERNATIVE PROOF OF THE EULER-MACLAURIN SUM 
FORMULA 


Let f(x) denote a real or complex function of the real variable zx. 
We assume the existence and continuity for all derivatives which 
occur in the sequel for z = a, where a is any integer. 

We are already in possession of the Euler sum formula (7.9-5) 
having the remainder 


I) ” Pi (ws) f’ (u)du. (8.9-4) 


In view of (8.9-3) we have 

{Pe (u) #2? (uw) }! = Pra (4) f°? (u) +P, (u) fu). (8.9-5) 
Hence, when & = 2, 
[Pea (we) f° (u)du=P, (b)#* (b) —P, (a)f#*Y (a) — |°Py (ee) f (uw) de 


a 


(0) {f° (6) 7 (a)} — [" Py) f(u)du. (8.96) 


a 


Multiplying the first and the last member by (—1)*, we get from 
(7.9-5), taking account of (8.8-4), by ne successively the ex- 
pressions eg a: to fil, 2,435, %, 


Ste) = He 44+] 100 
1/18 (8.9-7) 
ad 53 — {f2”—D (5) —f°-D (a)}+R,, 
with 
Ry = [° Panga (tt) {2"*0 (u)du. (8.9-8) 


This is again the Euler-Maclaurin sum formula with an alternative 
expression for the remainder. 


8.9.3 — THE GENERAL STIRLING THEOREM 

In a similar way we can also derive a general expression for 
Binet’s function y(z), starting from (4.9-7). Upon integration by 
parts we get 


oP, (u) Rated P..41(0) Lk ‘y P41 (u) 
9 «6 (z-+4)* or o (z+) 
Hence, taking successively k = 1, 2,... we find after 2n steps 


- (—1)’" B,, 1 


ue) => (8.9-9) 


2, (2v—1)2y 22-1 


in accordance with the expressions found previously, but now ex- 
tended to the case of complex values of z. As in section 4.9.2 we have, 
putting z = re”, 

pe iP u P u 
\ 2n-+1 ( ) du < sec27+1 10 |” | 2n-+1 ( )| u 
5 (z-+u)ent (ru) 


Hence the last term of (8.9-8) is O(|z|-2"-") as z — oo, provided that 
arg z does not come arbitrarily near to --z. This is Stirling’s theorem 
in its most general form. 


8.9.4 — FOURIER EXPANSIONS OF THE ASSOCIATE FUNCTIONS 


On applying the residue theorem it is not difficult to obtain 
Fourier expansions of the associate functions. We consider the func- 
tion 


Phase, US ees 1} (8.9-10) 


where n is an integer > 0. Its poles are at z = 0, +2m1, +471,.... 
Evidently P,,(s) is the residue of the function at the origin. The 
function e**/(e7—1) is bounded on the perimeter of a rectangle 
C,, whose vertices are +7-+ (27+1)zt, r being a positive integer. It 
follows that the integral 


1 ef F 
—. re. 8.9-11 


tends to zero as 7 — 00. The sum of the residues of the function 
(8.9-10) at z = 2mai and z = —2mni, m> 0, is 


(2mai)—" e(¢—L2mnt 1 (__ Qngei)—" e— (4-1) 2mant 
= (2mzx)-"i-" e2mnis + (_ 2mqq)—" 1-" E28, 


Hence, replacing s by 2, 


co sin 2ymx 


Ponsa (%) = Lt 2 > 


2 Gat (8.9-12) 


and 


(8.9-13) 


These formulas have been established under the assumption ” > 0. 
But (8.9-12) is still valid for » = 0. In fact, this result may be 
verified from (2.16-16) by putting x—p = zz. It should be noticed 
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that, in accordance with the general theory of Fourier series, the 
sum of the series is $P,(7-+0)-+4P,(«—0) at an integral value of z. 
By formal differentiation of the Fourier series (8.9-12) we obtain 
the relation (8.9-13). 
Finally we wish to make an interesting application of (8.9-12). 
Inserting z = } and taking account of (3.7-28), we readily find 


(2n+1)(—1)" Ba, = 497+? Bai (4), 
and so, by virtue of (8.8-7), (8.8-4), (8.8-5) and (8.8—6) 


Cc 1)(—1)"#1E,,=1—2 oa ce s(- rt 1yrsan (Pt?) By. 


Thus it turns out to be possible to express the Euler numbers in 
terms of the Bernoulli numbers. 


8.19 - Asymptotic expansions 
8.10.1 — POINCARE’S DEFINITION 


Let f(s) denote a single valued function defined in any angular 
area |s| > RK, « S args <#, R being a positive constant. A series 


> ase (8.10-1) 
=0 
where do, 4,,... are real numbers with the property 
by Ayo =e bo (8.10-2) 
is called an asymptotic expansion of f(s), if for every fixed n the 
expression 
*((s)—Sa,5™) (8.10-3) 


tends to zero as |s| — 00, arg s satisfying the condition mentioned 
above. This is Poincaré’s definition. 
It is customary to write 


co 
s)~ Da,s™. (8.10-4) 
v=0 
The series (8.10-1) may or may not be convergent. 


A classical example of an asymptotic expansion is afforded by 
Binet’s function u(s). According to section 8.9.3 we have 


eo B 
re Se CNS ee Semen Seem te 8.10-5 
L(s) 2 | ) (Qr—la ( ) 


valid whenever |args| S 0? < a2. 


OL SMP TOC LAPANSONS 


Since f{(s)— > a,s~* is o(|s|~**), a divergent asymptotic series is 
v=0 


often more suited for numerical computation than a convergent 
series. 


8.10.2 — ASYMPTOTIC EXPANSION OF LOG I (s) 


It may happen that, even though the function f(s) does not 
possess an asymptotic expansion of any type, we can find a function 
g(s) and a function h(s) such that 


Hs)—es) 2, = 
hea ee ne (8.10-6) 


In this case we formally write 


f(s) ~ g(s)+h(s) yas (8.10-7) 


Thus we may write for the logarithm of the gamma function 


(8.10-8) 


Bs, 
~~ — — —— v—l —————— —(2v—1) 
log I'\(s) ~ (s—#) logs—s+4 log 2a+ 2, ( 1) (@ 1a» ’ 


8.10.3 — UNIQUENESS 


If a function f(s) possesses an asymptotic expansion of a given 
type, then the coefficients a,,n = 0, 1, ..., are uniquely determined. 
In fact, for a given value of we have 


A 


s‘n(f(s)—ays*°—a,s-3 


—...—a,s’") +0 
as s — oo along a certain half-ray issuing from the origin. And so 
s'n(f(s)—ays-*e—. . 1 Ay_1S 4) > a,. (8.10-9) 


On taking successively n = 0, 1, 2,... the truth of the statement 
follows. In particular, 


so f(s) > dp. 


On the other hand two different functions may possess the same 
asymptotic expansion. The functions f(s) and f(s)-+e~* have the 
same asymptotic expansion in an angular area included in the right 
half of the s-plane, for then e-*s*" — 0 as s > oo. 
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8.10.4 — ASYMPTOTIC EXPANSION OF MITTAG-LEFFLER’S FUNCTION 
For the sake of illustration we wish to discuss an asymptotic 
expansion of Mittag-Leffler’s function E,(s) introduced in section 
6.13.1. We consider only the case 0 < a < 2. The special case « = 1 


is of little interest, for then the function coincides with e* and 
possesses the expansion 


E,(s) ~ 0+0+s2+0-s24+..., (8.10-10) 
valid in the range |arg s| = # > 4x whereas 
E,(s) ~ &+0-s1-+0-s-+... (8.10-11) 


in the range |arg s| < 43a. 
The function E,(s) is intimately related to the integral (6.13-6), 
viz., 
1 eye 


ee Qa Et, 9) t*—s§ 


E(s dt, 


the path of integration being the same as considered in section 
6.13.2. It is assumed, of course, that ¢* ~s on the path of inte- 
gration. 

Now we may write 
f(r—1)a Aled 


reat ans aaa) ial id 2 
s* s"(t*—s) 


Nea | (peas 


271 L1, ¢) \S 


By virtue of (6.13-3) we have, assuming « ¥ lI, 


E | ———_ +R 8.10-12 
where 
—n t(r+1)e—1 t 
Res: SEE (8.10-13) 


Fi 271 L(1, 9) t*—s§ 


the integral on the right being convergent, since |arg ¢| > $2 on the 
rectilinear parts of the path of integration. It is easily seen that 


s"R,(s) > 0 
as |s| + 00, provided larg s+ap| = 6 > 0. Hence, according to the 
results of section 6.13.3: 
co oY 


E.s)~— 2 Fane)’ O0<a<2, a1  (8.10-14) 


v=1 


provided that dan <#@SX |args| <a. We take such that 
dan <ap <0. Again 
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lj/a sr eo 
*? 2 T'(1—ay) 
provided that |arg s| S 4am. 
The series on the right of (8.10—-14) is divergent, since E,(s) is an 
integral function and hence s = 00 is a singular point of the function. 


1 
Ex(s)~— » O<a<2, «Al (810-15) 


8.10.5 — INTEGRATION OF AN ASYMPTOTIC EXPANSION 


We wish to remark that an asymptotic series of a function can be 
integrated term-by-term in the following sense: 

If f(s) possesses the asymptotic expansion (8.10-1) valid in the 
area |s|} > R>0, « Sargs SB, where A, > 1, then 


= ee —ay 4 
} MO 2 aa (8.10-16) 
8 »v=0 = x yp 
where the path of integration 1s a half-ray issuing from s and included 
in the angular area a S args Sf, provided, of course, that the 
integral on the left of (8.10-16) exists. 
By hypothesis we have 


i(s) — Says] < ols|*, 


when |s| is sufficiently large, « S args S 8B, e being an arbitrary 
positive number. Hence 


a —_lell—an 
Pa i)dt— > Sa zat ia ' 
2, a Is] I—A, 
that is 
—a, E 
An t)dt — er AP si-4 | : 
is!" ay it De 1-4, = 1—d,, 


This proves the assertion. 


8.10.6 — ASYMPTOTIC EXPANSION IN THE VICINITY OF THE ORIGIN 


By putting ¢ = 1/s in (8.10-1) we obtain the following definition 
of an asymptotic expansion of a function f(t) as ¢- 0. 

Let f(t) be single valued in an angular sector 0 < |¢| < R, 
a Sargt<f. A series 


> 4,t” (8.10-17) 
v=0 
where Ao, 4,, . . . are numbers with the same property as mentioned 


in section 8.10.1 is called an asymptotic expansion of f(t) as t > 0 
if for every fixed m the expression 
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t*9( f(t) — > a, tr) (8.10-18) 


tends to zero as ¢ —> 0, arg ¢ remaining in the range mentioned above. 
In this case we also write 


T(t) ~ y a,t’. (8.10-19) 


v=0 


8.11 — Asymptotic expansion of Laplace integrals 
8.11.1 — STATEMENT OF THE MAIN THEOREM 


Let a(t) denote a function of the real positive variable possessing 
an asymptotic expansion 


a(t) ~ > a,t» (8.111) 
v=0 


as t>0, where —1<4,<4,<...—~ 0. Assuming that the 
Laplace integral 
(s) = } * e-*ta(t) dt (8.11-2) 
0 
has a half-plane of simple convergence, then p(s) possesses the asym- 
ptotic expansion 
co 
p(s) ~ Sa, P(A, + 1s (8.11-3) 
v=0 
as S—> © tn the angular area |args| SB < 4a. 
The theorem states that the expansion (8.11-3) is obtained from 
(8.11-1) by term-by-term integration. For the proof of this impor- 
tant theorem we need some lemmas which we will state first. 


8.11.2 — A FIRST LEMMA 


Let « denote a positive number which eaceeds the abscissa of simple 
convergence oa, of the Laplace-integral (8.11—-2). Then 


{ ” a(t)dt = o(e%”) (8.11-4) 
0 
as @—> 00. 
If the abscissa of simple convergence is negative the integral 
[P a@at 


0 
exists and so the integral on the left of (8.11—4) is bounded. In this 
case the truth of the assertion is evident. It remains to consider the 
case o, = 0. By virtue of (7.15-1) we have 


log| {° a(¢)a¢| 
o, = lim sup -—___—_— 


@—>0o @ 


that is 
| a@ae| Pm eltete)@ 
0 


e being an arbitrary positive number and w being sufficiently large. 
Since by hypothesis « > o, we can take ¢ in such a way that 
o,te <a. Hence 


| PP a@ae| < et elactea)m — Jerw 
0 


where 6 is arbitrarily small and w sufficiently large. This completes 
the proof of the assertion. 


8.11.3 — A SECOND LEMMA 


For all values of s satisfying Res > max (0, o,) we have 
i e*a(t)dt = s{* ace! a(u)du dt. (8.11-5) 
0 0 0 
Let s be real and s > max (0, o,). Upon integrating by parts we 
get 
@ o @ t 
[Pe-tta(tydt =e |" a(t)dt-+s [Per ['a(u)du dt. (8.11-6) 
0 i) 0 0 
Now we take a number « such that o, < « < s. By virtue of (8.11-4) 
the first term on the right tends to zero as w + oo and we thus 
obtain (8.11-5) for real values of s. Referring to the theorem of 
section 7.16.1 and the identity principle we deduce the validity of 
the assertion in the general case of complex values of s. 


8.11.4 — A THIRD LEMMA 
The function 

p(s) = [~ e-*ta(t)dt (8.11-7) 

1 
is O(e-®**) as s—> c in the angular area 
larg s| SO < 4a. (8. 11-8) 
Consider the function a*(t) defined as follows 
a*(t) =| 0 when 0</Sl, 


a(t) when ¢> 1. 
Then 


[Pe-tta*(e)dt = |“ e-*ta(t)dt = y(s) (8.11-9) 
0 1 
and so, taking account of (8.11-5), 
p(s) =s [> ent {aX (u)du dt = s[~ e-* [* a(u)du dt 
0 0 1 1 
whenever Re s > max (0, ¢,). By virtue of the lemma of section 
8.11.2 
ff a(ujau = o(e**), a > max (0, a,), t—> © 


1 
whence 


| ["a(u)du|<Ce*, t21, 
1 
C being a suitable constant. As a consequence we have 
Cls| 
Res—a 


e! Re s—a) . 


Iy(s)| S Isic} eat = 
1 
provided that |s| is sufficiently large. Assuming Re s > 2« then in 
the angular area (8.11-8) the following inequality is valid: 


st _ 
Res—a 4Res 


< 2sec # 


and so 
lp(s)| S 2 sec #- Ce*e-*®**. 


This proves the assertion. 


8.11.5 — THE FUNDAMENTAL LEMMA 


After these preliminaries we can establish the following funda- 
mental lemma: 


Let 
a(tji@—>0, Bp>—l (8.11-10) 
as t—>0, t> 0. If p(s) denotes the integral (8.11-2) then 
g(s)s4+1 > 0 (8.11-11) 


as $—> 0cO in any angular area (8.11-8). 
We may write 


[P evtta(e)dt = [ea(e)de + | e-*t a(t)adt. 
0 0 1 
The previous lemma asserts 


[ea (t)dt = O(e-®*). 


7 
1 
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In the angular area (8.11-8) we have 
mld S sec # 
es 
and from 
e Res |5/F+1 < e Re8(sec + Re s)ft+1 > 0, 
as Res increases indefinitely, we deduce 
sft ie e—*ta(t)dt > 0 
i 
as s—> oo in the angular area mentioned above. 
By hypothesis we may put 
a(t) = «(¢)é# 
where e(¢) > 0 as ¢-> 0. Hence 
x(s) = fe*a(t)dt = [ete (t)tdt— [rete (tedtt [*e-*te (teat, 
0 0 0 3 
where 6 denotes a number between 0 and 1. If « is an arbitrary 
positive number we can take 6 in such a way that |e(¢)| S e, when- 
ever 0 < ¢ <6. Assuming Re s > 0 and taking account of (7.17-11) 
we have 
, as P(6+1) 
e~*te(t) dt] Se} eB? dt = e ——__., 
J e(t)t? dt| se] * (Re s)4#1 
Again 
| [Penta (eye dt| < ePR* [* le (t)|eP dt = Ae**s, 
3 3 
A being a constant. Hence 


B+1 
ils] < eP(B+1) (SL) pte Rese 


< eD'(B+1) sect! 9+ Ae ®*8 (sec # + Re s)Ft1. 


This completes the proof of the assertion. 


8.11.6 — PROOF OF THE MAIN THEOREM 
Now the proof of the theorem stated in section 8.11.1 can be given 
in a few lines. By hypothesis we have 


(a(t) — > a,t’»)t*» > 0 (8.11-12) 
v=0 


as t > 0. Replacing in the fundamental lemma of section 8.11.5 a(é) 
by the expression between brackets on the left of (8.11—-12) and 
B by A, we get 
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seth ( i eta(t)dt — > a, i ett dt) > 0 
0 = 7G 

as s —> 00 in the described manner. Taking account of (7.17-11) the 

assertion follows. 


8.11.7 — DIFFERENTIATION OF AN ASYMPTOTIC EXPANSION 


The function represented by (8.11-2) is holomorphic throughout 
the half-plane of simple convergence (7.16.1) of the integral. In this 
case an asymptotic expansion of the derivative ts obtained by term-by- 
term differentiation of (8.11-2). In fact, according to (7.16-2) we 
have 


g'(s) = — [> ent ta(e)ae. (8.11-13) 
0 
On the other hand it follows from (8.11-1) that 
ta(t)~ >a," 
as ¢-> 0. Hence, by virtue of the theorem of section 8.11.1 


p(s) ~ — Sa, P(A,+2)- = — Fa, (4,41) PA, +1)s- 


v=0 v=0 
the desired result. 

In general it does not follow that the formally derived asymptotic 
series of /(s) represents /’(s) asymptotically. A counter-example is 
the following. The function /(s) = e-* sin exp s possesses the asym- 
ptotic series }' 0: s-” for positive real values of s. But f(s) 

v=0 
= —e-‘sin exp s-++ cos exp s does not tend to any limit as so 
along the positive real axis. 


8.12 — Illustrative examples 


8.12.1 — ELEMENTARY EXAMPLE 


A trivial example of an asymptotic expansion of a Laplace in- 
tegral is provided by the function 


= [Pete at, (8.12-1) 


Since 


we have 


a -~ & (H1ys-o™, (8.12-2) 
v=0 


valid in the area |arg s]| S # < 4a. Actually the expansion holds in 
a larger area, since the series on the right is convergent for |s| > 1. 


8.12.2 — EXPANSION OF BINET’S FUNCTION 


A more interesting example is provided by Binet’s function s(s) 
represented by the integral (7.17-6). According to (8.8-1) we have 


1 | Cn a By 
a ee el ein) pee —])»-1 zy {2-2 
(= tes 5) t 2 | ) (2v)! 


the series being convergent for |¢] < 27. Hence 


= Bs, 
u(s)~ 2 (i ny (2v—2) | s-(2»—D, (8.12-3) 


This is the same series as obtained in section 8.9.3. Until now we 
can only state the validity for |arg s| < } < 4a. 
Upon formal differentiation we get 


foe) By, 
"is) m Say |p past —2v 
ht’ (s) 2 | ie 


and so we obtain an expansion of the function Y(s) of section 4.8.1 
1 sa E.. 

Wis) ~ logs — - +> (- ero aa ljargs| SP <4a, (8.12-4) 
v=] v 


this result being in accordance with (8.6-13) when s = l. 


8.12.3 — EXPANSION OF THE INCOMPLETE GAMMA FUNCTION 


The expansion 
(li) = > fe - (8.12-5) 
v=0 


where 


’ 


ee es (z—1) (z—2). . .(z—7) 


n n! 


z being a complex number, enables us to obtain an asymptotic ex- 
pansion of the incomplete gamma function Q(s, z), for we may rep- 
resent this function by the integral (7.19-8). Hence 


co 


Q(s,z) ~ es? > (" ‘) piso), largs] SP < 4a. (8.12-6) 


v=0 
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Many interesting functions may be derived from Q(s, z) by taking 
special values of z. We wish to discuss amply the case z = 0. 

In section 7.19.6 we encountered the infinitely many valued func- 
tion Ei s and it is readily seen that one of the branches of —Ei (—s) 
coincides with Q(s, 0). Hence this branch possesses the asymptotic 
expansion 


larg s|] SB < 4a. (8.12-7) 


8.12.4 — THE MODIFIED EXPONENTIAL INTEGRAL 


In many cases it is more convenient to introduce another function 
coinciding with —Q(—s, 0) up to an additive constant. The function 
Q(s, z) has only been defined in the region s 4 0, —mz < args <a. 
Hence Q(—s, 0) is not unambiguously defined, unless we agree on 
the argument of —s. This may be done in the following way. By the 
symbol se®”’, where e = +1, we denote a number whose argument 
is arg s + ez, such that this argument has also its principal value. 


As a consequence ¢ = +1, when args <0, and « = —1, when 
args > 0. 
Now we may introduce the single valued function 
Eis = —Q(se®!, 0)—eni. (8.12-8) 


From (7.19-7) we easily find 


s’ 


, s+ |s| 4 0, (8.12-9) 
viv 


Eis=y+logs+)> 
v=1 


taking account of log (se®”*) = logs + emi. It is plain that one 
branch of Ei s coincides with Ei s+-zi. Moreover, Ei s has a meaning 
when s is real and positive. 


8.12.5 — ASYMPTOTIC EXPANSION OF Fi s 


We proceed to derive an asymptotic expansion of the function 
introduced previously. Our first task consists in finding a represen- 
tation of Eis as a Laplace integral. By a reasoning similar to that 
of section 7.19.7 we see that the function Q(s, 0) can be represented 
by 

cet 


— dt 
t 


where the path of integration avoids the origin and consists of an 


8 


are connecting s with any point s*, followed by a half-ray issuing 
from s* and making an angle with the positive real axis which does 
not exceed numerically 42, (fig. 8.12-1). Now we replace this path 
by a half ray along a line through s and the origin. 


Fig. 8.12-1. Modification of the path of integration for Q(s, 0) 


It may happen that then the origin is on the path, viz. in the cases 
arg s > 4a or args < —4a. It will be sufficient to consider the 
first case more closely. If the path of integration is the half-ray 


Fig. 8.12-2. Path of integration for Q(s,0) when args > 4x 


issuing from s and indented at the origin by a small semi-circle of 
radius 0, (fig. 8.12-2), we evidently have 


Q(s, 0) = 


whence, letting @ > 0, 


| a0 eat a hi a mm exec ag, 


8 —os/|s| args 


co a—? 
Q(s,0) = 7 am, 
where the integral is taken on a linear path and is to be understood 
as a Cauchy-principal value. 
Similarly we have, (fig. 8.12-3), 


oan 


Q(s, 0) = — ati, when args < —4q. 
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Fig. 8.12-3. Path of integration for Q(s,0) when args < —}x 


We may combine these results into 


coant 
O(se°*",0) =| = aie (8.12-10) 
provided that Res > 0. And so 
m3 co et 
Eis = — ae. (8.12-11) 


=8. 


The path of integration is represented by ¢ = —s+su, u > 0. In- 
serting this into (8.12-11) and replacing afterwards u by ¢ we 
obtain the desired expression for Eis, viz. 


Res>0, (8.1212) 


the integral being a Cauchy principal value. 

In the general theory of Laplace integrals we assumed that the 
function a(z) is bounded in any finite interval 0 < ¢, St <z¢,. It is, 
however, easily shown that the results are also valid, when ft, > 0 
is a point of infinity, provided that 


lim (a la(t)|dt + | a(t) at) “be hpeb 


60 \a totd 


exists, in other words, that the Cauchy principal value | ‘ |a(t)|d¢ 


a 
has a meaning at ¢ = ¢. In our example this condition is satisfied at 
t) = 1. Hence, we may infer that 


eee e co 
Eis~w— >»! s~, 


: largs|] SA < 4a. (8.12-13) 
»=0 


8.12.6 — ASYMPTOTIC EXPANSIONS OF THE COSINE INTEGRAL AND 
THE SINE INTEGRAL 


Let now Eis denote the branch of the exponential integral coinciding 
with —Q(—7s, 0). Then 


co e-? 
Big | — a, Res > 0, 


—is 


the path of integration being a half-ray issuing from —7s and rep- 


Fig. 8.12—4. Path of integration for Ei is 


resented by ¢ = —7zs-+-us, where 4 is positive, (fig. 8.12-4). Hence, 
replacing afterwards u by ¢ 


co 1 
Kits = —et | e—** __. di, 


which may be written as 


Eizis = —(coss +7 sin s){A (s)+7B(s)} (8.12-14) 


where 
Aiea) et a Re Ee «a 
(s) J e 1+é , (s) | € 1+2 ( ) 
Taking account of (7.19-16) we may infer that 
cis = —A(s) coss + B(s) sins (8.12-16) 
and 
sis = —A(s) sins — B(s) coss, (8.12-17) 


since the functions occurring in these equations are real for positive 
real values of s. In (8.12-16) a single valued branch of ci s is to be 
taken. 

From (8.12-15) we easily obtain the following asymptotic ex- 
pansion for the integral cosine and the integral sine: 
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(8.12-18) 


(2y-+1)!s-aren 4 8 = (=) )” (2p) 15-2 


and 
(8.1219) 


PASH, oy Eyes (2v-+ 1) ls- (a4ay 4.208 § po (— 1)+1 (2v) !s-2”, 


S  »=0 S  v=0 


where |arg s| < # < 3x. Roughly speaking the function ci s behaves 
like sin s/s and sis like —cos s/s for large values of |s|. 


8.12.7 — THE SUM OF THE SQUARES OF CI S$ AND SI S 
Finally we wish to discuss the function 
f(s) = ci?s + si?s. (8.12—20) 
By virtue of (7.19-19), (7.19-20), (8.12-16) and (8.12-17) we have 


; 9 
#(s) _ 2(cosscis + sinssis) _ - AS) 


Ss Ss 


On the other hand we have according to (8.12-15) and (8.11-5) 
foe) d oe) 
2A (s) a | ew 5 108 (1+22)dt = s| e—* log (1+-2?)dZ, 
0 0 


and hence —2A(s)/s is also the derivative of 


fore) 1 2 
| est log (1+#’) at 
rs t 


? 


as may be deduced utilizing (7.16-2). We may even conclude that 
f(s) and the last integral coincide, since according to section 7.20.1 
a Laplace integral tends to zero as s—> oo in the angular area 
arg s = 0 < 3a, while f(s) tends to zero like s~®, as follows from 
(8.12-18) and (8.12-19). Thus we arrive at the interesting formula 


00 ] 1+22 
ci?s ++ si*7s:= { e—st — dat, Res>0. (8.12—21) 
0 


It is not difficult to obtain also an asymptotic expansion for the 
function on the left. 


8.13 — Rotation of the path of integration 


8.13.1 — A LEMMA 


Hitherto we only considered Laplace integrals evaluated along 
the positive real axis. Sometimes it is convenient to take as a path 
of integration another half-ray issuing from O, (fig. 8.13-1). We 
shall prove the following theorem. 


t-plane 


Fig. 8.13-1. Rotation of the path of integration in the ¢-plane 
If along the ray arg t = « the function a(t) satisfies the conditions 
(i) and (ii) of section 7.14.1, while 
a(t) = O(eel#!), o> 0, as t > 0, (8.13-1) 
then the integral 
} melt etalt\dt (8.13-2) 
0 


taken along the path arg t = « 1s convergent in the half-plane 
Re (se) > 0, (8.13-3) 


that is a half-plane bounded by a line perpendicular to the ray 
arg s = —a, while |s| > 9, (fig. 8.13—-1). In fact, by putting ¢ = ue”, 


Fig. 8.13-2. The half-plane of convergence corresponding to a rotated path of 
integration 


u being real and positive, the integral (8.13-2) may be written as 


et he a(ue'*)e * ot du (8.13—4) 
0 
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and since |a(¢)| < Ae®! when |é| is sufficiently large, A being a 
suitably chosen constant, the integral (8.13—4) turns out to be con- 
vergent whenever Re (se**) > 9. The remark that the integral re- 
presents a function holomorphic throughout this half-plane, de- 
serves mention. 


8.13.2 — ROTATION OF THE PATH UF INTEGRATION 


In many important cases the function a(t) satisfies the following 
conditions: 
(i) It is holomorphic throughout an angular region, (fig. 8.13-3), 


Fig. 8.13-3. Angular region (8.13—3) in the #-plane 


a <argi< 6, |] > 0, where B—« <2. (8.13-5) 
(u) Along any line argi = #0, «a << 8< ®, the integral 


oo et? 
f° \aq@)lae 
6 


tends to a (finite) limit as 6 > 0. 
(ui) For sufficiently large |¢| the inequality 
la(t)|< Ae, go >0 (8.13-6) 
holds, provided that ¢ is in the region (8.13-5). 

(iv) There is a real number 2 > —1 such that |a(t)é-“| remains 
bounded as ¢—> 0 within the region (8.13-5). 

These conditions imply the following theorem: 

There exists a function f(s) which is represented by (8.13-2) along 
every half-ray argt = 3, a << B and ts holomorphic in the region 
Re se” > 9,a<8< 8, (fig. 8.13-4). 

First we consider the integral 


[ e-*t a(eyae (8.13-7) 


along the circular arc C,:¢ = de®, «<6, 50 S50, < B, 6 being 
a small positive number. By hypothesis a(¢) = b(¢)é* where 6(t) 


Fig. 8.13-4. Region of convergence corresponding to the region (8.13-5) 


is bounded as ¢ - 0 within the region (8.13—-5). If ¢ stands for de’? 
the integral takes the form 


161+A a e-*#b (t) et9(14+A) dp 
9; 
and tends to zero as 6 > 0. 

Now we consider the integral (8.13-7) taken along a contour C 
consisting of the segments arg ¢ = 0,, arg ¢ = 0, |¢| < R, and the 
circular arc Cp. By virtue of Cauchy’s integral theorem and the 
result stated above we have 


et9) tO, 
feta tyat— [ea (that = [ e*a(idt.  (8.13-8) 


v 


0 0 CR 


Since B—a < x the two half-planes Re (se!) > @ and Re (se) 


Fig. 8.13-5. Overlapping of two half-planes of convergence 


> o have a region in common, (fig. 8.13-5). In particular the points 
, args = —4(,4+0,), —_|s| cos (0,0) > @ ——(8.13-9) 


are included in both half-planes. Let s be a point of this kind. 
For every ¢ on Cz we have Re st = |s| R cos {9—}(0,+6,)} =|s|R 
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cos $(6,—6,). Assuming |R| sufficiently large the condition (8.13-6) 
asserts 

la(R)| < Ae®®, 
Hence 


| [ e*a(e)dt| < A O,—6,) Re“ Roosd 2-01) +0R 
CR 


=A (8,—6,)Re~* tls! cos $ (8,—6,)—o} 


and because we can take |s| in such a fashion that |s| cos $(0.—6,) >0 
this last expression tends to zero as R — oo. And so the equation 
(8.13-8) leads to the conclusion 


co e749; 00 e? 9g 
[Po Vetaeydt = f°" *ea(t)at (8.13-10) 
0 0 


on the half-ray (8.13-9) when |s| exceeds a certain number. Both 
sides of (8.13-10) represent holomorphic functions as s varies. As a 
consequence they coincide throughout the region common to both 
half-planes mentioned above. This completes the proof of the 
theorem. 


8.13.3 — APPLICATIONS 

An interesting application of the method of rotating the path of 
integration will be discussed now. The starting point will be the 
function Q(s, 0) represented as a Laplace integral (7.19-8) with 
a h 

Q(s,0) =e*[ et dt, Res >0. 
: 1+¢ 

We take as path of integration the positive imaginary axis and 
we obtain the function 


oo 1 oo fae 

ie | e-#* —___ dj = e-| gate Tt dt (8.13-11) 
. 1+ it 4 1+2 

coinciding with Q(s, 0) in the lower half of the complex s-plane. 

The integral is still convergent for real positive values of s and is 

continuous. Replacing 1 by —7z we obtain 


oo a 

et [ett St gy (8.13-12) 
4 1+2 

representing Q(s, 0) throughout the upper part of the s-plane. For 


real positive values of s the integrals (8.13—11) and (8.13-12) coin- 
cide. Equating real and imaginary parts we readily find : 


© cos st (~ t sin st 


~~ 8.13] ROTA . PATH OF INTEGRATION 


in addition with 
ct cos st + sin st 
A 1+2 


On the other hand, s being still positive, taking account of (8.12-8) 
and (8.13—11), 


dt = e®Q(s, 0) = —e* Ei (—s). (8.13-14) 


een ael hte 
Q(se~"’, 0) = cae 1+? 
a (pe keke a ede bP 
1+? 


where Q(se~*’, 0) is defined by continuity. 
Equating real and imaginary parts we get 


ct cos st — sin st pas 
| ee es EN (8.13-15) 
ae: oo" 
and 
co cos st + ¢sin st 

[ —_—_—_—_—— dt=27e-. 8.13-16 
0 1+ 7? ( ) 

Combining (8.13—16) and (8.13—-13) we may infer that 

© COS St t sin st 

Poin. 950, (8907) 


La" se Se 
in accordance with (3.6-6) and (3.6-8). The equations (8.13-14) 
and (8.13-15) yield 


c°¢ COS St = 
soe = —}e~* Fis —}e’ Ei (— 
and 
© cj t ome 
} _ = te" Eis — }e*Ei(—s), | (8.13-19) 


where s is assumed to be positive. 


8.13.4 — EXTENSION OF THE THEOREM OF 8.11.1 


We proceed to state a general theorem about asymptotic ex- 
pansions which is an extension of the theorem of section 8.11.1. 

Suppose that a(t) satisfies the conditions (i), (ii) and (iii) of 
section 8.13.2. Let 


a(t)~ dat, -1<A<4<...+0 (8.13-20) 


v=0 
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as t > 0 along every line arg = 3, a < # < #. Then, evidently also 
(iv) is satisfied and the integral (8.13—-2) represents a function f(s) 
holomorphic throughout the region «—4a < args < B+4n. Now 
we assert that the function f(s) possesses an asymptotic expansion 


f(s) ~ > a,T(1+A,)s-O*) (8.13-21) 
»=0 
as |s|—> 00, provided that «—}nx+6 S args < B+4n—6, 6 being 
any positive number. 
In the half-plane Re (se) > @ we have 


oo et? aa) i ‘ 
[ ea(t)dt = a e |t|a (tle) ald]. 
0 0 
By virtue of (8.13-20) we may write 


co 
a(|tle”) ~ > a, |t/> e?. 


v=0 


Next we apply the theorem of section 8.11.1. This yields 


Hs) ~ e? Saye T(1+4,)(se”)-A) = ¥ a, P(A, 
v=0 v=0 
the desired result. 

Taking account of the above theorem we easily see that the ex- 
pansions discussed in the previous section are certainly valid in the 
range |arg s| S ? < 2. Because they are power series they cannot 
hold for all values of arg s, unless the function is regular at s = oo. 
An example of this kind is provided by (8.12-2) the series being 
convergent whenever |s| > 1. 


8.13.5 — THE ERROR FUNCTION 


In this section we wish to discuss an important function. In the 
expression (7.19-1) for P(s,z) we take z = } and replace s by s?. 
We thus obtain the function 


P(s?, 3) = ["e-tetat = 2 "eat, (8.13-22) 
0 0 


this function being holomorphic throughout the entire s-plane. 
Letting s + o0 along a half-ray which makes an angle with the 
positive real axis being numerically less than 4” we readily find 


P(co, $) =2{" edt = Th) = a. (8.13-23) 


Now we introduce the function 


2 8 
erf s = —— | e- “dt, (8.13-24 


the so-called (Gaussian) error function. 
Expanding the integrand as a power series we readily obtain 


(—1 s?H 


(8.1325) 


Besides (8.11—24) we also consider the complementary error func- 


tion 


and it is plain that this function may be represented by 
erfc s = Mick i edt (8.13-27) 
Va 5 


the path of integration being a half-ray issuing from s and extending 
to the right. It is not difficult to show that it coincides with 
Q(s?, 4)x~* for Re s > 0. This remark leads to the assertion that an 
asymptotic expansion of erf s is found from (8.12-6) by inserting 
z = 4nd replacing s by s*. Observing that 


(;?) isa L-3+...* (2n—1) _ te (2n)! 


2"n! 


we readily find 


ice: (2)! 
erfc s ~ — 1)” —— s— (+1), 8.13-28 
Te >> sae arrer ( ) 

We proceed to prove this result in a straight-forward manner. 
First we represent erfc s as a Laplace integral. On the path of in- 
tegration we have ¢ = u+s, u > 0. Hence 


iF ee’ dt = ‘i e(uts! dy = e™ | * e2us e—4* day, 
8 0 
whence, replacing 2u by ¢, assuming now ¢> 0, 


: { enste at Gy, (8.13-29) 
% 9 


erfc s = 


The function e~?" satisfies the conditions of section 8.13.4 whenever 
larg ¢] S 3B < 4m. Observing that 


rota 


4” wy! 
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and taking account of (8.13-26), we finally have 


le’ 
erf s~ 1— — 
A 


(8.1330) 


S(-IyTO+h)s™, 


s 


where {arg s| < # < 3m. It is easy to deduce (8.13-28) from this 
result. 


8.13.6 — FRESNEL’S INTEGRALS 


In Fresnel’s theory of diffraction of light-waves the integrals 


C(s) = [° cos 4mu*du, S(s) = i sin $2u? du 


0 0 


(8.13-31) 


play an important part. They represent functions which are holo- 
morphic throughout the entire s-plane. 

It is interesting to note that they can be expressed in terms of the 
Gaussian error function. In fact, we have 


: s . ua § ihe WV Tni)2 
C(s)—iS(s) =| eB" du =} eV 9" dy = —_ 
ve V 2ni 9 


and so . 
C(s)—7S(s) = = erf s4/4ai. 


A similar expression is obtained by replacing 7 by —7. Combining 
these results we = 


it 1 
C(s a ES He mit seetv iri mi _—« (8.1332) 
and 
Ce OT eso fs\/Jai. (8-13-88) 
——erfs ; 
S i PF geass a ° ris 401 — % Te 4001 
In these equations it is to be understood that arg 1/7 = $a and 
arg \/—1 = —4ua. It is now an easy matter to derive asymptotic 


expansions for the Fresnel integrals. 

For large positive values of s the function erfs behaves like 
1—e~/s4/x. Hence the function C(s) behaves like 4+ sin }s?/zs 
and the function S(s) behaves like 4— cos $as?/zs. 

Finally we wish to remark that the curve represented parametric- 
ally by 


=): y(s) = VaS (*.) (8.1334) 


is Cornu’s spiral which we considered at the end of section 3.6.13. 


2(s) = 4/2C (< 


8.14 — The method of steepest descents 


8.14.1 — DESCRIPTION OF THE METHOD 


The method of steepest descents has been invented by Debye to 
evaluate approximatively integrals of the type 


fem g(e)ae (8.14-1) 
C 
for large positive values of the parameter s. The same method can 
also be used to obtain asymptotic expansions. 
The functions f(z) and g(z) are assumed to be holomorphic 
throughout a certain region; the path C is within this region. 
It is plain that the integral (8.14-1) is large when the real part 
of f(z) is large. Hence the integral will be largest when the path C 
passes through regions where Re /(z) is large. There will be advantage 
in choosing the path so that the largest values of Re /(z) are con- 
centrated in the shortest possible arc on it. 
As we know from section 2.14.1 the function u(x, y) = Re f(z) 
can never have an absolute maximum inside a region. But we may 
look at the stationary points, i.e., the points z) where /’ (z)) = 0, i.e., 


Uq(%, Yo) = 9, Uy (Xo, Yo) = 9. 

In a 3-dimensional space in which the (a, y)-plane is embedded 
as a horizontal plane we can consider the set of points whose height 
above this plane is given by u(x, y). These points constitute a sur- 
face and the points where uv, = u, = 0 are the so-called saddle-points. 

We make the additional assumption that at a saddle-point /”’ (z) 
is different from zero. We can show that through any saddle-point 
it will be possible to draw two curves such that u(x, y) is constant 
along them. In sectors between these curves u(x, y) will be alter- 
natively greater and less than at the saddle-point itself. In fact, in a 
sufficiently small neighbourhood of a saddle-point we have 


U(x, Y)=U(Xp, Yo) + (U—Xp)? U4 (2%q, Yo) + 
+2 (%—2Xq) (Y—Yo) Uny (Xo, Yo) + (Y—Yo) 2M yy (%o, Yo) +--+ 


The curve u(x, y) = u(%9, Y9) presents an ordinary double-point 
at z= 2%, for, taking account of (1.4-1), 


Us y—UngUyy = Ue, tur, > 0. (8.14-3) 


cn Uy 


(8.14-2) 


Hence two branches of this curve pass through (a, y,)). Moreover, 
for sufficiently small values of |x—a,| and |y—y,| the sign of 
u(x, Y)—U(%o, Yo) is determined by the quadratic form on the right 
of (8.14-2) and because of (8.14~3) it takes positive as well as nega- 


tive values. The sectors where u(x, y) is greater than u(2%p, yy) might 
be called ‘‘hills’’, two others ‘‘valleys’’, (fig. 8.14-1). 


: curve of steepest 
seh beo ots? > | descent 
, ‘ 


‘ 
| valley 


' 
6 
5 


Fig. 8.14-1. Saddle-point 


If we wish to keep large values of u(x, y) in as short a stretch of 
the path as possible we must avoid the hills and keep as far as 
possible the valleys. If the end-points of C lie in the same valley the 
path must never go outside this valley; but if they are in different 
valleys the path must be deformed into a path that goes through a 
saddle-point. In the latter case the integral will be much greater 
than in the former and, therefore, most interest attaches to the case 
where the end-points are in different valleys. 

It will be convenient to replace C by another path which is a 
curve of steepest descent, without affecting seriously the value of the 
integral. Let us consider a curve on the surface under consideration, 
the curve being referred to a parameter p. The height of a point of 
this curve above the (a, y)-plane is u{x(p), y(p)} and its slope is 
measured by 


d dx dy 
ap vele): y(6)} = Me ap UT 
If, in particular, # denotes the arc length along the projection of 
the curve upon the (wz, y) plane, we may write 


(8.144) 


wie: sin § = —. 
dp dp 
Hence the slope (8.144) is equal to 
u, COS O + 4u, sin 0. 
This is numerically maximal for variations of 0, provided that 
—u, sin 6 + u, cos # = —v, sin@ — v, cos 8 = ise 0, 


dp 


where v = Im f(z). We have taken account of the Cauchy-Riemann 
equations (1.3—7). Hence v is constant along the path, this path 
being of steepest descent. There will be one in each valley. In 
general the end-points of the path of integration C are not on curves 
of steepest descent, but can be joined to them by curves within the 
valleys. 

Along a line of steepest descent we have 


f(z) = f(@o)—¢ (8.14-5) 


Z being a saddle-point and ¢ a positive real number. Introducing ¢ 
as a parameter along the curve we may approximate the integral 
(8.14-1) by a Laplace-integral 


i‘ e-** g{z(t)} . dt. (8.14-6) 


Under suitable conditions we may find an asymptotic expansion 
approximating the given integral (8.14-1) for large values of s. 


8.14.2 — ASYMPTOTIC EXPANSION OF THE GAMMA FUNCTION 


In general the method of steepest descents is a tedious one and 
so elementary illustrative examples are rather scarce. Fortunately 
the gamma function affords an example which is very well suited 
for our purpose. 

Assuming s real and positive we have 


1 1ro foe) 
rs) =—T +1) =—| e-tatde = st| e-*atde 
0 0 


or 


I'(s) = ale err ea)e gy. (8.14-7) 
0 


this result holding also for complex values of s. Thus we transformed 
the integral for the gamma-function into the form (8.14~1). 

It is apparent that x = 1 is a saddle-point and in this case the 
path of integration is already a curve of steepest descent. In fact, 
f(z) = —z + log z is real for real positive values of z. 

The points x > 1 and 0 < 2 < 1 are in different valleys. Now 
f(x) increases steadily from — oo to 0 as # increases from 0 to 1 and 
then decreases steadily from 0 to — oo as x increases from 1 to +00. 
It is therefore natural to consider the parts of the integral taken 
from 0 to 1 and from 1 to oo separately. 


Fig. 8.14-2. Graph of the function +—1—log a 


In accordance with (8.14-5) we put 
t = a—1 — logz. (8.14-8) 


This equation for x admits of two real solutions q, (¢) and ¢,(¢) pro- 
vided that ¢ is positive, the first being > 1 and the second between 
0and 1, (fig. 8.14~-2). 


oO 1 co 
Weting | = | 5 | and performing the substitution x = 9,(t), 
0 


0 1 
x = 9,(t) respectively, we readily find 
dp, “ts) 
I'(s) = s*e“* mae (“# — ——} di. 8.14-9 
we J « Va di ene 


Our next aim will be to derive an asymptotic expansion of the 
integral on the right. First we observe that x = 1 is a zero of order 2 
of the function on the right of (8.14-8). Hence there are two 
branches in a neighbourhood of t = 0 which can according to section 
3.12.5 be expressed as power series in terms of ¢”. 

In order to facilitate the computation we put $r? = ¢ and so we 
have to seek a power series in terms of t satisfying the equation 


$r? = x—1 — loga. (8.14-10) 


There are various methods to solve an equation of this kind. 
Often the Lagrange series considered in section 3.13.3 can be applied. 
But in general it is difficult to get many terms of the series which 
represents a solution. 

In our example a simple trick will make things quite easy. Differ- 
entiation of both members of (8.14-10) with regard to t yields 


=F (1 ‘) 
o> ge x 


and so 


d. 
= — (a—1). (8.1411) 
dt 


Now we put 

x = 1+a,t+a,t?+... 
and we easily deduce the following recursive relations for the co- 
efficients (8.14-12) 
ai=1, kaja,t(k—l1)aga,.+...+4,4=4,, k= 2,3,.... 
Starting from a, = 1 we can successively find as much coefficients 
as we want. The solutions of (8.14-8) are evidently 


9, (t) = 14a, (2t)t+-a,(2#) +a, (2t)"*@+. .. 


and 
g(t) = 1—a,(2t)*+-a,(2t)—ag(2t)*@+. .. 
whence ‘4 
V1 (t)—G2(t) = > Qabay 4a (24) ETD) 
and so i 
si — st = = 2” (2v-+-1)4/2 ayy 4, tr), (8.14~13) 


Now we apply the theorem of section 8.13.4. We readily find 


T(s) ~ e-8 st /2 y 2” (2v+-1) I'(v+4)ao,4. 57” 
or v=0 


T'(s) ~ e-*s* 4 4/2n > (2y+1)(2v—1). . .3- 1a ,4,8-” (8.14-14) 


»=0 
where a, = 1 and the other coefficients are found from (8.14-12). 
This expansion is valid in the range —z+6 S arg s < x—6, 6 being 
any positive number. 

To conclude with we shall give the numerical values of the first 
terms. An easy computation yields 


1 ait 1 
HS Te eS Be Oe eas? SO rag BR 
1 —139 
4% 5 95.5.7’ 47 = 57. 38. 52-7” 
1 —571 
“8 33. 36.5-7” 49 =~ 51. 38. 52-7” ete. 
ane (8.14-15) 


er. 1 1 139 571 
D(sjrets by Bal 1+ ety ——— 5-3 ert) 


12 288 51840. 248832 
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